AMERICAN 
JOURNAL OF MATHEMATICS 


FOUNDED BY THE JOHNS HOPKINS UNIVERSITY 


EDITED BY 


REINHOLD BAER WEI-LIANG CHOW ANDRE WEIL 
UNIVERSITY OF ILLINOIS THE JOHNS HOPKINS UNIVERSITY UNIVERSITY OF CHICAGO 


AUREL WINTNER 
THE JOHNS HOPKINS UNIVERSITY 


WITH THE COOPERATION OF 


S. S. CHERN HARISH-CHANDRA E. R. KOLCHIN 
C. CHEVALLEY P. HARTMAN W. S. MASSEY 
J. A. DIEUDONNE G. P. HOCHSCHILD D. C. SPENCER 
A. M. GLEASON I. KAPLANSKY A. D. WALLACE 


PUBLISHED UNDER THE JOINT AUSPICES OF 
THE JOHNS HOPKINS UNIVERSITY 
AND 
THE AMERICAN MATHEMATICAL SOCIETY 


VOLUME LXXVII 
1955 


THE JOHNS HOPKINS PRESS 
BALTIMORE 18, MARYLAND 
U. S. A. 


» 
| 


AMERICAN 
JOURNAL OF MATHEMATICS 


FOUNDED BY THE JOHNS HOPKINS UNIVERSITY 


EDITED BY 


REINHOLD BAER WEI-LIANG CHOW ANDRE WEIL 
UNIVERSITY OF ILLINOIS THE JOHNS HOPKINS UNIVERSITY UNIVERSITY OF CHICAGO 


AUREL WINTNER 
THE JOHNS HOPKINS UNIVERSITY 


WITH THE COOPERATION OF 


S. S. CHERN P. HARTMAN W. S. MASSEY 
C. CHEVALLEY G. P. HOCHSCHILD D. C. SPENCER 
J. A. DIEUDONNE I. KAPLANSKY 


A. D. WALLACE 
A. M. GLEASON E, R. KOLCHIN 


PUBLISHED UNDER THE JOINT AUSPICES OF 


THE JOHNS HOPKINS UNIVERSITY 
AND 


UNIVERSITY 
THE AMERICAN MATHEMATICAL SOCIETY OF MICHIGAN 


FEB 4955 


MATH. ECON. 
LIBRARY 


Volume LXXVII, Number 1 
JANUARY, 1955 


THE JOHNS HOPKINS PRESS 
BALTIMORE 18, MARYLAND 
U. S. A. 


CONTENTS 


Generalized Galois theory for rings with minimum condition, II. By 
TaDAsSI NAKAYAMA, 


Periodic mappings on Banach algebras. By BrErtram Yoon, 


De Rham’s theorem for arbitrary spaces. By J. SCHWARTZ, 


Asymptotic Integrations of linear differential equations. By PHILIP 
HARTMAN and AUREL WINTNER, 


Quadratic forms over local fields. By O. T. O’MEara, 
Automorphisms of finite factors. By I. M. SINGER, 


Reduction of algebraic varieties with respect to a discrete valuation of 
the basic field. By Goro SHimMuRA, 


Coherence invariant mappings on Kronecker products. By Henry G. 
JACOB, JR., . 


A characterization of a class of rings. By R. L. San Sovuctg, 


The AMERICAN JOURNAL OF MATHEMATICS appears four times yearly. 


The subscription price of the JouRNAL is $8.50 in the U. S.; $8.75 in Canada; and 
$9.00 in other foreign countries. The price of single numbers is $2.50. 


Manuscripts intended for publication in the JourNaL should be sent to Professor 
AUREL WINTNER, The Johns Hopkins University, Baltimore 18, Md. 


Subscriptions to the JOURNAL and all business communications should be sent to 
THE JOHNS HOPKINS PRESS, BALTIMORE 18, MARYLAND, U.S. A. 


Entered as second-class matter at the Baltimore, Maryland, Postoffice, acceptance for mailing at special 
rate of postage provided for in Section 1103, Act of October 3, 1917, Authorized on July 3, 1918. 


PRINTED IN THE UNITFD STATES OF AMERICA 
BY J. H. FURST COMPANY, BALTIMORE, MARYLAND 


— 

PAGE 
: 87 


5 
| 


GENERALIZED GALOIS THEORY FOR RINGS WITH MINIMUM 
CONDITION, II.* 


By Tapast NAKAYAMA. 


In our first paper, “ Generalized Galois theory for rings with minimum 
condition, Amer. J. Math., vol. 73 (1951), pp. 1-12—referred to as I—we 
gave a certain Galois theory for primary rings with minimum condition. The 
theory contains the Cartan-Jacobson [1], [2] Galois theory for sfields, at 
least as far as the main Galois correspondence is concerned. But the “ inner ” 
portion of the Galois group, there considered, comes from a certain completely 
primary subring. Now that we are dealing with a general primary ring, 
satisfying the minimum condition, it is desirable to consider a wider class of 
Galois groups whose inner portions come from general primary subrings rather 
than from completely primary ones. In fact in another paper [5] we have 
developed a Galois theory for simple rings, with minimum condition, in which 
the Galois groups have rather satisfactory generality and have inner portions 


consisting of inner automorphisms effected by regular elements of simple 
subalgebras. Combining the methods and results of this paper with those in I, 
we now give a Galois theory for primary rings which deals with Galois groups 
of the generality required above, though it fails to cover the theory of I 
completely. Our main Galois correspondence is given in 2, Theorem 1, our 
“recular ” Galois group being defined both at the opening of 2 and in succes- 


sion to Theorem 1. 

Moreover, after a study of a certain special type of factor-groups of the 
Galois group (3, Theorem 2), we prove an extension theorem for isomorphisms 
(3, Theorem 3), to recover a second main aspect of Galois theory which was 
neglected in our first paper I. 


(Corrections: The condition i) in I, Theorem 2 was stated incorrectly. 
There we were to assume further that K has an independent Z-basis such that 
the corresponding left-multiplications on FR constitute an independent R,-basis 
of R,K, On the other hand, the condition iv) there was stated in a rather 
awkward form. We had to assume only that every inner automorphism of R 
effected by a regular element of K belongs to ®. (For the fact that this, 
supported by the other conditions, implies iv), cf. 1 below.) 


* Received June 30, 1954. 
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Further, I, Lemma 4 should, as G. Azumaya has kindly pointed out, 
refer only to a primary ring FR; the primarity is needed to secure the existence 
of a system of elements a1, a2, - -, 4; in K, asserted on page 7, line 17 there, 
such that yi, yt; N,K, together form an independent 
R,/N,-right-basis of R,Ki/N,K,. But, since we considered only primitive 
rings in Theorem 2 there, the validity of our main result of the paper I 
remains unaffected. 

The same lemma was used also in an older paper [3]. The writer wishes 
to take this opportunity to make the correction that the final theorem (3. 2) 
in that paper should refer only either to a primary ring F or to the case 
where K modulo the radical N of R contains the center of the residue-ring 
R/N;; it is easy to see that also in the last case the existence of a;,° - -, ds as 


above is secured. ) 


1. Preliminaries. We first cite some of our previous results which we 
need in the sequel. Let R be a ring satisfying the minimum condition (for 
left- and right-ideals) and possessing a unit element 1. With a subset XY 
of R we denote by X;, X, the sets of the left and the right multiplications in 
R by the elements of X. Let % be the absolute endomorphism ring of Ff as a 
module. If % is any subset of 9, the commuter subring Vq(%) of % in W 
is nothing but the %-endomorphism ring of R. In particular, if 6 (C W) is 
a group of automorphisms of F and if S is the invariant system of ® in R, 
then S,—= Vy(R@®). First, we consider an automorphism group ® of R 
satisfying the following conditions: 


io) @® is complete in the sense that the subgroup &, of © consisting 
of the inner automorphisms of FR contained in @ is the set of all inner auto- 
morphisms effected by the regular elements of a certain subring K of R con- 
taining the center Z of R, 


i,) XK is generated by its regular elements, 
iz) K has a (linearly) independent finite basis a; = 1, a, over 
Z such that a;,, * are independent over R,, 


is) F is a regular module of R,K,, or, which amounts to the same, the 
direct sum R* of k copies of R is R,K,-right-isomorphic with RK, itself 
(For the notions of regular modules and their ranks ef. I, footnote 7), 

ii) The factor group G = ©/4, is finite, and if {p(1) = 1, p(c), -*-, p(r)} 
is a representative system of 6 modulo ®, (G = {l1,o,- - -,7}), the R;-two- 
sided modules R;, p(o)R; (e~1) have no isomorphic composition residue- 
modules (If this holds for any one representative system then the same is the 
case for any other representative system). 
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If & satisfies these conditions, then R is regular also with respect to the 
operator ring R,® and we have not only 8, = Vy(R®) but also 


(1) Va (Sr) 


where § is the invariant system of @ in R. Moreover, R possesses an inde- 
pendent right-basis of (@:1)k terms over S (1, Theorem 1; everything is 
stated here in the left-right symmetric form to I). The number (@:1)k 
= (6:6,)k is called the reduced order of ©. 


Lemma 0. Let R be primary and let its subring K satisfy the condition 
i,). Let be an R,-two-sided submodule of such that = MN 
where N is the radical of R, and M/MN, is Ri/N-right-regular (These last 
two conditions are certainly satisfied when MN is R-right-regular, because of 
the primarity of R). Then Mt is a direct summand of the R,-two-sided module 
RK, and has also an independent finite basis over R, consisting of elements 
of K,. 


Our old proof, in I, Lemma 4, remains valid, since the existence of 
1,42," * *,@s; as asserted there is now true; cf. the correction in the 
introduction. 

Let R be primary and let @ be an automorphism of FR leaving the 
invariant system S of ® elementwise fixed, ® being as above. Then 
pe Vu (S-) = p(c) RK, and = Rid. So oR, (—Rd) is an R-two- 


sided submodule of > p(c)R.K,, and is, as such, a direct sum of submodules 
of p(o)R,K,, « running over G; observe the condition ii). As R (whence R;) 
is primary (and is thus two-sided directly indecomposable), we see that there 
exists a o such that (cf. I, Lemma 2) 


(2) p(s) RiK;. 


Putting ¢o = p(c)-', we have ¢,¢ R,K,. Also do is an automorphism of R, 
leaving S elementwise fixed, and thus ¢.R; = Rio. It follows from Lemma 0 
that (— has the form Ra, (ae K). Putting —ba, (be R) 
and observing 1% = 1 we see that (a is regular and) b =a. Thus ¢, is an 
inner automorphism of F# effected by a regular element of K. So ¢)e®, and 
¢ =p(c)¢oe®; this point was left rather obscure in I. Hence, ® exhausts 
the automorphisms of R leaving S elementwise fixed (provided that R is 
primary). 

Another use we want to make of Lemma 0 is, as in I, to study the 
structure of the endomorphism ring of R with respect to the right multiplica- 
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tion of a certain subring of R. Let T be a subring of R which contains 
the invariant system S of our automorphism group ® (satisfying the above 
conditions). Then the J,-endomorphism ring of # is a subring of Vy(S,) 
= > p(c) RK, and contains R,. By virtue of ii) we have 


(3) Va(Tr) = 


with certain R,-two-sided submodules Uc of RK, Suppose that RF is T,- 
regular. Then Vy(7,) is R,-right-regular. Hence each Uc is a direct sum 
of submodules F;-right-isomorphic to directly indecomposable right-ideal direct 
components of R;. R being assumed to be primary, this means that each Uo 
is R,-right-regular. So our lemma may be applied to yield 


Lemma 1. Let R be primary and T,-regular, T being a subring of R 
containing S. Then each Uo in (3) has the form Uo =R,L,, where L© 
is a subring of K containing Z and possessing an independent finite basis 
over Z such that the corresponding right multiplications on R constitute an 
independent basis of Uc over Ry. We have, therefore, 


(4) Vu (Tr) = p(o) 


Now, the case of a simple ring R was studied in our paper [5]. We 
need the following main result there: 

Let R be a simple ring, satisfying minimum condition and possessing 
unit element 1, and let @ be an automorphism group of FR which is regular 
in the sense that it satisfies i,) with a simple subring K finite over the center 
Z of R and #/4, is finite; then i,), i.), is) and ii) are all automatically 
fulfilled. The invariant system S of & in R is a simple subring of R whose 
commuter Vre(S) in R is K. The regular subgroups of ® are in 1-1 Galois 
correspondence with the simple subrings of R containing S and possessing 
simple commuters in R, and any isomorphism between two such simple sub- 
rings of R leaving S elementwise fixed is induced by an element of ® ([5], 
Theorems 5, 6). 


2. Galois theory for primary rings. Let R be a primary ring, with 
minimum condition and unit element 1. Let N be its radical, and Z its 
center. We call a group of automorphisms of R regular when it satisfies the 
conditions ip), i.) and ii) in 1 and when, moreover, the subring K is such 
that ((K + N)/N is simple and) the product in R/N of (K + N)/N and 
the center of R/N is simple. It is clear that this definition is in accord with 
the notion of a regular automorphism group for the case of a simple ring R, 
as defined in [5] (cf. the end of the preceding section). 
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For any subset A of & leaving N set-wise invariant we denote by A° 
the set of endomorphisms of the residue-module R/N induced by the elements 
of A; we identify equal endomorphisms of R/N induced by distinct elements 
of A. So, in particular, R,° and R,° are the left- and right-multiplication 
rings of the residue ring R/N. 

Now we observe that a regular automorphism group, as just defined, 
satisfies also the conditions i,) and i;) (whence what we have stated for a 
group satisfying ip), i1), is), is) and ii) can certainly be applied to it). It 
is clear that i,) is fulfilled. In order to verify i;), we prove first 


Lemma 2. Let K be a subring of our primary ring R which satisfies 
the condition i.) ; thus let (a, ==1,a),: be am independent Z-basis 
of K such that (dsr, * 18 an independent R-basis of Then 
the endomorphisms of R/N induced by Gor, * 5 Aur (4. €. * * * 5 
are independent over the left-multiplication ring R,° of R/N. In particular, 
a, mod N,a,mod N,: - -,a,mod N are independent over the center of R/N, 
and the intersection of (K+ N)/N and the center of R/N 1s exactly 
(Z+N)/N. If we have is), besides i.), then R/N is an R°K,°-regular 
module. 

Proof. Suppose 

= 0 
i=1 


for some elements s; in R. We have )sjaje N for all « in R. Hence 
i 


1(N) > siwa; = 0 for all x in R, where 1(N) denotes the left annihilator of 


Nin Rk. Since aj,, Apr are independent over R;, we have 1(N)s; = 0, 
for every i —1,2,---,k. So each s; is contained in the right annihilator 
r(l(N)) of 1(N). But r(l(NV)) =; this is in fact the only point where 
the primarity is used in our proof. Thus se N (i—1,2,---,k), which 
proves the first assertion of our lemma. The second one follows easily from 
the first. 

Now suppose that i;) holds. Then the #,K,-right-module R,K, is iso- 
morphic to R*, the direct sum of & copies of R, and the F,K,-right-module 
RiK,/NiK, = RiK,/(RiK,) is isomorphic to (R/RN,)* = (R/N)*. Here 

RiK,/NiK, = (Ri/ Ni) dir (Ri/N1) dor der 

by the first half of our lemma. It follows that the R,°K,°-right-module R,°K,° 
is isomorphic to (R/N)*. 
Next, 
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Lema 3. Let a subring K of the primary ring R satisfy i.) and suppose 
that the product ((K + N)/N) (center of R/N) is simple. Then R is 
R.K,-regular, i.e. is) is satisfied. 


Proof. Since R/N is centrally simple over its center, the product R,°K,° 
(which is (homomorphic, whence) isomorphic to the direct (Kronecker) 
product (R/N) ®@ ((K + N)/N) (center of R/N)) over the center of R/N) 
is a simple ring. Thus its right-module R/N is R/°K,°-regular and (R/N)* 
is R,°K,°-isomorphic to R,°K,°, where k is the Z-rank of K (which is, according 
to Lemma 2, equal to the #,°-rank of R,°K,°). Now let wu be an element 
of R* such that wu mod N¥ corresponds to the unit element of R,°K,° by our 
R°K,°-isomorphism of (R/N)* = R*/N* and R,°K,°. We consider the sub- 
module u(R,K,) of R*. On mapping the unit element of RK, onto u, we 
obtain an #,K,-homomorphism of #,K, onto u(R)K,). If we pass to the 
residue-module R*/N* (R/N)* the image mod N* is all of R*/N*, 
since the mapping clearly induces our 2,°K,°-isomorphism between #,°K,° and 
R®/N*. However, as N* is the intersection of all maximal R,-submodules of 
R*, it follows that u(R,K,) = R*, too. Considering F-lengths, we conclude 
that our homomorphism mapping (which has thus been shown to be onto R*) 
is an isomorphism between #,K, and R*. This proves our lemma. 


Remark. As our proof shows, our second assumption, in Lemma 3, may 
be replaced by the assumption that R/N be #/°K,°-regular. 

We have thus seen that a regular automorphism group of F satisfies all 
the conditions in 1. 

Another remark we want to make is that if ® is a regular automorphism 
group of our # then the automorphism group ©° of the simple residue-ring 
R/N, induced by ©, is a regular automorphism group of R/N, with the 
product ((K + V)/N) (center of R/N) as the associated simple subring of 
R/N generated by the elements of R/N effecting inner automorphisms of R/N 
contained in ®°. In fact, in order to see this we have only to observe that 
for o ~1 the (minimal) £#,-two-sided modules p(c)Ri/p(c) Ni are not 
isomorphic, or, which is the same, the F,°-two-sided modules R,°, p(c)°R,° 
are not isomorphic, which is in turn equivalent to saying that p(c)° is not 
an inner automorphism of the simple ring R/N, a consequence of ii). 

It follows, either from I, Theorem 1 or from [5] that R/N possesses 
an independent right-basis of (G@:1)k terms over the invariant system, in 
R/N, of ®°. On the other hand, # has an invariant right-basis of (G:1)k 
terms over the invariant system S, in R, of ®. Here (S + N)/N is clearly 
contained in the invariant system of 6°. It follows then that the invariant 
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system of 6° is exactly (S-+N)/N. Hence (S+N)/N is a simple ring. 
It follows further that an independent S-right-basis of R is independent over 
(S + N)/N when considered modulo N. Thus we have 


Lemma 4. Let ® bea regular automorphism group of a primary ring R, 
possessing unit element and satisfying minimum condition, and let S be the 
invariant system of ® in R. Then (S+N)/N, with N the radical of R, 
is the invariant system of the automorphism group ®° of R/N induced by ®. 
So (S+ N)/N is simple. (An independent S-right-basis of R exists and) 
an independent S-right-basis of R forms, when considered modulo N, an 
independent (S + N)/N-right-basis of R/N. 


Let S be the invariant system of a regular automorphism group ® of 
our primary ring R. Consider a subring T of R which contains S; 


(5) Se. 


Suppose that T+ N/N is simple. As (T+N)/ND(S+N)/N and 
(S+N)/N is the invariant system of ®° (as has been shown above) 
(T+ N)/N is a weakly normal simple subring of R/N, and hence R/N 
is R,°T,° fully reducible; see [5], §1. So, if we denote by R® the inter- 
section of all maximal R,T,-submodules of R, then 


(6) NW R®, whence 1(N)R® =0. 


Now we assert that none of R°@r (ae K,a¢ N), o running over G (cf. 1, ii)), 
is contained in R®, For, suppose R°™¢ CR, Then, with the left anni- 
hilator 1(N) of N, we have 1(N) Re — 0, or p(c)a,l(N): = 0, a,l(N): = 0, 
l(N)Ra = 0, whence Ra C N and ae N contrary to the assumption. Naturally 
this applies to the case when a is any one of the basic elements a, d2,° - -, dx 
of K over Z. 

Suppose further that R has an independent basis over our intermediate 
ring 7. Then the T,-endomorphism ring Vy(7) of R has the form (4), 
Vu (T,) => p(c)RL,, where each has an independent 
consisting of elements of ZL, (Lemma 1). In particular, Z,@ (p(1) =1) 
is Vy(7T) 0 R, which is the #,T,-endomorphism ring of R; 


(7) L® = V,(T). 


Put for the sake of simplicity. Then L,p(o)R,L,L, Vy(T,) 
whence C p(c) F,L,™,, and it follows that each L™ is L-two-sided allowable. 

Now, decompose # into a direct sum of directly indecomposable R,T,- 
right-submodules m;; R=m, Suppose that the are 
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primary; observe that L,—Vy(R,7,). On fixing a coherent system of 
isomorphisms among the mj, we denote by {ej} the corresponding system of 
matric units in the R,T,-endomorphism ring L, of R. Let a be an element 
of K such that a¢ N. Then, as was shown above, 


(8) Rear R©, 


where R is the intersection of all maximal R#,T,-submodules of R. Hence 


the image by p(c)a, of one, at least, of mm, mMe2,° -*:, Ms is not contained in 
R©, and we may assume, without loss in generality, that 
(9) RO, 


Then there exists an i such that the projection m,4re«* of m2 on m; is 
not contained in R®. We have, with such an 1, 


Consider now a o with L®~0. Then L© CN; in fact RL, has an 
independent basis over Ff; consisting of elements of LZ, (which is not void). 
So we may take an element a in L® not contained in N, and apply our 
consideration to this a so as to obtain (10), with this a. There p(c) d,eiei: 
= is an p(o))-semilinear and T,-linear endomorphism of FR; 
observe that a,, and p(c)a;, Vy(T,). It induces an endo- 
morphism on m,, which is not nilpotent. For, if it were, then the image 
would be contained in any maximal F#,T,-submodule of R, whence in R, 
contrary to (10). By Fitting’s lemma (in a generalized formulation as in 
Jacobson’s book, Theory of Rings, Math. Surveys IJ, New York 1943, for 
example) p(o)4,«;; induces therefore an ( (2), )-semilinear and 7’,-linear ) 
automorphism on m, (Let R&, U T, be the operator domain © in Jacobson’s 
book). 

As mM, M2,° * *, Ms are by assumption all {R,, T,}-isomorphic, it follows 
then that Rk = > im; has an p(c) )-semilinear and T,-linear automorphism, 
say a Since ae and «Rk, (CM) is R,-two-sided isomorphic with 
p(o)R,, we have 

aR, C Vy (T,) p(c) = p(c) 


So aR,L, C p(c)RL,™. On the other hand, every element of a%p(c)R,L, 
is {R,,7,}-linear and it follows that RL, C p(1) RL, = R,L,. 
Combining these two relations we have 


all mutually #,T,-isomorphic, or, which is the same, that L—Vpr(T) is 
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Moreover, as is contained in both R,L, and Vy(Ri) = we have 
atp(o) ¢ R,=L, and a*p(o) = b, with an element b in L. Here is 
regular (since is a (module-) automorphism) and b;*a*p(o) = b;*b, 
is the inner ring-automorphism of R effected by b. Hence b;*a is a ring- 
automorphism of R. It is T,-linear, i. e. it is a ring-automorphism of F leaving 
T elementwise fixed. Putting p*(o) = ab), we have p*(c) = € ®p 
and p*(o) is an element of ® which is a representative of the coset p(o)®p of 
p(c) modulo Moreover p(o) = «RL, = p*(c)bi* RL, = p*(o) RiLy. 
Now, these hold for each o with L™ ~0. It is clear, from these considerations, 
that the totality of such o form a subgroup, say, H, of G. So we have proved 


Lemma 5. Let T be a subring of R containing the invariant system 8 
of a regular automorphism-group ® in R. Suppose that (T+ N)/N its 
simple, that R possesses an independent right-basis over T, and that the 
commuter L = Vr(T) of T in Ris primary. Then there exist a representative 
system {p*(1) =1, p*(c),- +, p*(r)} of modulo and a subgroup H 
of G such that 


(12) = (a) 


L has an independent finite basis over Z such that the corresponding right 
multiplications on R constitute an independent R,-basis of RiL,. 


It is also clear that the subgroup W of all elements of ® leaving our T 
element-wise fixed is 
(13) = U p*(o)% 
oeH 


where ¥, is the totality of inner automorphisms of FR effected by regular 
elements of L, and 
(14) Vu (T,) = Rw. 


Further, 7, Vy(Ry¥) and T is the invariant system of ¥. Thus 


Lemma 6. Let T be as in Lemma 5, and let © be the totality of auto- 
morphisms of R (or, of elements of &) leaving T element-wise fixed. Then 
T is the invariant system of © in R. 


Now, W clearly satisfies the conditions iy), ig) and ii), with K replaced 
by L (and by ¥, naturally). So W is a regular automorphism-group 
if we assume that the product of (Z + N)/N and the center of R/N is simple. 
We observe also that this last condition implies that ((Z-+ N)/N is simple 
and) Z is primary. Thus 


Lemma 7. Let T be a subring of R containing the invariant system 8 
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of a regular automorphism group ® in R. Suppose that (T+ N)/N ts 
simple, that R has an independent right-basis over T, and that the product 
((L+ N)/N) (center of R/N) in R/N ts simple, where L=Vp(T). Then 
the totality ¥ of automorphisms of R (or, elements of ©) leaving T element- 
wise fixed is a regular automorphism group of R. 


Next we start, conversely, with a regular subgroup © of #, and let T 
be its invariant system. To © and 7’ we may naturally apply what we know 
about 6 and §. Thus ¥ exhausts the automorphisms of Ff leaving T element- 
wise fixed and (7 is primary and) (7+ N)/N is simple. Combining this 
with Lemmas 5 and 6, we have our main 


THEOREM 1. Let R be a primary ring possessing a unit element and 
satisfying the minimum condition. Let ® be a regular group of auto- 
morphisms of R and let S be the mvariant system of ® in R. Then (S ts 
primary and) (S+N)/N its simple, where N denotes the radical of R. 
R possesses an independent right-basis over S, the number of elements in 
the basis being equal to the reduced order of ©, and ® exhausts the auto- 
morphisms of R leaving S element-wise fixed. Further, the regular subgroups 
of R are in a 1-1 Galois correspondence with the intermedtate rings T of R 
and § such that R possesses an independent right basis over T, (T + N)/N 
is simple and, if L = Vp(T) ts the commuter of T in R, (L is primary and) 
the product ((L + N)/N) (center of R/N) is sumple. 


For the sake of convenience, we repeat our definition of a regular auto- 
morphism group: a group ® of automorphisms of F is called regular if the 


following conditions i), ii) are satisfied: 


i) the totality ©, of inner automorphisms of # contained in ® is the 
totality of inner automorphisms of Ff effected by the regular elements in a 
certain subring K containing the center Z of R, generated by its regular 


elements, and possessing an independent finite basis a, over 
(we may take a; 1) such that are independent over R,, 


and the product ((K + N)/N)(center of R/N) is simple, N being the 
radical of R, 

ii) the factor group G—®/®, is finite, and, if {p(1), p(),- - -, p(r)} 
(G=1,0,---,7) (we may take p(1) —1) is a representative system of ® 
modulo the R,-two-sided modules FR), p(c)R; #1) have no isomorphic 
composition residue-modules. 


The number (G:1)(K:Z) is called the reduced order of the regular 
automorphism group ®. 
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We note that our regular automorphism groups cross with the auto- 
morphism-groups considered in I in their generality, though the present groups 
are perhaps better qualified to be called Galois groups for primary rings. 


8. Certain factor-groups of a regular automorphism group; extension 
of isomorphisms. Let ® be an automorphism group of a ring R, with unit 
element and minimum condition, which satisfies the conditions iy), i,), 1.), is), 
and ii). Consider a subgroup ¥ of ® which satisfies similar conditions, 
L with R\W replacing K and —®,M W replacing Let T 
be the invariant system in R of Y. R possesses over 7’ an independent right 
basis of (¥: ¥%)(Z:Z) terms, and © is the totality of automorphisms of R 
leaving 7 element-wise fixed. V (7) has the form 


where {p*(1), p*(a),- -,p*(y)} is a representative system, in of the 
group H = {1,a,---+,y}—/®, (which may be considered as a subgroup 
of G= /®). 

Assume now that ¥ is an invariant subgroup of &. Then 7 is mapped 
on itself by every element of ®, and the factor-group @/W is an automorphism 
group of 7. We first prove 


Lemma 8. Let ¢@ be an element of ®. If the T,-two-sided modules T, 
and 71, have some isomorphic composition residue-modules, then pe Bo¥. 


Proof. For any T-double-module m we can construct an R-T-double- 
module R® pm. Further, if ¢ is an automorphism of 7, we may construct 
from m a T-double-module (¢,m) by crossing the operation of T on the 
left-hand side of m with ¢; thus (¢, m) is identical with m as T-right-module, 
while the left-operation of an element a of T on (¢,m) coincides with that 
of a? on m. Now, if @ is induced by an automorphism of R, denoted again 
by ¢, then we assert that the similarly defined R-T-double-module (¢, R © 7pm) 
is (R-T-) isomorphic with R @ 7(¢,m). In fact, this can easily be verified 
by taking an independent T-right-basis (21, %2,° --,%,) of R and using the 
independent bases (a#;%*) and (a;) respectively in constructing R ® 7(¢, m) 
and (¢,R @ pm); cf. [4], § 5. 

We consider the case where m is 7 itself and @ is an element of ©. 
Naturally we have thn Put f=—(¥:%)(L:Z). 
Then F# has an independent right-basis of f terms over 7’, and the direct 
sum of f copies of R is Vy(T,)-isomorphic with Vy(T,). The Vy(T7;)- 
endomorphism ring of Rf is the f-dimensional matric ring (T7,), over T,, 
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while that of Vy(7,) is of course the left-multiplication ring of Vy(T,) 
which we shall denote by ©. Hence there exists a (ring-) isomorphism A 
between (7;); and which corresponds to a Vy(T'-)-isomorphism between Rf 
and Vy(7,). Thus Rf and Vy(T,) are and ((7,);— A)- 
semilinear isomorphic. They are in particular R,-linear and ((7,);— 2%, A)- 
semilinear isomorphic, for R;C Vy(7,). We construct from FR’ a second 
{R,, (T,);}-module by crossing the operator domain with its auto- 
morphism ¢. Similarly we construct Vy(T7,). These two bodies are also 
R,-(linear) and ((7,);— A)-semilinear isomorphic. 

Suppose now that the {R,, T,}-modules R and R® have some (properly 
linear) isomorphic composition residue-modules. Then the same is the case 
with the {R,, (T,);}-modules Rf and (Rf). In view of the above 
Rlinear and {(T7,);— ZT, A}-semilinear isomorphisms between 
and between (R’), Vy(T,), we see that the {R;, T}-modules Vy(T,) and 
Vy(T,)® have some (properly linear) isomorphic composition residue- 
modules. This means however that the (T,), 
Va(T,)¢ (C YW) have some isomorphic composition residue-modules. Naturally 
the same is the case if we consider Vy(7;), Va(T+)¢ merely as R,-double- 
modules. But Vy(T,) = RY = 2 (a). Hence there are in H 

ae 


such that Rop*(a«), RrYop*(B)d have isomorphic composition residue- 
modules. It follows that Yop*(«) = .p* mod whence ge BW. 
Now, the assumption in our lemma, that the T;-double-modules T;, 7; 
have some isomorphic composition residue-modules, is equivalent to assuming 
that the T-double-modules T and (¢, 7) have some isomorphic composition 
residue-modules. This implies, because of our remark at the beginning of 
the present proof, that the R-T-double-modules R and (¢,f) have some 
isomorphic composition residue-modules. This is in turn equivalent to the 
existence of isomorphic composition residue-modules of the {R), T,}-modules 
R and R®, from which we have derived ¢6¢@,¥. So our lemma is proved. 


We have now immediately 


THEOREM 2. Let R bearing, with unit element and minimum condition, 
and let ® be an automorphism group of R satisfying the conditions ig), i), 
in), 13) and ii), with its subgroup ®o as in io). (It is sufficient that R be 
primary and ® a regular automorphism group of R). Let © be an invariant 
subgroup of ® which contains ®, and let T be the invariant system of WV in R. 
Then ®/¥ is a regular automorphism-group of T containing no inner auto- 


morphism of T except the unity. 


(Automorphism groups of the type of this factor-group have been studied 


» 
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in [4], § 5 and the older paper in Jour. Math. Soc. Japan 1 (1949), pp. 203- 
216 cited there.) 

Next we prove an extension theorem for isomorphisms of subrings 
(Theorem 3). To do so, we again consider an automorphism group © of a 
primary ring R, with unit element and minimum condition, which fulfills the 
conditions io), i:), iz), is) and ii) of 1. Let S be its invariant system. 
We have V(S,) R®,=—RK,. Let T be a subring 

ce 


of R which contains S and over which R has an independent right-basis. 
By Lemma 1, Vy(7,) has the form (3), i.e. Vy(Tr) => p(o) RL, ; each 
Co 


subring L® of K contains Z and possesses an independent basis over Z such 
that the corresponding right-multiplications on R constitute an independent 
basis of R,L,™ over 

Now, let a be a (ring-) isomorphic mapping of T into R which leaves S 
element-wise fixed. We assume that RF has also an independent right-basis 
over 7%. Let {xi}, {yi} be independent right-bases of R over T, T* respec- 
tively ; they consist of equal numbers of elements, since the T,,- and the 7’,*- 
ranks of # are equal as we readily see on considering S,-ranks. The mapping 


(15) yiti* (te T) 


gives a (7,— T,*, ~)-semilinear automorphism p of R. Let Mt be the totality 
of (7;,,— T,*, «)-semilinear endomorphisms of R; clearly pe Mt. Mt is an 
R,-two-sided submodule of Vy(S,). So M is a direct sum of submodules 
of p(o) RK, (o € GC) 
M => (p(c) RK, M). 
o 


Further, Qty C and C M, whence 
(16) M = Vo (T,) p= p(c) RL,Op. 


It follows that Mt is R,-left-regular. Its direct summands 
are then also F,-left-regular. Lemma 0 implies that for each o 


(17) p(o) RK, = RM, 


where M© is, for each o, a certain submodule of K (Apply Lemma 0 in its 
modified form with right-operations replaced by left-operations (but retaining 
f,, K,), or in its completely (right-left) symmetric form with R replaced by 
a ring inverse-isomorphic to R). Hence 


MN p(o) RK, = p(c) 


Denote now by R® the intersection of all the maximal R,T7,*-submodules 
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of R. As MM contains a (module-) automorphism yp, we have RYt—F and 
RM CR. There exists, therefore, a re G such that 


(Rp(r) = ) R(MN p(r) ER. 


Fixing such a 7, we take an element m in M such 


(18) Rp(r) mr 
Let 
(19) 


be a direct decomposition of R into directly indecomposable F,7',-submodules. 
There exists an index 7 such that mip(r)m, QC R©. We may, without loss of 
generality, assume 


(20) mup(r)m, RO. 
Further, let 
(21) R=itt iz 


be a direct decomposition of R into directly indecomposable R,T7',*-submodules. 
There exists an index j such that the iii;-projection, with respect to (21), of 
M,p(7)m, is not contained in R. 

Next, let be the totality of (7,*—— a-1)-semilinear endomorphisms 
of R, and let R® be the intersection of all the maximal R,T,-submodules of 
R. Clearly pte M, M—= p(c)RK,) and each MN p(c) RK, has 
the form p(c)R,M, with a subring MW of K. Let wu be an element of it; 
which is not contained in R®; observe that it; M R© is the intersection of 
all the maximal F,T,*-submodules of iit;. Then we assert that 


(22) up R, 


To see this, we observe that y, being an element of } p(c)R,M,™, is a sum 
of elements of the form p(o)aym, (ae R,m™ eM). Since R is primary, 
we may choose the a’s so that they are regular elements of R. Such a product 
p(c)am,, with a regular in R, is an F,-semilinear endomorphism of Rf; 
the associated automorphism of F is the product of p(o) and the inner 
automorphism of FR effected by a. As it is in M, it is also (T,—T,%, a)- 
semilinear. Hence it maps R® into R®. For, if we denote by U the 
counter-image of R by p(c)aym,™, then R/U is mapped R;-semilinear and 
T;,*, «)-semilinear isomorphically upon a certain R,T,*-submodule of 
R/R®. As R/R® is R,T,*-fully-reducible, it follows that R/U is R,T,-fully- 
reducible. Hence U D R©), or, which is the same, p(o)aym,™ maps R© into 
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RO, Therefore, » itself maps R into R®. Now, if we had up e RO, then 
u = Up tne Rw C R, which is a contradiction. So we have (22). 

We have seen that there exists an index j such that the ittj-projection 
of mip(r)m, is not contained in R©. Taking as our u (which has been 
assumed only to be an element of it; not belonging to R®) an element in 
the iit;-projection of m,p(r)m, not contained in R®, we see that 


(iit;-projection of m.p(r)m,) RO. 


As pte Dt = (MN p(c)R.K,), there exist an element 7 in and an 
element in M‘ such that 


(23) (iit;-projection of mip(r)m,)p(r)m, R. 


There exists then an index i such that the mj-projection of the left-hand side 
of (23) is not contained in R. 

Now, we assume that mj, are all R,T,-(linear) isomorphic 
and iit,, ilt.,- it; are all R,T,*-isomorphic, or what is the same, both 
Vr(Tr) =L® and Va(T,*) = are primary. Let {en}, be the 
systems of matric unit R,T,- and R,T,*-endomorphisms of R with respect to 
(19) and (21), respectively. Naturally 2,0 (= (Vr(T))-= Vo ) 
and €p)¢¢ LZ. Our above result shows that, with suitable i, 7, 7, 7, m (e M™) 
and m (eM), 


mre; R© whence ¢m;M R©, and, therefore, 
(24) Mip(r) (7) Mreix R, 


Here is (Ri, p(r)p(7))-semilinear. It is, on the other 
hand, 7’,-linear, for p(o)m, (e Mt) is (7',—T;*, «)-semilinear and p(7)m, 
(eM) is (T,*—T,, a)-semilinear while <; and «, are respectively 7',*- 
and 7, linear. As in 2, we apply Fitting’s lemma, in its generalized formu- 
lation, to the directly indecomposable R,T,-module m,. It asserts that 
p(t) m,<;jp (7) on m, either an ((R,, p(r)p(7))-semilinear and 
T,-linear) automorphism or a nilpotent endomorphism. If the latter were 
the case, then m, would be mapped, by p(r)m,€;;0(7) mye, into each maximal 
R,T,-submodule of m,, whence into m,1 R®, contrary to (24). Hence 
p(t) induces an automorphism on m. 

It follows that p(r)m,€;; maps m, isomorphically into As 
is (7,— T,*, «)-semilinear, whence S,-linear, we see that the S,-rank of m, 
is at most equal to the S,-rank of it;, which is naturally equal to that of i. 
Interchanging the roles of JT, T* we see similarly that the S,-rank of itt, is 
at most equal to that of m,. Hence they are equal and p(r)m,é; induces an 
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(Ri, p(7))-semilinear and ( T,— T,*, «)-semilinear isomorphism of m, onto 
it; As it; is R,T,*-isomorphic to itt, we have thus established the existence 
of an p(r) )-semilinear and (7,— T,*, «)-semilinear isomorphism between 
m, and iit, (or between any m, and any iiit,). We now find readily that the 
numbers s, § in (19), (21) are equal. For each k = 1, 2,- - -,s there exists 
an (Rj,p(7))-semilinear and (7,—T,*,a)-semilinear isomorphism between 
m,, iit, and there exists therefore a (module-) automorphism of F# of the 
same kind, say ¢. As = and R, = Vy(R1) we have = R, 
and the inner automorphism of 2 effected by its regular element ¢ induces a 
(ring)-automorphism of F#,. It induces on 7, the isomorphism ¢ with 7’. 
This shows that the isomorphism « between T and T* is extended to a (ring-) 
automorphism of R&. The extended automorphism belongs to ®, since it 
leaves S element-wise fixed. So we have 


THEOREM 3. Let © be an automorphism group of a primary ring Rk, 
with unit element and minimum condition, which satisfies the conditions 
io), 11), is), is) and ii) (of 1), and let S be its invariant system (It is 
sufficient that @ be a regular automorphism group of R). Let T be a subring 
of R containing S and having a primary commuter Vr(T) in R, and let « 
be an tsomorphic mapping of T into R leaving S element-wise fixed such that 
the commuter Vp(T*) of the image T* is also primary. Then « can be 


extended to an element of ®. 


Nacoya UNIVERSITY. 
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PERIODIC MAPPINGS ON BANACH ALGEBRAS.* 


By Yoop. 


1. Introduction. Let B be a real Banach algebra. In investigations 
of such algebras, those with an involution (adjoint operation) have received 
special attention. By an involution is meant an anti-automorphism of period 
two. Here we study automorphisms and anti-automorphisms T of B periodic 
with finite period (the period of 7 is the smallest positive integer n such that 

n == J, where J is the identity). 

The norms || z || and || x ||, — || are two Banach algebra norms 
for B which are equivalent if and only if T is continuous ([1], p. 41). The 
equivalence of two Banach algebra norms for B has been discussed by Rickart 
[10] where it is shown that a necessary and sufficient condition for the equi- 
valence is that S = (0) where S is the separating ideal of the two norms, the 
set of elements x where for some sequence {z,} in B, || z,—z||—0 and 
|| Zn ||1 > 0. As shown in [10], S is a closed two-sided ideal of B consisting 
entirely of topological divisors of zero. A further property of S is (Theorem 
2.4) that either the two norms are equivalent or § is a radical algebra in 
the sense of the Brown-McCoy radical [2]. Our approach to the question 
of the continuity of T is made through the study of the corresponding ideal 9. 

It has been conjectured [10] that any two Banach algebra norms for a 
semi-simple algebra B are equivalent. This would imply the continuity of 
any periodic 7 defined on B. In this direction we show, in Theorem 4. 6, 
that if every automorphism and anti-automorphism 7’ of period two defined 
on each closed semi-simple sub-algebra B, of B is continuous then any T of 
period 2” defined on B is continuous. Furthermore if B is semi-simple, the 
period n of T = 3 or 2” and if the set {ce B|(I + 7+---+7"*)(c) =0} 
is closed, then 7 is continuous. 


2. Definitions and preliminaries. Let T be a linear mapping defined 
on an algebra B over the real field whose range is B and which has period n. 
Suppose that, for each x, y in B either T(ry) = T(x)T(y) or T(zy) = T(y)T (2). 
By a result of Hua [4] one of these two equations holds throughout B and T 
is either an automorphism or an anti-automorphism. Let 


Py= (I+ 


* Received April 26, 1954. 
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where J is the identity. Let 
H = {xeB|T(z) =z} and K— {re B|P,(2) = 0}. 


If P,(z) then x =TP, (x) = T(x), ee H and conversely xe H implies 
that P,(z) =x. It is then clear that P, is a projection of B on H and that 
H and K are complementary linear manifolds, B=H @ K. 


2.1. Lemma. T(H)=H. T(K)=K. Ti(x)—zeKk forall zeB 
and all positive integers 1. 

The first statement is clear. If xe K then TP,(x) = P»T (x) =0 and 
T(K) CK. By iteration we obtain 7*(K)=T"'*(K) CK. Thus 
T(K)=K. If y=Ti(x)—zaz then a simple computation shows that 
P,(y) =0. 

Now for each integer 1, 1=1,---,n—1, T# is also periodic. We 
define H; andK; as the sets H and K above corresponding to the mappings T‘. 

2.2. Lemma. Let T have period n. Then for1—1,2,---,n—1 the 
following. hold. 


(a) H, C Hi, Ki C 

(bob) NK, Ki —KiO Ki. 

(c) H, =H; if and only tf K, = Ki. 

(d) If i divides n then H; K, ts the null-space of 1+ T+---4+T*. 

(e) If divides n then H, H; if and only if I+ T+---+ Tt ts 

one-to-one. 

(a). Let ye Ki, a be the greatest common divisor of 7 and n and set 
c=n/a. By the definition of K; we obtain 
If we operate on (1) by T,T?,- - -,7** and add we obtain P,(y) —0 or 
ye Ky. 


(b). Itis clear that H; H,@H:N Ky. Lettre H,r—u+r,ue 
ve kK, Then =u+Ti(v) =u+v. Thus ve Ky. For 
the second formula of (b) note that 


B=H,®@ Ki—4H: 
where, by (a), Ki; K, C K,. Thus K,—K,@ Ki. 
(c). Hi, =H, (or if and only if K,—0. 
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(d). Letn=cit. St 
then W(2) VW(x) =0 so that V(x) =0. Conversely if 
then WV(x) —0 so that re K,. Also (TV —V) (x) =0 where TV —V 
= Thus ze Hii. 


(e). This follows from (b) and (d). 
2.38. Lemma. Let ve ye Then vy+yve Ky. 


Note that Ti(vy + yo) =Ti(v)y+yTi(v). Thus Pr(vy + yv) = 0. 

Let B be a real Banach algebra which is a Banach algebra under two 
norms || z || and || z||,. An element s in B is said ([10], p. 619) to separate 
the norms if there exists a sequence z, in B such that || s—a, || 0 and 
| tn ||1 > 0. The set S of all elements which separate the two norms has 
been shown by Rickart ([10], p. 621) to be a two-sided ideal in B, closed 
with respect to both norms and each of whose elements is a topological divisor 
of zero with respect to both norms. S will be called the separating ideal for 
these two norms. The same separating ideal is obtained if the roles of || || 
and || x ||, are interchanged. The two norms are equivalent if and only if S 
is the zero element. 

Consider next an automorphism or anti-automorphism U of period n. 
Define || x ||, = || U(x)||. Following ideas of Rickart ([9], p. 1068) we show 
that || z ||, is a Banach algebra norm for B. 

It is clear that the norm makes B, into a normed linear space. Moreover 
— 0 as m,n—>o then there exists ye B such that || y—U(z,)||—0. Then 
|| U-*(y) —2@n ||1 90 so that B is Banach algebra under the norm | z ||;. 
The separating ideal S for the two norms ||z|| and || ||, is called the 
separating ideal for U. 

If S is the separating ideal corresponding to two Banach algebra norms 
|| x || and || z ||, for B then || z || and || z ||, are two Banach algebra norms on 
8 and thus there is a separating ideal 8, C S corresponding to the two norms. 


2.4. THrorem. Let || x || and || x ||, be two Banach algebra norms for 
B with separating ideal S and with separating ideal 8S, with respect to 8. 
Then S and 8S, have the following properties. 


(1) if ~e8,t—1,2. 8, is a two-sided ideal of B. 


(2) &, ts contained in no proper regular (one-sided or two-sided) ideal 


of 8. 
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(3) Hither the two norms are equivalent on B or S ts a radical algebra 
in the Brown-McCoy sense. 
(4) If the two norms are equivalent on S, then 8 ts a zero algebra. 


(1). Let yne B, || yn || 0, || Yn 1120. Then || 2,22 || 
and || ||1 > 0 where y,z, and 8. Thus 2,%,¢8,. The second state- 
ment is shown in a similar way. 


(2). Let J be, say, a proper regular right ideal in S with e as a left 
identity of S modulo J. If 8, CJ then, since exe—aeJ for all re 8 and 
exe 8, by (1), we have S C J which is impossible. 


(3). Suppose that the two norms are not equivalent. Then S + (0). 
From the results of Brown and McCoy ([2], p. 51) we see that S is a radical 
algebra in the sense of their radical if and only if § contains no maximal 
regular two-sided ideal. However if M is such -an ideal in 8, results of 
Rickart ([10], p. 621) show that 8, C M. By (2) the latter is impossible. 


(4). If the two norms are equivalent on S then S, = (0) and (4) then 
follows from (1). 


As applied to a commutative Banach algebra B, Theorem 2.4 shows 
that § is then a radical algebra contained in the radical of B. This follows 
since, in the commutative case, the Brown-McCoy radical and the Jacobson 
radical ([3], [5]) agree. 


2.5 Lemma. Let A bean algebra over the complez field with (Jacobson) 
radical R. Let R, be its radical when A is considered as an algebra over the 
real field. Then R= R,. 


It is clear from the definitions ([3], p. 476) that R C R,. Let re Ri, 
c real, £0. Then cz? has an adverse in A. This shows that ciz has an 
adverse in A, for otherwise —i/c is in the spectrum of x ([3], p. 458) and 
—c~* is in the spectrum of x? which is impossible. Let «~a- bi, a, b real, 
be any complex number. Let r be the adverse of biz. Using the notation 
t,04,=—it,+1, t,t2, we have, by [3!, p. 477, for any se A, 


[bia +- (ar + yr)]° (ros) = [art yr-— (ar+yr)r]os. 


Now az + yx — (ax + yx)re R, and thus has a right adverse s. This shows 
that ar + yz has a right adverse. Similar arguments ([3], p. 477) show 
that ar + yz has a left adverse. Thus ze R. 

This shows that the results of Section 4 concerning semi-simple real 


Banach algebras hold for semi-simple complex Banach algebras. 
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3. Examples. We indicate one way in which our mappings of period 
nm >2 can behave differently from those of period 2. First consider the 
following easy result where 7 is an automorphism or anti-automorphism of 
finite period on a real Banach algebra B. 


3.1. Lema. T is continuous on B tf and only if H, and K, are closed 
and T is continuous on K,. 


Define for we Hy, ve K, a new norm | +] 
If H, and K, are closed this is readily seen to be a complete Banach space 
norm for B. Since || z ||, = || z ||, the two norms give the same topology for 
B by [1], p. 41. Next assume that 7 is continuous on K,. There is a 
constant c > 0 such that || T(v)|Sc||v||, ve Ki. Then, for 
as above, 


which gives the continuity of T. 


Note that the continuity of T on K, is automatic if the period of T is 
two, for then T (2) =—vz2, te K,. However if the period exceeds two it is 
possible, as the following example shows, to have H,, K, closed while 7 is 
not continuous on K;,. 

Let B be the complex LZ, space on the unit interval where p >1 and 
p 2. We consider B as a zero algebra. As is well-known [8] there exists 
a closed complex linear manifold M in B on which there exists no continuous 
complex-linear projection of B. Let N be a complex linear manifold which 
is a complementary manifold to M. For r=u+v, ue M, veN define T 
by the rule = wu + where and are the non-real cube roots of 
unity. It is easy to check that T is linear on B and that 7+ 7+ 7? =—0. 
Then 7? =I and T is periodic. Here K, —B and H, = (0). 

Now WN is not closed for otherwise, [8], Lemma 1.1.1, there exists 
a continuous complex-linear projection of B on M. Let meN, m¥¢N, 
Lo = Up UEM, veN. Then uy ~0,ueMNN. Let me N, vn uy. 
We have = 070, > While T(uo) Thus is discontinuous. 

Next we show that H, can be closed with K, not closed. In this example 
we do not use a zero algebra. Let B be the LZ, space considered above with, 
however, a different rule for multiplication. Let f be a linear functional on B, 
| f || 1 such that f vanishes on M. Select We M, || w || 1. Define the 
product in B by the rule 2,7. —f(zx,)f(z.)w. It is easy to verify that this 
definition makes B into a commutative Banach algebra. Consider the mapping 
x—> defined by the rule that if —u-+4,ueM, veN then c* —u—v. 


This mapping is an automorphism of B of period two. We have H = M, 


| 
— 
| 
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K = N and thus H is closed whereas K is not. Using these ideas an example 
can also be given where K is closed and H is not. As shown in Section 4 
this type of behavior cannot take place if B is semi-simple. 


4. The separating ideal and continuity for T. Henceforth 7 will 
represent a periodic automorphism or anti-automorphism with finite period 
on a real Banach algebra B with separating ideal S. 

4.1. Lemma. (1) SC K,. (2) T(8S)=S8. (3) If u+veS where 
ueH,, ve kK, thenueS andveS. (4) S=SNH,OSN 

(1). Let ye S, Set ve where u,e H, 
and v,e K,. Then u,+ T(v,) This shows that 4,.—T(v;,) ~y. But 
— T(v;,) K, by Lemma 2. 1. 

(2). Since 7" — T-1, where n is the period of 7, it is enough to show 
that T(S) CS. Let y=u-+veS where we Hy, ve K,. Adopt the nota- 
tion of the proof of (1). Since and > 0, we 
have + (v—v,) and T[(u—uz,) + (vr) 
=T(y). Thus T(y) 

(3). By (2), Px(S) CS. Thus, in the above notation, Pn(y) =ueS. 
Then also v= y—ueS. 

(4). This follows from (3). 

Below the notation Q’ is used for the derived set of Q. 

4.2. Lemma. Let T have period n on B. Then 

(a) HY NK, CS. 

(b) mn even, T? continuous on K, imply that K,’N H, CS. 

(c) n=2 implies that S=H K,@ KN Ay. 


(a). Let ueHi, ve K, Then u,—v—>0 and T(u,—v) 
—>v—T(v). Thus v—T(v)e8. Then, by Lemma 4. 1, — Ti*1(v) 8, 
+=0,1,2,---. Also 
n-1 
= V(Ti(v) — TH (v)] = > [v— T™ ] = ne. 
m=0 %4=0 m=0 

Therefore ve 8. 

(b). Letv,e Ki, ue Set 
Then TW =— W(v,). Also (n/2)u. Then (n/2)u + W(v,) 
—nu, T[(n/2)u+ W(r%,)] Thus 

(c). The conclusions (a) and (b) show that here 


A’ nk, CS. 


I 
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Let ye 8S. Then there exist sequences {u,} and {v;,} in H, and K, respectively 
such that u,+v,—>y, Thus 4/2—limu,—limr, Via 


Lemma 4.1, S=SOH,@S8SOK,C K/NH,@ AN K,. 
4.3. THEOREM. 
(a) If 8S C H, then H, ts closed and S is a zero algebra. 


(b) If H, is closed and T ts continuous on K, then S C Hy. 


(a). Letve H,’Q K,. By Lemma 4.2,ve8 CH, Thusve Hin K, 


= (0). Apply Theorem 2. 4. 


(b). Let m be the period of 7. In view of Lemma 4.1 it is 
enough to show that Sn K,— (0). Let ye Ki, Ai, K, where 
Un + and u,+T(v,) Then v,—T(v,) By Lemma 2.1, 
T‘(v,) — T***(v;,) ¢ Ki, Ti(y) Ky. By the continuity of T on K, we obtain 


But, as in the proof of Lemma 4. 2, 

n-l ™m 

m=0 4=0 


From (1) and (2) it follows that 


n-1 m n-1 
(3) > = ny +S 
m=0 4= m=1 
=w,say. Then nu,—>ny—wekK,. Since H, is closed, w = ny. 
n-1 
(4) > (n—m)Tm(y) = 0. 


Operating on this by T-? we obtain 


n-2 


(5) (n— m—1)T™(y) = 0. 


m=0 


Subtracting (4) from (5) we have 


n-1 


(6) = ny. 


This completes the proof. 


This gives 


4.4. Lemma. Let T have even period n with separating ideal 8S. Let 


S, be the separating ideal for T on 8. Then 


(a) S CK, and T? continuous on 8S(K,) imply that 8, 


closed). 


(b) If, in addition, n= 2 (4) then ts a zero algebra. 
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(a). Let nm be the period of 7. Suppose ye S;. Then there exists a 
sequence {v,} C S, T(vx) By the continuity of T? on S we 
obtain T*(v,) — T*(y) or zero according as 7 is even or odd. Then, since 
meK, =0 or ye Kz. 


Now suppose that J? is continuous on K,. By Lemma 4.2, Ki’N A, 
Thus H, = (0). 


(b). If n= 2, then since here K, = (0), 8 is a zero algebra by Theorem 
2.4. If n—4, then TJ? is an automorphism of period two and, for z, ye S,, 
—ay = T?(2y) = T?(2)T*(y) = ay. 


The following algebraic result may have some independent interest. 


4.5. Lemma. Let B be a semi-simple algebra where T is an auto- 
morphism of period 2",n=0,1,2,---. Then H, is a semi-simple algebra. 


Since T is an automorphism, H, is a sub-algebra of B. The proof is 
by induction. If »—0 then H, —B and the conclusion trivial. Suppose 
that the conclusion holds for n. Let JT have period 2"**. Then TJ”? has 
period 2”. By induction hypothesis, H, is semi-simple. If H,— H, we are 
through. Otherwise consider the decomposition H.—H, K, pro- 
vided by Lemma 2.2 where H, Ki = {xe B|T(x) =— 2}. T has period 
two as an automorphism defined on H,. Let x be in the radical R of Hi. 
Then az + yz has an adverse (reverse) in H, for all scalars « and all ye H; 
(see [3], Chapter 22). Consider ze H. Ki. It is easy to see that (zx)? 
and zzzeH,. Thus (zz)*eR. Using the notation ¢, + t. — 
we have, for every se B the identities 

(zx) o [(— 2x) 08] = (22)? Os, [so (—zxr)] ° (zz) =s0 (22). 

If s is taken as the adverse of (zr)? in H, it follows from [8], p. 456, that 
(— ©s is the adverse of zz. Moreover since — zx eH, K,, this adverse 
lies in Ho. 

Let w—=u-+v, ue H,, ve H. K, be any element of H, and let a be 
any scalar. az -+ ua has an adverse p in H, since re Since r—apeR 
then v(z— zp) has an adverse g in H, by the above. But then (see [3], 
p. 477) we have, where ar + wr = (az + ux) + va, the relation 


(az + wx) (pogq) = 


Also v— pve HH. K, so that (v—pv)a has an adverse g, in H, and 
(q.°p)°(ax-+ wr) 0. Thus z lies in the radical of H,. Hence H, is 
semi-simple and the induction is complete. 
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As applied to an anti-automorphism 7 of period 2" on B this result 
gives the semi-simplicity of Ho. 


4.6. TuroremM. Let B be a semi-simple Banach algebra. Then any 
T with period 2" defined on B such that its separating ideal S C K, (as 
when K, is closed) is continuous. 


If n»—1 then T?—TI and S is a zero algebra by Lemma 4.4 so 
the result holds for = 1 by the semi-simplicity of B. For n > 1 we argue 
as follows. We show, by induction, that S C K+ fori—0,1,---,n. This 
is true for 10 by assumption. Suppose it is true for 1,0Si<n. Now 
is semi-simple (Lemma 4.5). Also Q Ko = {xe B|T**(x) = — 2} 
by Lemma 2.2. Let J=S Hots. J is a two-sided ideal in Hts. Let 
ueJ, k=1,2. Then If i—0, may be either an auto- 
morphism or anti-automorphism. If i> 0, is an automorphism. We 
have then either — = T?* (ute) = OF — In any case 
z?=0, eeJ. Thus J is contained in the radical of H+ and therefore 
J=(0). Set V=T?". By Lemma 4.1, V(S) =8. The period of V 
is 2"-+1—r, Arguing as in Lemma 4.1 (3) and (4) and using P, we have 
that 

S=SN Hoa @ SN Kon —SN Kota. 


Thus C However (0) whence 7’ is continuous. 


4.%. Turorem. Let B be a semi-simple Banach algebra. Suppose that 
every automorphism and anti-automorphism with period two on each closed 
semi-simple Banach sub-algebra B, of B is continuous, at least for B, where 
there is a continuous projection of B on B,. Then every T of period 2" on 
B ts continuous, n=1,2,---. 


The proof is by induction. The case n 1 is clear. Suppose that the 
result holds for n and that 7 has period 2". Now by assumption, J? is 
continuous. Thus H, and K,. are closed. Since B—=H.@ K, it follows 
from [8], Lemma 1.1.1, that there is a continuous projection of B on Hp. 
H, is semi-simple by Lemma 4.5. Thus T is continuous on H, since T 
has period one or two on H,. Since H.—H,@H.N K, and K, 
= {xe B|T(x) =— 2} by Lemma 2. 2, then H, 12 K, is closed. Also from 
Lemma 2.2, Ki—K,.@H.2NK;. By [7], p. 220, K, and H,N K, are 
disjoint closed linear manifolds and K, is closed. Then S C K, in view of 
Lemma 4.1. The continuity of 7 now follows from Theorem 4. 6. 


4.8. Corottary. Let B satisfy the conditions of Theorem 4.%. Suppose 


Bc 
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that every automorphism of period k defined on B is continuous where k ts an 
odd number. Then every T defined on B with period 2"k is continuous, 

For n = 0 we consider 7 an anti-automorphism of period k. Since k is 
odd it follows readily that such 7 can exist only if B is commutative. Then 
the continuity of T follows from [10], Corollary 6. 3. 

Let 7 have period 2k. Then J? is a continuous automorphism with 
period k. Let k=2r-+1. T* is continuous by Theorem 4.7. Then so is 
T = T*T-*, 

Suppose that every T of period 2"*k% is continuous where n>1. Let 
T have period 2". Then T? is continuous. Arguing as above, we obtain 
the continuity of T. The result now follows by induction. 

4.9. Lemma. Let T have period three where H, and K, are closed and 
K, ts a sub-algebra of B. Then 8 1s a zero algebra. 

Since B = H, © K, and H,, K, are closed then ([7], p. 220) there exist 
constants c,,¢2 > 0 such that, for r—=u-+v, we H,, ve |u|] Se,|z | 
K, and + T(v,) 0,1—1,2. By Lemma 4.1, Also 
— a; || S un + (vn —2;) || Then 0, 2; and 
T(v,) +0. Since J+ T+ T? =0 on K, and T? is an automorphism. 

T? ) V2) (2) — T 
This gives 
— — T (04 — T (0, ) T (v4) 
Whether 7 is an automorphism or an anti-automorphism we obtain in the 
limit that 2,27. 0. 


4.10. THrorEM. Let B be semi-simple. Then any T defined on B 
with period three where S C K, 1s continuous. 


It is sufficient to show in view of Theorem 2. 4 that 7 is continuous on S. 
By Lemmas 4.1 and 4.9, the separating ideal S, of T on S is a zero algebra 
and is, furthermore, by Theorem 2. 4, a two sided ideal of B. Thus 8, = (0) 
and T is continuous. 

For the notion of spectrum in a real Banach algebra see [6] and [10]. 
Here p(x) denotes the spectral radius of « = sup | «|, for a in the spectrum 


of z. 
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4.11. Lemma. Let T have period two. Then for each ye HN K, 
(K,’ H,) there exists a sequence {z,} in H,(K,) such that y, p(zx) 0. 


Let ye H,’ 0 K,(Ki’ N H,) and let {x;,} be a sequence in H,(K,) such 
that y. Set (a, +y)/2. Then w,—>y and w,e H,(Ki). By a 
theorem of Hille, [3], Theorem 22.9.1, for each integer & there exists an 
element 2; in H,(K,) such that simultaneously || w;,— 2, || < k?, 0S p(z) 
<p(wx) Note that 


p(wx) =p[T(we)] S || T(wx) |i = |l —y |/20. 
Then we have z,—y and p(z,) > 0. 


4.12. Lemma. Let T have period two on B. Suppose that x, H, 
ceH and 0 imply that r=0. Then K is 
closed. The condition on H 1s fulfilled if there exists a sub-additive function 
|x| defined on H vanishing only for x =0 such that 0S |r| S p(x), ced. 


To show K closed it is sufficient to show that K’N H=(0). Let 
ye K’OH. By Lemma 4.11 there exists a sequence {z,} in K such that 
Ze—>y and p(z,)—>0. Then 2’cH, and By 
hypothesis this gives y7 = 0 = p(y). Applying the hypothesis to the sequence 
{y, we obtain y = 0. 

For the second statement note that if 2, H and p(z,) 
then 

p(t) > 0. 


This gives 0. 

If T is the involution in an A*-algebra [10] or in a p*-algebra [11], 
then such a sub-additive function exists on H. 

The next result gives conditions under which all repeated square roots 
of a continuous automorphism are continuous. 


4.13. THrorEM. Let B be semi-simple and let T have period two 
satisfying the condition of Lemma 4.12. Then any automorphism or anti- 
automorphism U of B such that U* =T ts continuous, n = 0,1,2,- 


The case n = 0 is disposed of by Lemma 4. 12 and Theorem 4.6. Suppose 
that the result holds forn—1. Let U™—T. Then U? is continuous. This 
gives the closure of H, and K, computed for U. Moreover H, is semi-simple 
by Lemma 4.5. We show that U is continuous on H,. This is clear if 
H, = H.; otherwise U has period two on H, (see arguments above, e. g. in 
Lemma 4.5). Since H, C H (of T) the requirements of Lemma 4. 12 are 
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fulfilled by U on the Banach algebra H,. By the above U is continuous on H>. 
Then H./N K, is closed. Arguing as in Theorem 4. 7, we see that K, is closed. 
Therefore U is continuous by Theorem 4. 6. 
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DE RHAM’S THEOREM FOR ARBITRARY SPACES.* 


By J. ScHWaRTz. 


Introduction. The abstract axiomatic approach to homology of Hilenberg 
and Steenrod (see Hilenberg-Steenrod [2]) yields such powerful uniqueness 
theorems that most of the principal isomorphism theorems of homology and 
cohomology theory can be derived from the EHilenberg-Steenrod theorems as 
corollaries. One notable exception has been the isomorphism between top- 
ological cohomology (say of Cech type) and the special cohomology for 
differentiable manifolds which can be defined in terms of forms. The difficulty 
has been simply this: the Eilenberg-Steenrod method requires that cohomology 
groups be defined for all triangulable spaces, and not every triangulable space 
is a differentiable manifold. How to define forms on more general spaces 
than manifolds? Taking our clue from a fundamental property of differ- 
entiable manifolds, we make use of imbeddings in Euclidean spaces. 

The definition of the appropriate groups of forms is given in Section 1, 
together with the quite simple proofs of the seven cohomology axioms of 
Hilenberg-Steenrod. The groups can be defined for arbitrary compact sub- 
sets of Euclidean space; i.e., we get a cohomology theory for arbitrary 
compact finite dimensional spaces. In Section 2, we obtain the relationship 
between our “ extrinsic ” groups of forms and the ordinary “ intrinsic ” groups 
of forms in the case that our space is a differentiable manifold. In Section 3 
we obtain a generalization of de Rham’s classical theorem in its original form 
as a theorem of duality. In Section 4 we discuss the case of non-triangulable 
spaces, showing that our groups are simply the Gech cohomology groups with 
real coefficients. In Section 5 we discuss the theory of open manifolds. 


§1. Definition and Basic Properties of the de Rham Cohomology 
Groups. 1. Pairs of spaces imbedded in a Manifold. Let M be a C* 
manifold (open or closed). Let S be a compact subset of M, and T a 
compact subset of 8; so that (S,7) is a compact pair. We define spaces of 
forms as follows: 


(a) (I) is the space of all C* k-forms defined on M; 


(b) %,(Jf;8) is the space of all C* k-forms in F,(M) which vanish 
in a neighborhood of §; 


* Received September 14, 1953. 
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(c) Z,(M;8,T) ={feT.(M;T)| dfeTua(M;8)}; 
(d) F,(M;S,T) = {df+t| feTrs(M;T), te T;(M, 8)}. 


We then put 
H,(M; 8,7) —Zi(M;S, T)/Fi(M; 8, 7). 


The vector-space H;,(1; 8,7) may be called the k-th de Rham cohomology 
group of the pair 8, T relative to the manifold M. We adopt the usual 
convention of taking all spaces to be zero-spaces for subscript k < 0. In this 
way, F’,, Z;, T;, and H;, are defined for all integer indices. 

We shall show below that H;,(M;8,T7') is actually independent of M. 
For this reason, we begin our investigation by choosing some very large 
integer NV, and supposing that all our spaces S, T are compact subsets of 
Euclidean space HY. Wherever this is the case we will omit any specific 
notation for M in our notation. Thus we write F,(H#) as F;,, H,(#N;8,T) 
as H;(S,T), ete. 


2. Mappings. Let h: (8,7) —(S:,T1) be a continuous mapping. 
Extend h to a continuous map h’: HN» EN, Let hy be a sequence of C* 
maps HN — E#N which converge uniformly to h’ on any compact subset of EL. 
Then 


LemMA 1. Let feZ,(S:,T1). Then, for sufficiently high i, (a) 
hi*feZ.(8,T); (b) the coset mod F;,(S,T) of hi*f ts independent of 1. 
We call this coset the limiting coset of h,*f. 


CorotLary. The limiting coset of h,*f is independent of the approzt- 
mating sequence hj. 


LemMa 2. The limiting coset of hi*f ts independent of the particular 
extension h’ of h chosen. 


The proofs of these lemmas are to be found in the appendix to this 
section. 


Lemma 3. If fe F,(S;,T1), then the limiting coset of hi*f is zero. 


Proof. f=dg+t, geTy.1(T:) and te T,(S,). It is clear from the 
definition that hi*geT,.1(T) and h;*teT,(S) for all sufficiently large 
This shows, however, that hi*f = dh,*g + h;*t is in F,,(S8,T) for sufficiently 
large 1, so that the limiting coset of h;*f is zero. 


Definition 1. If ge H,(S8:,T:), and z is an element of the coset g, 
we put h*g = limiting coset of h;*z. Lemmas 1, 2, and 3 ensure that this 
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is a single-valued definition. It is clear that h*: H,(S:,71) > Hx(S8,T) is 
a linear map. 


Lemma 4. If h: (S,T) — (S:,71), and hi: (S:,T1) > (S2, T2), then 
(hih)* == h*h,*. 


Proof. Let h’ and h,’ be extensions of h and h, to all of LN. Let hy 
and h; be sequences of C® maps which converge uniformly on any compact 
set to h’ and h,’, respectively. Then h,h; is a sequence of C* maps which 
converge uniformly on any compact set to h,’h’, which is an extension of hh. 
If ge H,(S.2, T.), and z is an element of the coset g, (hih)*g = limiting coset 
of (hih;)*z = limiting coset of h,*(hi%z). From the fact that the limiting 
coset of hjz is h,*z, and from Lemma 3, the equation (hih)*g = h*hig 
follows readily. 


Lemma 5. If iis the identity map i: (S,T) (S, T), then 1*: H,(S, T) 
— H,,(8,T) is the identity map. 


Proof. As an extension of i we take 7’, the identity map of HY. Then 
we can approximate 1’ by h; —7; it follows that each h;* is an identity map, 
so 1* is also an identity map. 


LemMA 6. Suppose that U is a relatively open subset of S, and 
that the closure of U and the closure of S—T are disjownt, 1.e. 
el(U) Let be the natural identity map of 
(S—U,T—U)—>(8,T). Then 


*: H,(S,T) H,(S —U,T—U) 
is an tsomorphism onto. 


Proof. (A) « is onto. Let zeZ,(S—U,T—U). Since cl(U) 
Nn cl(S —T) = @, we can find a C® function f defined on all of #”, such 
that f= 1 on a neighborhood of cl(S—T); f=0 on cl(U). Then 
(1) fAz=0 near cl(U) and near T—U, i.e, fAzeT,(T). (2) 
d(fAz)=dfAvz+fAdz We have dz=0 near S—U, near 
cl(U), so the second term of this expression is in T;,,(S9). We have df =0 
near cl(U) Ncl(S—T), and z—0O near 7 —JU, so that the first term 
df \z is in T;,,(S8). Taking all together, we see that f AzeZ,(S,T). 
(3) Write 2 =f Az Then z—2/=—(1—f)Az. Since 1—f=0 near 
el(S—T), and z=0 near T—U, we have z—2zeT,(S—U), so 
z—zeF,(S—U,T—U). Thus, 2 and z belong to the same class vy in 
H,(S—U,T—U). If v is the class in H;(S8,7) which contains 2’, it is 
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clear that Since z was an arbitrary element of Z,(8S —U,T—U), 
we have proved 1* is onto. 


(B) 7 is one-to-one. For, let ve H,(S,T), and suppose that 1*v = 0. 
Then, if z¢Z,(S8,7) belongs to the class v, it follows that 


z—=dg+t, geT,.(T—U), teT,(S—U). 


Since z= 0 near T, it follows that dg ——-t near T. We then choose a C® 
function f as in part (A) of the proof of this lemma, and write 


2—d(f Ag) + (1—f)A dg—df Ag+ fAt+ (1—f) At; 


since f near cl(U), and g=0 near T—-U, f \geTy.(T), and we 
have only to show that FF 


m= (1—f)A dg—df Agt+fAt+ (1—f)A te 


to prove that ze F,(S8, 7), so thatv Now, near T, m is f \t—df / g. 
We have df 0 near cl(U), g =0 near T—U; f =0 near U, t= 0 near 
S—U; hence m=O near T. Near cl(S—T) we have (1—f) =0, so 
that m =f /\t—df / g once more. Since ¢ and df are zero near cl(S —T), 
m=( near cl(S—T). Altogether m —0 near 8, so that me T;(S). 


3. The boundary operator. From the definitions of the various spaces i 
it is clear that (a) d: F,(T) > T), (b) d: 2,(T) > T). Thus, | 
d defines a natural map d*: H,(T) > Hi.:(S, T) by passage to factor groups. 

Once d* is defined, we can follow Hilenberg-Steenrod by letting 7: T>S 
and i:S—>(8,7) be the natural identity maps, and considering the 
“homology ” sequence of groups and homomorphisms 


Lemma 7. The homology sequence is exact. 

Proof. (a,) If vy is an element of H;,(7), and ze Z;,(T) is in the class », 
then i*d*y is evidently the class in Hyz.,(8) of dz. Since dze Fy,(S), 
= 0. 

(b,) Ifv is an element of H;,(7), and zeZ;,(8) is in the class v, then 
d*j*y is evidently the class in H;,,(8, T) of dz. Since dze T;.:(8), d*7*v = 0. 


(c:) Ifv is an element of H;(S,T), and z¢Z;,(S, 7) is in the class v, 
then 7*i*v is evidently the class in H;,(T) of z Since ze 7T;,(T) C F,(T), 
it follows that j*i*v = 0. 


| 
} 
H,.,,(8, T) —AH,(T) H,(8) —H,(S, T) -. 


33 


DE RHAM’S THEOREM FOR ARBITRARY SPACES. 


(a.) Let ve H,(T), d*v=0. If ze is in the class y, it follows 
that dze so that dz = dz, + ze Tra(S). Le, 
d(z—#) € Thus the class H,(T) of is 
in j*H,(S). Since CF; (T), 


(bs) Let ve H;,(S8), j*v—=0. If zeZ,(S) is in the class v, it follows 
that ze F,(T); i.e., 2 = dz, + Fy, 22e7,(T). Thus z—dz,eT,(T); 
so that z—dz,¢Z;(8,7). If v’ is the class in H;(8) of z— dz,, it follows 
that i*H,(S8,T). But, since dz,eF,(S), =v. 


(co) Let ve (S,T), *v—0. If zeZ,(8,T) is an element of the 
class v, it follows that ze i.e, +2, Fra, 22eT,(S). 
Then z— = dz,; since It follows that the 
class of in H;,(S,T) is in d*H;_,(T); since C Fi (T), 


Lemma 8. Let h:(S8,T)—-(S8:,T1) be a continuous map, and let 
hi: T >T, be its restriction to T. If ve Hy1(T1), then d*hy*v = h*d*v. 


Proof. Let h’ be an extension of h to all of EY, and let h; be a sequence 
of C* maps of HN + EN which converge uniformly to h’ on every compact 
set. Then, if h*d*v—=limiting coset in of hi*dz 
= limiting coset in H;,(8,T) of dh;*z. Since the limiting coset of h;*z is 
h,*v, our lemma is now evident. 


Lemma 9. Let ho, hi: (S,T) (81,71) be continuons maps which are 
homotopic. Then ho* =h,*. 


Lemma 10. Let z be a k-form such that dz=0 near a point p, k > 1. 
Then we can find a form 2, such that z= dz, near p. 


These lemmas are proved in the appendix to this section. Lemma 10 
evidently implies: If P is a one point space, H,(P) =0 for k>0. In 
dimension 0, Z)(P) is the space of all scalar functions constant near P, and 
F,)(P) =T)(P) is the space of all scalar functions zero near P. Thus H,(P) 
is isomorphic with the field of real numbers. 

We have now verified all properties of Hilenberg-Steenrod, and can 
conclude that we have 


THEOREM 1. For every pair (S,T) of triangulable spaces, H;,(S, T) 
is naturally isomorphic to the relative k-th cohomology group of (S,T), 
no matter how these cohomology groups are defined. 
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4. Appendix. Homotopy properties of forms. 


Lemma 11. Let M and N be C* manifolds, and let f be a k-form on N. 
Suppose that MD S DT, where S and T are compact, and that we can define 
a map hi: MN for all —1<t <2 such that hy(m) is a function 
both of the real variable t and of me M. If, forOStS1, 


(a) he(S) N car(df) = (b) he(T) Ncar(f) 
then ho*f and h,*f are in the same coset of Z;(M;8,T) modulo F,(M;8,T). 

Before giving the proof, we show how Lemma 11 implies Lemmas 1, 2, 
9, and 10. 

Proof of Lemma 1. Put hy) (x) = thi(x) + (1— ¢)h;(x), and apply 
Lemma 11. 


Proof of Lemma 2. Let h’ and g’ be two extensions of h, and let h; 
approach h, g; approach g, both uniformly on every compact set, where h; 
and g; are maps. Put —thi(x) + (1—t)gi(x), and apply 
Lemma 11. 


Proof of Lemma 9. Let hy: (S,T) — (8:1, T,) be a continuous homotopy 
between fh, and h,. Extend h; to a map h;’: EN + EN which is defined and 
continuous for —w<t<+to, ce HN. Let hy: EN—-EN be a sequence 
of C* maps depending in a C® manner on the real parameter ¢, and such 
that h,;“) approaches h,’ uniformly on every compact subset of L,, uniformly 
for every bounded set of parameter values t. Let zeZ,(8:,7;). Then 
ho*z = limiting coset of ho*z, h,*z = limiting coset of h,“*z. Since, by 
Lemma 11, coset of h,“)*z = coset of h.‘*z for all sufficiently large 1, Lemma 


9 is proved. 


Proof of Lemma 10. Put hy(x) =t(x—p)+p. Then h,*z =z and 
ho*z =0 for every k-form z,k >0. If zeZ,(p), it follows by Lemma 11 
that ze F;,(p); so from this, Lemma 10 is evident. 


Proof of Lemma 11. We let I be the open interval —1< t < 2, and 
let M’ be the direct-product manifold M XI. Define H:M’—WN by 
=hi(m). Define p: M’—M by p[m,t] =m. Then inspection of 
the definitions reveals 


(H*f) [m, t] = p*{ (he*f) (m)} + (p*Bi™) A dt, 


where £; is a C* k—1 form on M which depends in a C® fashion on 
the real parameter ¢. From h;(T) M car(f) = @ it follows readily that 
car(B:(m)) N T= We have then 
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(H*df)[m, t] = + 0/atp*{(he*)(m)} A dt + p*{(hitdf)(m)} + p*dpy A dt. 
Since h;(S) car(df) = 0, H*df =0 near 8 X [0,1]. Likewise, h,*df = 0 
near S X [0,1]. It follows that dp*(h,*f)/0t = + p*(dB;) or integrating 
from 0 to 1, 


p*(ho*f —Ia*f + d Bidt) =0; hence ho*f—hi*f = 


Put + = 9. Then ge T,1(T), so that ho*f —hi*feF;,(S, T). 


§2. Intrinsic Forms on a Manifold. 


Definition 2. Let M be a C® manifold. A C® map h: M— EN which 
determines a one-to-one map of the tangent vector space at every point on M 
is called a regular imbedding of M in LE. 


Definition 3. If, in Definition 2, M is a subset of H and the natural 
identity map i: / > EN is a regular imbedding, we say that M is regularly 
imbedded in EN. 


Lemma 12. If M is a C® manifold regularly imbedded in EN, then 
there exists a neighborhood U and a map n:U—-M such that the map 
n:U—>M is a C® retraction of U on M. 


Proof. We consider the C* N-dimensional manifold = of segments 
o =[a,b] such that ae M, and o is orthogonal to M at its foot a. It is 
clear that the map t: determined by b] 06 is a C® map whose 
Jacobian determinant is non-zero at every point o in the set of points 3, of 
zero length. It follows by the implicit function theorem that there exists a 
neighborhood ® of such that the map is C®, one-to-one, and 
maps onto an open set in #; ¢-1 is also C® by the implicit function theorem. 
We can now put s[a,b] =a and n=st. Q.E.D. 


Suppose that A is a regular imbedding of M in EN. Put S=h(S8), 
T=h(T). Then 


h*:Z;(S,T) >Z,(M; 8, T), h*: F,.(8, > F,(M;8,T). 
By passage to cosets we define, in the natural way, a map 
h*: H,(S8,T) > H,(M;8,T). 
THEOREM 2. If h is 


(a) <A regular imbedding of the manifold M, 


| 
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(b) <A non-singular linear map of the Euclidean space M, then h* 


is an isomorphism onto. 


Proof. Without loss of generality, we can assume that M is regularly 
imbedded in HY, and that h is the identity map of M— EN. Let n be the 
map whose existence is established in Lemma 12; n:U— WM, where U is a 
neighborhood of M. Suppose that zeZ;,(M;S,T). Then n*z is defined 
and C* in U. Let z; be a C® form defined in all FE such that z, =n*z in a 
neighborhood of S. Then and h*z, = h*n*z = (nh)*z = 1*z 
=z in a neighborhood of 8. Thus, if ve H;,(M;8,T) is the coset of z, and 
veH,(8,T) that of 21, v—=h*’; so that h* is a mapping onto. 


Conversely, suppose that v’ T), and that =0. If 2’ eZ,(S, T) 
is an element of the class it follows that h*z’ = dg, + go, gieTii(M;T), 
g2e7T,(M;8). Let g,’ and g.’, 2” be C* forms defined on all of HY such 
that g,’—n*g, near 8, g.’—n*g. near S, near Then 
=dg +g.’ + 93’, where go’ eTx(8), gs’ 80 
2’eF,(8,T). It only remains to show that 2’ —2’eF,(S, 7), and this we 
do as follows: 

Let Se= {ve EY | <e for some se 8}. The set U contains 
some set S,,. Let 74, and put H;(m) =tm-—+ (1—t)n(m), so that 
H,: 8n—> 8,., for —1<t< 2. The open sets S,, and S» can be regarded as 
manifolds. By Lemma 11, H,*z’ — H,*2’¢ F,(8y;8,T). Now, it is easily 
seen that H,*2’ = n*h*2’ =z” near S, and that H,*2’ —z near 8. Thus 
2’ — 2’ — dz, =0 near S, where z, is a suitably chosen form in T;_,(S,; S, T). 
If z,’ is defined in all of HZ‘ in such a way as to ensure 2, —2z,’ near S, we 
have 2” — 2’ — dz,’=0 near S, so that —-2’e F,(S,T). 


3. De Rham’s theorem. 
§ 


LemMaA 18. Let H and fh be a cohomology and homology theory with 
coefficient-field equal to the field R of real numbers, both defined on an 
admissible category containing all triangulable pairs and their maps. Suppose 
that a bilinear multiplication (x, y) exists between elements of H,(A,B) and 
(A,B) such that 


(1) = (d*z,y) for Hy,(B), ye h"(A, B). 

(2) (a, jay) = y) for ce Hy(A,, By), ye R"(A, B), and j:(A, B) 
— (A,, B,) an admissible map. 

(3) The multiplication (x,y) between H,(P) and H°(P) is a dual 
paring. 
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Then the multiplication between H,(A,B) and f"(A,B) ts a dual 
pairing for every triangulable pair. 

Proof. We make use of Theorem III.10.1 of Hilenberg-Steenrod [2]. 
We introduce the space H"(A,B) of all linear functionals on H,(A, B), 
and let d,, and j, be the linear maps of the spaces H"(A,B) dual to the 
corresponding maps d*, j* of H,(A,B). Then it is clear that the groups 
H(A, B), and the maps d, and j, determine a homology theory. Now 
there exists a unique linear mapping h:H"(A,B) —f"(A,B) such that 
(x, hy) =y(x) for ye H"(A,B). In virtue of (1) and (2), this map has 
properties (2) and (3) of the Eilenberg-Steenrod Theorem IIJ.10.1. In 
virtue of (3), the map h: H°(P) —>f°(P) is an isomorphism onto. It then 
follows by the Hilenberg-Steenrod Theorem III.10.1 that h: H"(A, B) 
— H(A, B) is an isomorphism onto for every triangulable pair. But this 
clearly means: the multiplication between H,(A,B) and &"(A, B) is a dual 
pairing for every triangulable pair. Q.E.D 

Let {"(A,B) denote the singular homology groups of the pair (A, B). 
In the particular case where (A, B) is a pair of open sets in Euclidean space, 
let f."(A,B) denote the relative singular groups based on C® chains. Then 
there is a natural homomorphism 7:f,"(A,B) —>f"(A,B). The map 7 is 
an isomorphism onto. The absolute case of this result is well known; cf. 
Hilenberg [1]. The relative case results easily from the absolute by the use 
of the “ five” lemma, Hilenberg-Steenrod [2], Lemma J. 4.3. We can make 
use of these facts as follows. Let « be a relative singular cycle of a compact 
pair (A,B), where AC HN, Let zeZ,(A,B). Then we take a C® cycle a, 
of (EN 


car (dz), HN —car(z)) = (U,V) which is in the same class of 
hn(U, V) asa We put (a,z) = i. z. This multiplication is single-valued, 
since if a is also a C® cycle in the same class of A"(U, V) as a, then a, and 
% are in the same class of f,."(U, V), so that f 2 = k z by Stoke’s theorem. 


If « is in the zero class of f"(A, B), we may take a, - 0, so that it follows 
that in this case, (%, 7) =0. IfzeF,(A, B), then we can write z = dz, + 22, 
22eTn1(A). We let = EN —car(z.) ; Vi = (HN — car(2,)) 
 U,. Then we may suppose that a, is in the same class of 4"(U,, V;) as a; 
in this case it follows by Stoke’s theorem that 


ff (aes f dim f 


Thus the multiplication (#,z) leads by passage to cosets to a multiplication 


| 
| 
| 


38 J. SCHWARTZ. 


(hi,h) between &"(A,B) and H,(A,B). Once we verify that this multi- 
plication has the properties demanded in Lemma 13, we will have proved 


TueoreM 3. If (A,B) is a triangulable pair, then the multiplication 
between f"(A, B) and H,(A, B) introduced above ts a dual pairing between 
these groups. 

If we now recall Theorem 2, and make use of the triangulation theorem 
for compact C* manifolds and the isomorphism between the singular homology 
groups of such a manifold and the corresponding groups based on C® chains 
(as given, say, in Eilenberg [1]), we can conclude 


THEOREM 4. (De Rham). Let S be a compact C* manifold. Then 
(a) A closed form on S exists which has arbitrarily prescribed pervods on 


independent cycles of 8. 


(b) If a closed form on S has period zero on every cycle of S, vt is the 


exterior derwative of a form on 8. 


To prove Theorems 3 and 4, we have, by Lemma 13, only to verify certain 


properties of the multiplication (h,,h): 


(1) Let zeZ,,(B), and let « be a singular cycle of A modulo B. 
Let (U,V) = (EN, EN —car(dz)). Then if a, is a C® cycle in the same 
class in A"(U, V) as a, da, is in the same class of A"(V) asda. Thus we have 


(a, de) — f di, (da,2) f 
ay da, 


By Stoke’s theorem, these two expressions are equal. 


(2) Let j: (A,B) — (A,,B,). Let ze Z,(A,, B,), and let 7’: HN EN 
be an extension of 7. Let 7; be a sequence of C* maps which converge uni- 
formly to j’ on every compact set. Then for 7 sufficiently large, j;*z is in the 
same class of H,(A,B) as 7*z. Choose some such 1. Let @ be a singular 


cycle of A modulo B. We put 
(U,, Vi) = (EX — ear(dz), EN — car(z)), (U,V) = 1(Ui, Vi). 


We let (U2, V2) be a pair of neighborhoods of (A,B) such that (U2, V2) 
C (U,V), and such that if re U (or, V) then the whole segment between 
j(x) and 7;(z) is in U, (or, Vi). Let a be a C® cycle in the same class 
of f"(U., V2) as a; then it follows by homotopy that j,, is in the same class 
of £"(U,,V,) as ja. Hence 


(7%, 2) == (Ji@o, 2) = (Ho, Ji*Z) —= (2, j*2). 


| 
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(3) That H,(P) and &"(P) are dually paired is clear from the 
definitions. 


§4. The de Rham groups of general pairs. Ali question as to the 
nature of the de Rham groups for non-triangulable pairs (S,7) is settled 
by the following 


THEorEM 5. The groups H,(S,T) are naturally isomorphic to the Cech 
cohomology groups (with real coefficients) of the compact pair S, T. 


Proof. Let (S;,7T%) be a sequence of triangulable pairs such that 
(Sx, D (Seer, Terr) and [) (Sz, Tx) = (S,T). Then the identity map 
k=1 


te (Sis, (Sz, Tx) determines a map > Hi( Tiss), 
so that we have a direct sequence of homology groups. In the same way, the 
identity map j; :(S, 7’) (S;, T;,) determines a map j;,* : H,(S;, T). 
It is clear from the definitions of the groups that each ae H,(S,7) is in 
jx*H(S,, T;,) for all sufficiently large k. Moreover, 7,*8 =0 for Tx) 
if and only if tg.p*tx.p1* - -%*8 =O for some sufficiently large p. It 
follows that H,(S, 7) = direct limit H,(S;, T;.), and once this is established, 
our result follows readily from Theorem X. 3.1 (Cf. also Theorem X. 12. 1) 
of Hilenberg-Steenrod [2]. 


§5. Open manifolds. Suppos that M is a manifold which is not 
compact but only the union of a countable infinity of compact subsets, and 
that we consider subsets S, 7 which are not compact but only closed. Then 
there are two principal types of de Rham cohomology groups which can be 
introduced on 


(a) If we let all forms be forms with compact carriers, we get spaces 
which can be denoted -,H,°(M;8,T). 


(b) If we let all forms be forms with unrestricted carriers, we get 
spaces of forms which can be denoted F;,.",Z,",: - -,H,"(M;8,T). 


Of course, if S is compact, or if the closure of the complement of T’ is 
compact, the groups H,“(M;8,7T) and H,°(M;8,T) are naturally iso- 
morphic. In either of these two cases we can drop the superscript and write 
simply H;.(M;S,7) as in §1-4. 

The groups H;°(M;S,T) seem to be the more interesting of the two 
types of de Rham groups. Part of this interest stems from the following 
obvious but important 
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TurorEM 6. If M is a C® manifold, and (8,T) is a pair of closed 
subsets of M, then H,°(M;8,T) and Hy°(M—T;S—T) are naturally 


isomorphic. 


To prove this theorem, we have only to examine the definitions of the 
two groups. As is well known, Theorem 6 is essentially involved in the proof 
of separation theorems by means of homology theory. 

The groups H;° and H;," are related to the two types of cohomology 
groups which we can obtain by taking direct and inverse limits over the 
directed family of compact subsets of 1. Indeed, let C;, be a sequence of 


compact subsets of I such that interior (C,,,) 2 C, and such that M = LU C,. 


Let D, be the complement of interior (C,). Let =C,T. 
Let S,° = SD,, T,° =TD,. Then we have identity maps 


L*] int Tn”) > 

These maps determine homomorphisms 
in® : Hy (M Tai”) > (M; Sa", Tn"), 
: Hy (M; Sa°, T°) > He (M 5 


Thus, the groups H;,(1/;S8,",T,“) form an inverse sequence, and the groups 
H,,(M;S8,°,Tn°) form a direct sequence. We have 


TueorEeM H¢°(M;8,T) =direct limit H(M;S8n°,Tn°); such a 
general result is not true for the groups H,*, but we have the following weaker 


THEOREM Tu. Let M be triangulated, and let S and T be subsomplezes 
of M. Then 


H,*(M; 8, T) =inverse limit H,(M; Tn”). 


Sketch of Proof of Theorem %c. Let H,(M;8,T) =direct limit 
Hy(M;8,°,T,°). The elements of H;(M;S8,T) are certain equivalence 
classes of elements of ) H,(M:;8,°.T,°). (For the exact definition of the 

n=1 
direct limit group, see Eilenberg-Steenrod [2], pp. 220-222.) Let fe Hi, 
and let ve Hy(M;S8,°, Tn°) be in the equivalence class £. Let z be a closed 
form of the class v. Then z is a closed form with compact carrier, and hence z 
determines an element 7 of the group H;,°(;8,T) such that zen. We put 
h£=v7. It follows readily from the exact definition of the equivalence 


v 
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relation determining the class ¢ that the map hf is a single-valued linear 
isomorphism of H;,(M;8,T) onto H;°(M;8,T). 

A simple example suffices to show that Theorem wu cannot be stated in 
as simple a form as Theorem 7c. Indeed, let M be the Euclidean plane. 
Let A,, be the union of the three segments connecting the four points (0,1), 
(0,1), (0,1), and (c,—1) in the order indicated. Let A, be the union 


of the three segments connecting the four points (—,1——), (n,1——), 
n n n 


{n,—1-+ =), and —i+ in the order indicated. Let S = A, U U 


4=2 
Then S is a closed subset of the place. Let C, be the closed square surface 
with horizontal sides, center at the origin, and side-length 2n-+-1. It is 
clear that C,) =0, so that 


inverse limit H,(SM C,) =0. 


On the other hand, we shall show that H,"(M;8) is not zero. Let 0(P) be 
the angle that the arc from (1,0) to p makes with the horizontal, and let 
r(p) be the length of this arc. Let v(p) be a C® vector field in M which 
has the value (7-*sin6,—7*cos@) in the neighborhood of S. Then v is 
closed in the neighborhood of 8. Now, if v= df in the neighborhood U of 


8S, then { v = 0 for every closed arc in U. On the other hand, it is clear 


that every neighborhood of S contains a closed arc C surrounding the origin 


once in the positive sense, and we have f v = 2x along any such are. 

Let us now proceed to the , 

Proof of Theorem Yu. Let H,(M; 8, T) = inverse limit H,(M ; Tn“). 
We define a homomorphism h of H," = H,"(M;8,T) into H,= H,(M; 8S, T) 
as follows: let ace H,“, and let z be a form in the class « Then 
z==0 in a neighborhood of TJ, and dz=—0O in a neighborhood of S. 
Hence zeZ;.(M;Sy",Tn"), so that z belongs to a well-determined class 
A; It is easily seen that %, so that the sequence 
determines an element a* of the inverse limit group H;(M; S, T). 
We define the linear map h by putting ha —«*. To prove Theorem 7u we 
have only to show that h is an isomorphism of H;,” onto Hy. It may be 
remarked that the fact that h is a mapping onto H;, is independent of the 
triangulability of S. We shall prove that h is a mapping onto first, and 
then shall prove that ha =0 implies « = 0. 


Proof that h 1s onto: Let Bi, Bo, be a sequence determining an 


Ea . 
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element in the limit group H;,, so that = Bn. Let 21, 22, 23,° be 
a sequence of closed forms such that z, belongs to the class By. We shall 
show that it is possible to choose z;’ in the same class 8, as z, in such a way 
that 2x.:’ = 2, near Cy. Once this is done, we have only to put z = lim z, 


ko 
and take Be H,” to be the class of z. This done, we have h8 = f*, so that 
h maps H," onto Hy. 


We make our central construction inductively. Put z,’—2z,. Suppose 
that z;’ is defined for k <n in such a way as to ensure (a) ze 8, k<n 
and (b) 2 = 2-1’ in a neighborhood of k <n. Then since t_,*2, is 
also in the class B,_,, there exists forms a and 6b such that 2, = 2,’ + da + b, 
where a= 0 in a neighborhood of 7,_,“ and b= 0 in a neighborhood of 
Sn+“. Define a’ and b’ in such a way that a’ and b’ are C@ forms on M and 
so that (i) a’ =0 in a neighborhood of C,.; (ii) a’ =a in a neighborhood 
of T,“; (j) 6’ =0 in a neighborhood of C,_,; (jj) b’ =} in a neighborhood 
of S,". This is possible since a=0 in a neighborhood of Cy,.N Ty+“, and 
b =0 in a neighborhood of = Now put 


Zn = + da’ +d’. 
Then z,’ = Zp,’ in a neighborhood of C,_,, and also 
Zn = 2, + d(a —a) + (b’—D). 


Since a’ —a=0 in a neighborhood of 7," and b’ — b =0 in a neighborhood 
of 8,", 2,’ and 2, both belong to the class 8,. Thus we have completed the 
inductive step in the construction of the sequence 2’, Conse- 
quently, we have shown that h maps H;“ onto Hy. 


Proof that ha=0 implies a=0. At this point, we must introduce 
the hypothesis that S is a subcomplex of a triangulation of M. Since the 
particular sequence C, of compact sets that we use to exhaust M does not 
affect the limit-group (cf. Eilenberg-Steenrod [2], pp. 219-220) we can 
assume, without loss of generality, that C,, is a finite subcomplex of M. Let 
z be an element of the class a. To say that ha =0 is to say that z belongs 
to the class zero in each of the groups H;,(M;8,", T,“). Thus, for each n, 
there exists a form a, which vanishes in a neighborhood of 7’, such that 
z = da, in a neighborhood of Now, d(a@n,; — = 0 in a neighborhood 
of so that a, belongs to a certain cohomology class; i. e., — Qn 
determines an element of H;(1/;S,",7,"). Our first aim is to show that 
we can choose the sequence a, in such a way that a»,,— a, determines the 
zero element of Hy.(M; Sn", Tn"). 
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Let A,™, n = 1, 2,- - - be the set of all a such that a=0 in a neighbor- 
hood of 7,“ and z= da in a neighborhood of S,". Choose b,¢4,%. Let 
Gn” C Hy«(M; be the set of all cohomology classes determined 
by the elements of 0; —An®. Then G,% D Ga, and each G, is a 
non-null linear variety. Since 8,“ and 7,“ are finite subcomplexes of M, 
H,-.(M; 8,", is finite dimensional. Hence G,% = G@ is non-null. 


n=2 
Let a,¢G®, and let d, be an element of the cohomology class a. Put 
a,=—b,+ d,. 

Let A,, n = 2,3,:-°-, be the set of all elements ae A,™ such that 
a,—a belongs to the zero class of H,(M;S8.",T,"). It follows from the 
construction of a, that each A, is non-null. Let b.¢A,, and let 
G,° C Hy.(M; S82", T2") be the set of all cohomology classes determined 


by the elements of — A,®. Then AQ. Let ae and 
n=3 


let d. be an element of the class a. Put a,.—06,-+d,. Then, continuing 
inductively, define a3, in such a way that always belongs to 
the zero class of Hy4(M; Sn", Tn“). 

Next we will construct a sequence of elements ad,’ eA,“ such that 
Qn’ = Ans’ in a neighborhood of C,. Once this is done, we have only to take 
a= lima,’ in order to have a=0 in a neighborhood of JT and z=da in a 


neighborhood of S. However, the existence of such an a means precisely 
that z belongs to the zero class of H,“(M;8,T), i.e. that «0. Thus, 
all that remains is the construction of the sequence ay’. 

We make the construction inductively. Put a,’ a,. Suppose that am’ 
has been defined for m < n in such a way as to ensure that (a) dm’ ¢ Am™ ; 
(b) am’ — dm belongs to the zero class of Sin", Tm”) — Om-1" 
= 0 in some neighborhood of Cm, for m <n. Then a, can be written in 
the form dy, = + db +c, where in a neighborhood of T,_.%, and 
c= 0 in a neighborhood of S,_.%. Let b’ and c’ be C® forms on M such that 
(i) b’ 0 in a neighborhood of C,_,; (ii) 6’ = 5b in a neighborhood of T,"; 
(j) c’ =0 in a neighborhood of Cn,.; (jj) c’ =c in a neighborhood of S,*. 
This is possible since 6 0 in a neighborhood of C,.N T,%—=T,1"% and 
¢=0 in a neighborhood of = Put ay’ —a,,.’+ 
Then a,’ =a, + d(b— bd’) + (c—c’). It follows readily that a,’ 2 A,™, 
that a,’ — a» is in the zero class of Hy_,(M; Sn", Tn”), and that ap’ — an_,’ =0 
in a neighborhood of C,.. This concludes our inductive step, and with it, 
our proof of Theorem 7u. 

Now if M is triangulated, and § and T are subcomplexes of M, then it 
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is known that the singular homology group f."(8, 7) of finite cycles arises as 
the limit group of the direct sequence of homology groups obtained from the 
sequence of identity maps 1, of [*]. Moreover, it is known that the singular 
homology group fy"(S, 7’) of locally finite cycles arises as the limit group 
of the inverse sequence of homology groups obtained from the sequence of 
identity maps j, of [**]. Now, in the case in which all terms are finite 
dimensional vector spaces, the inverse limit of an inverse sequence is dually 
paired to the direct limit of the direct sequence of dual groups. (Cf. Lefschetz 
[3], 120.81, p. 67, and also 6, pp. 74-83, especially 33, p. 83). We have 
therefore 


THEOREM 8c. Let M be a triangulable C® mantfold, and let (S,T) be 
a pair of subcomplexes of M. Then H;,.“(M;8,T) and f.*(S,T) are dually 
paired under the natural pairing defined by the integral of a k-form over a 


fimte k-chain. 


THEOREM 8u. Let M be a triangulable C* manifold, and let (S,T) be 
a pair of subcomplexes of M. Then H,.°(M;8,T) and h,*(S8,T) are dually 
patred under the natural pairing defined by the integral of a k-form with 
compact carrier over a locally finite k-chain. 
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ASYMPTOTIC INTEGRATIONS OF LINEAR DIFFERENTIAL 
EQUATIONS.* 


By PuHitip HARTMAN and AUREL WINTNER. 


Introduction. 
In the linear system of differential equations 
(i) y = (J + G(t))y, 


where y’ denotes dy/dt and y is a (column) vector with d components, let 
J be a d by d matrix of complex numbers, and G(t) a d by d matrix of 
continuous (possibly complex-valued) functions gj,(¢) on the half-line 
OxSt<o. Let A,,°-~-,Aq denote the characteristic numbers of J and 
pj = Re A; the real part of A;. Finally, put 


(ii) | G(t)| == gir |. 

Part I of this paper deals with the asymptotic integration of (i) on a 
logarithmic scale. If 
(iii) | G(t)| > 0 as 


then (i) has d linearly independent solutions y(t) = y,(t),° ya(¢) with 
the property that, if | y | denotes the length of the vector y, 


(iv) lim ¢-* log | y(t)! =p, 

where p= pm, Y(t) = Ym(t) and m = 1.:--,d. This was proved by Perron 
(cf. [8], pp. 158-159) with the lim replaced by lim sup, but his method can 


be used to supply (iv) as it stands, cf. [7]. 

In view of known results ([2], [3]) for the case when (i) is equivalent 
to a second order differential equation, it is natural to ask under what con- 
ditions, weaker than (iii), will the assertion concerning (iv) remain true. 
In this direction, it will be shown that (iii) can be relaxed to 


(v) Lub. f | G(t)| dt/1+V)-30 as 


* Received October 21, 1954. 
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It is clear that (iii) implies (v) and also that (v) holds if | G(t)| is of class 
[*(0,0) for some p=1. (When p,;=—---—ypa, condition (v) can be 


relaxed to 
T 
T+ G(t)| 
0 


as T’—> 00.) 


The fact that (v) implies the statement concerning (iv) is a corollary 
of (*) in Section 2 below. In contrast to Perron’s proof, the proof of (*) 
will not depend on successive approximations. This leads, among other things, 
to an extension of (*) to non-linear systems under conditions less severe than 
those used by Perron in [8] (this extension will be carried out in a forth- 
coming paper). It also leads to theorems on the asymptotic integration of 
(i) under conditions different from those in standard theorems; cf. Part ITI. 

Parts II and III will deal with asymptotic formulae for solutions of (i), 
rather than for the logarithms of their magnitudes. In Part II, there will 
be deduced (Theorem (**)) a refinement of a theorem obtained by Dunkel 
in his dissertation [1], written under the direction of Bécher. Particular 
cases of this theorem have been rediscovered repeatedly (possibly because the 
result was published in a periodical which is not readily accessible). On the 
other hand, as far as we know, the only proof of Dunkel’s complete theorem 
in the literature is that of Dunkel himself. His proof is based on simple 
ideas but is rather diffcult to read because of complicated computations 
involved in his successive approximations. It seems to be worthwhile to give 
a proof which avoids successive approximations. After a suitable change of 
variables, the main theorem (**) of Part II will be obtained as a corollary 
of the results of Part I. 

If the independent variable zx in Dunkel’s theorem is replaced by 
t = — log z, his assertion implies that if y(t) =cexp At, where cA0 is a 
constant vector, is a solution of the system 


(vi) =Jy, 
if the elementary divisors of J belonging to the characteristic numbers ), 
satisfying (= are simple, and if 

(vii) if | G(t)| dt <<a, 


then (i) has a solution y = y(t) satisfying, as t 0, 


(vili) y(t) — y(t) = o(e*). 
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More generally, if yo = + ++ + where ¢1,° 
are constant vectors and c,~0, is a solution of (vi), if hy, denotes the 
maximum multiplicity of the elementary divisors of J belonging to the eigen- 
values A; satisfying = pm, and if 


(ix) f | G(t)| dt 
then (i) has a solution y= y(t) satisfying, as 
(x) y(t) —yo(t) = o( 


It will be shown below that if h,=h, and if condition (ix) is 
strengthened to 


(xi) f tht dt <0, (ho = hy), 


then assertion (x) can be improved to 
(xii) y(t) — Yo(t) = tho 


In particular, if hp = 2h, —1, then (viii) holds. For example, if 


(xiii) #2(0-1) | G@(t)| dt 


then to every solution y = y(t) of (vi) satisfying (iv), there exists a solution 
y=y/(t) of (i) satisfying (viii). 

The assertion (**) in Section 11 refining Dunkel’s theorem is stated for 
the case when J is in its Jordan normal form. This permits a refinement 
of the assumption (xi) and the assertion (xii). For example, if the d-th order, 
linear differential equation for the scalar 2, 


(xiv) 4 far (ta + =—0, 


is written as a system of first order linear differential equations for the 
vector y = (2, z’,- - -, 2), then the following fact will follow from (**) : 
If the (possibly complex-valued) coefficients f,(t),---,fa(t) of (xiv) are 
continuous for large ¢ and satisfy 


(xv) Jf | <x 


and if 0 = * = d—1, then (xiv) has a solution z = x(t) = 2,(t) satisfying, 
as t—>00, 


(xvi) 


t 
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and 
(xvii) —— o(t-*), g(d-1) — (tk-a+1), 


On the other hand, by the statement of Dunkel’s theorem (cf. [1], pp. 368- 


370), the condition (xv) must be replaced by the stronger requirement that 
t@-1 | f;(t)| is of class L for 7 =1,- - -,d and the assertion in (xvii) by the 
weaker statement that 


(xviii) 9(1),- -, —0(1) 


as t—>0. (Of course, when the coefficients f;(t) are not “close to 0” in 
the sense of (xv), but are “ near ” to other constants, then (**) still furnishes 
an asymptotic integration of (xiv).) 

In Section 17 at the end of Part II, Theorem (**) will be used to obtain 
the following theorem dealing with a system of the form 


(xix) = (P(t) + G(t))y, 
in which the constant matrix J in (i) is replaced by a continuous periodic 
matrix P(t), say of period 1, so that P(¢{+1)—P(t): If y=y,(t) is a 
solution of 

(xx) y =P(t)y 


satisfying (iv) and if G(t) is continuous for large ¢ and satisfies (xiii), then 
(xix) has a solution y= y(t) satisfying (viii) as >. (In particular, if 
Yo = etp(t) is a solution of (xx), where p(t) 0 is a vector of period 1, 
then (xiii) implies that (xix) has a solution y—y/(t) satisfying (viii), 
where p = Re A.) 

Part III will deal with analogues of the result of Part II, when the 
conditions (vii), (ix) or (x) are replaced, respectively, by 


| G(t)|Vdt <a, f t)| or f tvho-1 | G(t)| dt <a, 


where y is some number on the range 1=y=2. The proof of the main 
results of Part III depend on a seein, of the proof of (*) in Part I. 

The results obtained generalize the theorem (VII) in [2]. p. 575, 
dealing with a second order linear differential equation 


(xxi) x’ —f(t)e¢=—0, 


where f(¢) is real-valued and “nearly” 1 for large ¢. The theorems to be 
obtained for the system (i) allow an extension of theorem (VII) of [2] to 
cases in which f(t) is complex-valued and “near” a complex number ), 


‘ 
| 
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which is not 0 or a negative real number, and to cases in which | f(¢)| —>00 
as t—>o. For example, it is shown that if A is a complex number which is 
neither negative nor zero (so that Re 3540) and if f(t) is a complex-valued 
continuous function for large ¢ satisfying 


J | f(t) —A |v dt <o for some y, 


then (xxi) has a pair of solutions satisfying, as t >0, 


t 
o~exp $(A3 + A4f (uw) ) du, a + Ae. 


It is also shown that if f(¢) is a complex-valued continuously differentiable 
function such that 


(xxii) Refi(t) 40, Ref), 
then (xxi) has a pair of solutions satisfying, as t 00, 
(xxiii) + fae. 


If the last condition in (xxii) is replaced by 


(xxiv) f | |v | Re f# dt <o for some y, where 1 Sy 


IIA 


‘ 
2, 


then (xxi) has solutions satisfying (xxiii) and 


t 
(xxv) a f-3(t)exp +f f3(u) du, 


where f-? = (f#)-4. Somewhat different asymptotic formulae follow if the 
three conditions of (xxii) are retained and (xxiv) is replaced by 


(xxvi) <@. 


In this case, (xxi) has a pair of solutions satisfying (xxiii) and 


t 
(xxvii) a—~ fa(t)exp + f f2(1 + f’?/16f*)4 du. 


While the assertion concerning (xxiv) has no analogue in the elliptic 
case (say, when f(t) is negative), the assertion concerning (xxvi) does: Let 
f(t) be a continuously differentiable function for large ¢ satisfying 


4 


Py 
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(xxviii) f(t) 40 and exp +1 f fi(1 + f’/16f*)4 du = O(1), 
(xxvi) and 


(xxix) lim (1 + f’?/16f*?) 40. 


t> 


Then the differential equation 
(xxi bis) x2’ 


has a pair of solutions satisfying, as t 0, 


t 
fa(tyexp + if + f/?/16f*)4 du, a’ ~ const. f4z, 


where the const. depends on the value of the limit (xxix). 
For corresponding results under different conditions on f, cf. [10]. 


Part I. The logarithmic scale. 


1. Notation. Without loss of generality, it can be supposed that the 
constant matrix J is in its Jordan normal form; so that J consists of a 
number of “ blocks,” say g “ blocks,” J(1),- - -,J(g), on its diagonal, where 
J(j) isan h(j) by h(j) matrix with a certain number A = A(j) on its diagonal 
and, if h(j7) > 1, the number 1 on its subdiagonal, where h(1) +: - -+A(g) 
= d; the numbers A(1),- - -,A(g) need not be distinct. 

The system (vi) reduces to 


for k—1,---,h(7). The equations 
> 1, are missing if h(j) —1. 

Similarly, (i) can be written as 


(241) yi! = + gir apy”, 
(25x) — 4 yi A. gn apy, k—=2,---,h, 
where A=A(j), h=h(j); j7—1,---,g; the element gm,(t) of the 


matrix is written as = ag if m—h(1) +---+h(G7—1) 
+ 8B for =1,---,h(j) and B—1,---, h(a); 


t 
4 
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finally, the summation convention is used for the indices a, 8; so that the 


last term of (2,,) means 
g h(a) 
apy? Ginx apy. 
a=1 B=1 


It can be supposed that the enumeration has been chosen so that 
p(j) = Re Aj) satisfies 
Let the distinct numbers in the set (3) be denoted by ptp<p?<---< pl. 
For a given integer m, where 1 = m Sf, an integer j on the range l1SjSg 
will be denoted by p, q or r according as p(j) < w(7) or > p™: 
(4) according as =p, q or 


In terms of these notations, put 
h(q) 
(5) Im == | y* |’; 
q 


so that L,, is the sum of the squares of the absolute values of the components 
yi of y corresponding to which Red; =p”. Thus | y |?>—=LZ,-+- - -+ Ly. 


2. The main theorem. The main result of Part I can be stated as 
follows: 


(*) Let G(t) be continuous on 0 St and let 


U+V 


(6) lu. b. f | G(t)| dt/(1+V) 30 as U0, 
U 


that is, for every set of indices (jk aB), let 
U+V 
l. u. b. | ix ap | dt/(1+V)—>0 as U0. 
U 


Let 1sim<f. Then there exists a positive number T with the property 
that to any number t, = T and to any set of Sh(q) numbers y.™, not all 0, 
there belongs a unique set of Sh(r) numbers yo™ such that the solution 
y=y(t) of (2), determined by the initial conditions 


(71) y*(to) = 0;  yM(to) = yo; (73) y™*(to) = yo, 
satisfies, as 


(8) L,(t) =0(Lm(t)) if j Am 


3 

| 

7 
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and 


(9) log | y(t) | = (u™ + 0(1))t. 


It will follow from the proof of (*) that if 0 <1 and if T=Ty is 
sufficiently large, then (71) can be replaced by y(t.) = yo, where yo? 
are arbitrary numbers satisfying & | yo™ | < 4% | yo |. 

It is understood that the subset of initial conditions ‘7,) or (73) is 
vacuous if m1 or m=f. Both of these sets of initial conditions are 
vacuous in the case 
(10) 
where f 1. 


(I) In the case (10), condition (6) in (*) can be relaxed to 


(11) me | G(t)| dt >0 as 
that is, to 


T 
T* {| |dt—>0 as T 


(for every set of indices (jk aB)). 


Since (*) shows that there are }/(q) linearly independent solutions of 
(i) satisfying (9), it is seen that (*) implies the theorem of Perron men- 
tioned in the Introduction. 

Assertion (*) contains as a corollary the following theorem of Perron 
[8], p. 765: 


(II) Let J be a diagonal matrix with diagonal elements d4,° Xa 


satisfying < pa, where pj = Red;. Let G(t) be a continuous matrix 
on 0OSt satisfying 
(12) G(t) as 


Then for any m, where 1= md, the system (i) has a solution y = y(t) 
= (y"(t),- - +, y%(t)), the components yi(t) of which satisfy, as t >, 
(13) y!(t) =o(y™(t)) if 
(14) y™ (t) /y™(t) > An. 

In order to deduce this from (*), note that (12) implies (6) ; so that, 
under the conditions of (II), assertion (*) is applicable to (i). Hence (i) 


has a solution satisfying (8), (9). Since J is a diagonal matrix and 
fi <* * * < pa, the sum in (5) reduces to a single term. Hence, the relations 
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(8) and (13) are equivalent. The fact that J is a diagonal matrix means 
that the differential equation for y” in (i) is 


d 
(15) = Amy” + & Imiy?. 
j=l 


Hence (14) follows from (12) and (13). 


In (II), in order to assure the existence of a solution satisfying (13), 
(14) for a given m, the condition that J is a diagonal matrix can be relaxed 
to the assumption that »;~ yw,» for all 7m (so that there is only one 
elementary divisor belonging to A; with ReA,;—y» and this elementary 
divisor is simple). 

An easy example shows that (II) has no simple analogue if yw, =~ -- = pa. 
In fact, if d = 2, A, =A, = 0 and gi2 = Joo = 0, then (2) becomes 


= guy's y” = gay’. 


The solutions of this system are 


t t 8 
== exp gids, f Joi (exp f g:uidu)ds + 


It is clear that g,, and gz, can be chosen so as to satisfy g;,—->0 as to 
but to leave quite arbitrary the asymptotic behavior of the ratio y?/y* (for a 
solution in which c, 


3. Riccati equations. The proof of (*) will be similar to the proof of 
a particular case of it given in [2]. It will depend on the use of Riccati 


differential equations as ‘ 


‘majorants.” (For applications of Riccati equations 
as “majorants” for certain non-linear differential equations, cf. [5], pp. 


353-355.) 
Lemma 1. Let f(t) be a continuous real-valued function on 0 St <0 
satisfying 
T+S 
(16) f(t)dt/(1+ as 
0<S<o 


and let c40 be a real number. Then, if r= r(t) 1s a real-valued solution of 


(17) =cr(1—r) + f(t) 
for large t, 
(18) r(coo) =limr(t) exists and is 0 or 1. 


| 
| 
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Furthermore, (17) has, for large t, solutions r(t) satisfying r(o) =0 and 
solutions r(t) satisfying r(o) —1. 

This theorem is contained in Theorems (I), p. 560 and (II), p. 564 and 
in thei applications on pp. 570-571 in [2]. The proofs given there imply 
the following fact: 

Lemma 2. Let c>0 and let f(t) satisfy the assumption of Lemma 1. 
Then there belongs to everye.,0 <Ce<1,aT.-—T(e,f) with the properties 
that if r—r(t) is solution of (17) on some t-interval [to, #°], tr. = T., and 
satisfies 
(19) r(t) = 2 
for t then r(t) can be continued over th) = t and satisfies 
(20) r(t) >e 
for all ty (in particular, r(o) =1). 


These lemmas have the following analogues in which the differential 
equation (17) is replaced by a differential inequality: 


LEMMA 1 bis. Let cand f(t) satisfy the conditions of Lemma 2 and, for 
large t, let v= v(t) be a continuously differentiable function satisfying 


(21) v’ = cv(1— v) + f(t). 
Then either 

(22) lim inf v(t) 21 
or 

(23) sup v(t) =0. 


The analogue of Lemma 2 is 


LemMA 2bis. Let c, f(t) and v(t) satisfy the assumptions of Lemma 
1 bis and let «, T, be the same as in Lemma 2. If, in addition, 


(24) v(t) 
for some t=t,=T,, then 

(25) v(t) >e 
for all t= t, (and, therefore, (22) holds). 


Lemmas 1 bis and 2bis follow from Lemma 2 and the fact that if 
r(t) is a solution of (17) on some f-interval [t,, ¢°] and if v(t) =r(t) at 


( 
| 
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t= to, then v(t) =r(t) fort; Thus, if (23) fails to hold, then 
v(t) = % > 0 for arbitrarily large tt). Hence, if r(¢) is determined by 
the initial condition r(t)) =e, then r(t) can be defined for 4 
(20) is satisfied and r(o) —1, while v(t) =r(t), and so (22) holds. 


4. Proof of (*). Preliminaries. In the proof of (*), it can be sup- 
posed that f >1. For the proof in this case will show that the case f=1 
(that is, the case (10) in (I)) is quite simple; cf. the deduction of (41) 
from (40) below. 

Let a be a fixed number on the range 0 < a <1, so small that 


(26) C= Cy = 2(p™ — p™! — 2a) > 0 for m=2,: - -,f. 
Let | G(t)| denote the scalar function defined by 


add g hj) 9 
(27) | G(t)| => |gn(t)| == |g ix 
j=1 k=1 j=1 k=1 a=1 B=1 


so that (6) holds as a scalar relation if | G(t)| is interpreted to be the 
function (27). 

According as k = 1 or k > 1, (2;,) shows that, for any solution y = y(t) 
of (2), the absolute value of 
(28) (| |?)’ — (J) | 
is majorized by | G(t)|-| y(t)|? or by 2 | + | G(t)|-|y |? Since 
2|bc |S ab?+ ac? for any pair of numbers b and c, it follows that 
2 | | = | |? + a@1| yi*1 Hence, if the resulting inequality for 
the modulus of (28) is multiplied by a** and added for j = q, k =1,:---, h(q), 
it is seen that 


2 


where 


nq) 
q k=1 
Thus (5) and 0 <a <1 imply that 
(31) Lima S Lm S **L na. 
For 1=m <f, put 

m-1 f 
(32) M = My Lj and N = Ny = & Ly. 

j=1 j=m 
Then (29) shows that 
(33m) MS + a) M + | G(t)| (M+), 
(34m) N’ = 2(p™— a) N — | G(t)|(W+4+ 


a 
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If the solution y = y(t) under consideration is not identically 0, so that 
M+NZa*™|y|?> 0 for all t, define v = vm(t) by 


(35) v=N/(N+M). 
Clearly, 
(36) 0Sv=1. 


The relations v’ = (MN’ — M’N)/(M + N)? and v(1 — v) = MN/(M + NV)? 
and the inequalities (33), (34) give 


G(t)|, 


(37) v = Cmv(1— v) — d’a-*4 


where ¢» is defined as in (26). 

In view of (12) and (26), the function f(t) = — d?a-*¢| G(t)| and the 
constant c= Cm in the differential inequality (37) satisfy the conditions of 
Lemmas 1 bis and 2 bis in Section 3. 


5. The case m=f. The proof for the case m —f can be completed 
at once. For, in this case, the set of conditions (73) belonging to y’ is 
vacuous. Let y=y(t) be the solution of (2) determined by (7:)-(72). 
Then y(t) +0, since not all of the numbers y,% are 0. Hence v(¢) is defined 
and is a continuously differentiable function on 0=t<oo satisfying the 
differential inequality (37). Since (7) implies M(t.) —0 and N(t)) > 0, 
it follows that v(t.) =1, by (35). Thus Lemma 1 bis shows that if ¢ is 


sufficiently large, then liminfv(t) —1. From (36), 
t> 


(38) v(t) > 1last—-o. 


| 


The definitions (32), (35) and m =f show, therefore, that, as too, 


(39) Lija(t) = 0(Lme(t)) if 7 Am. 
In view of (31), this proves assertion (8). By (29) and (39), 
(40) | Lina’ — 2p Lima | S {2a + da-*4(1 + 0(1))| G(t) |} La, 
since m =f. Thus (11) implies that, as to, 
| log Lima — 2p” | S 2a + da-*40(1) 


or, by (31), 
| t log Ly, — 2u™ | S 2a + da-*40(1) — t log a4, 


Consequently, 
(41) lim sup | ¢-? log Lm — 2y™ | S 2a. ; 


«0 


56 
| 


LINEAR DIFFERENTIAL EQUATIONS. 57 


Since a > 0 can be chosen arbitrarily small, (9) follows from (8) and (41). 
This proves the case m =f of (*). 


6. The case m < f. If m<f, introduce, in addition to (35), the 
auxiliary function w = Umsi(t) defined by 
Then (42) satisfies 
(43) 
and the case of (37) in which m is replaced by m + 1, that is, 


(44) w’ = Cmiw(1— w) — d?a-*4 | |. 


In view of (12) and (26), the function f(t) = — d?a-*4| G(t)| and the 
constants ¢ = Cm, Cm: in (87) and (44) satisfy the conditions of Lemmas 
1 bis and 2 bis in Section 3. Choose « to be 4 and 1 in those assertions and 
let T be chosen so as to be applicable in the sense of Lemma 2 bis to the 
differential inequalities (37) and (44). Put 7 —max(T;.T,). It will he 
shown that 7 has the properties asserted in (*). 

The case « — 1 of Lemma 2 bis shows that if t+, = T and if 


(45) v (to) = 1, 
then 
(46) v(t) 27 


holds for tj) =t<oo. Also, the case «= 4 of Lemma 2 bis shows that if 


(47) w(t,) =0 for some ¢; > to, 
then 
(48) w(t) S3 


for St=t,, since w(t) > 4 for some ¢t, where 4, [¢ < would imply 


that (47) cannot hold (in fact, that w(t,) 24> 0). 


7. The solution y,(#). The existence of the initial conditions (7;) 
(belonging to a given tf) = T and to (7.)) with the property that (7,)-(73) 
assure (8) and (9) will be proved by a limit process. If tf (27) and if 
not all of the constants in (7,) are 0, it will be shown that, corresponding 
to any n > to, there exists a (unique) set of }A(r) numbers 4." (depending 
on n) such that the solution y= y,(t) of (2) determined by (7) satisfies 


(49) y™*(n) =0 for all r and for k—1,-- -,A(r). 
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In order to see this, note that, if y— y(t) is a solution of (2) deter- 
mined by initial conditions of the type 
(50) y*(to) =0 for j= p,q 
(and not all y*(t)) are 0), then the corresponding function w(t) satisfies 
=1. Consequently, w(t) =3$>0 for tt <o, in particular for 
t=—n. But w(n) > 0, that is, Nmii(m) > 0, implies that (49) cannot hold. 
In other words, the }/(r)-dimensional manifold of solutions of (2) deter- 
mined by (50) contains }/(7r) solution vectors such that the corresponding 
> h(r)-dimensional vectors with components y(t) are linearly independent 
for t==n(>t,). Thus, if y(n) are any }h(r) numbers, there exists a 
unique set of = h(r) numbers y,” with the property that the initial conditions 
(50) and (7;) determine a solution such that the values of its components 
y™ at t =n are the preassigned numbers y(n). 

Consequently, if y = y*(t) is the solution of (2) determined by 


y* (to) =0 for 7 —p,r and = yo, 


then there is a unique set of initial conditions (73) such that if y = y,(t) 
is the solution determined by (7;) and (50), then the components y™ of 
y,(t) at =n assume the same values as the components — y™ of — y*(t) 
at Hence, y= y,(t) + y*(t) satisfies (7) and (49). This is the 
solution y = y,(t), the existence of which was to be proved. 


8. Completion of the proof of (*): Existence. Let v=—v"(t) and 
w == w"(t), when the latter is defined, denote the auxiliary functions (36), 
(42) belonging to the solution y= y,(¢). Since y= y,(t) is determined by 
initial conditions of the type (7), (71) shows that vv” satisfies (45), 
hence (46) for 4, t<o. Since y=y,(t) satisfies (49), it follows that 
w= w" satisfies (47) for =n (>t), hence (48) for 
The inequality w"(t)) = 4 and the fact that = 


is independent of n show, by (39), that the numbers N"m.; g(t.) are bounded 
for n > to. In view of (7), this means that the numbers | y,(t)| are bounded | 
for n > to. Consequently, there exists a subsequence of the integers n (> t)) 
such that, if n tends to « through this subsequence, then lim yn (to) = Yx(to) 
exists. In view of the locally continuous dependence of solutions of (2) on 
initial conditions, this implies that 


(51) lim yn(t) = yo (t) 


exists uniformly on every finite ¢-interval, as n tends to o through this 
subsequence of the integers n, and is a solution of (2). 
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In what follows, n will denote an integer in a subsequence of the integers 
(> to) of the type just described. 

Clearly, y = y(t) belongs to initial conditions of the type (7). Hence 
the corresponding function v = v(t) satisfies (45) and, therefore, (46) for 
tp) St<o. It follows from (37), (46) and from Lemma 1 bis that (38) 
holds for v= v%(t). It is clear from (51) that w"(t) w(t), asn—-o0, 
holds uniformly on every finite ¢-interval. Since w= w"(t) satisfies (48) for 
tp StSt, if n> t,, the function w—w*(t) satisfies (48) for tSt<o. 
Consequently (43), (44) and Lemma 1 bis show that 


(52) w(t)->0ast>o 


holds for w= w*(t). 

The definitions of Lma, Mm, Nm, v and w and the relations (38) and (52) 
imply (39). The assertions (8), (9) of (*) can be deduced from (39), as in 
the case m =f treated in Section 5 above. 

This completes the proof of the existence of a number 7 and of the 
numbers yo” having the properties stated. 


9. Completion of the proof of (*): Uniqueness. In order to prove 
the uniqueness of the set of numbers y,"*, suppose that there are two distinct 
sets. The difference of the two corresponding solutions determined by (7) 
is a solution y—y(t) 0 satisfying (50). The corresponding function 
w= w(t) satisfies w(t,) = 1, hence w(t) 1. Thus as 0. 
From (34m.1), 

lim inf log Nini — a). 


t-> co 
The argument leading to (41) and then to (9) shows that 
lim inf ¢-? log | y(t) !? = 
t> 


Since this contradicts the fact that y = y(t) is the difference of two solutions 
satisfying (9), where »™ < w™*, the proof of (*) is complete. 


10. Variants of (*) and (II). In the proof of (*), just completed, 
the fact that the eignevalues A; of J are constants (independent of ¢) was 
used only in order to pass from (39) (or, equivalently, from (8)) to (9). 
Hence the assertion (8) of (*) remains true if the A; are functions of ¢ with 
the property that there exists a constant a > 0 such that 


(53) — p™1— 2a) =const.>0 for m—2,:- -,f. 


In this case, the number ¢ = c» of (26) can be replaced by the const. of (53) 


| 
| 
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in the proof of (39) (and/or (8)). In particular, there results the following 
analogue of (II): 

(II*) Let J=ZJ(t) be a diagonal matrix with diagonal elements 
Ai(t),° ,Aa(t) satisfying 
(54) py(t) 2 const. > 0 for 7—2,-- -,d, 
where p;(t) = ReA,;(t). Under the assumption (6) on G(t), the assertion 
of (II) concerning (13) holds. If, in addition, (12) ts satisfied, then (14) 
as valid in the form 
(55) y(t) /y™(t) ~ An (t) as t—>00. 


Under the condition (12), rather than (6), this result is contained in a 
theorem of Perron [8], p. 763. 

For a given m, in order to assure the existence of a solution y = y(t) 
satisfying (12), the condition that J —J(t) is a diagonal matrix satisfying 
(54) can be relaxed to the assumption that J = J(t) is in its Jordan normal 
form for every ¢ and that the eigenvalue A,,(¢) satisfies 


(56) | Pm (t) — p;(t)| = const. > 0 for 7 ~m 


for large ¢. Thus, the (single) elementary divisor belonging to An(t) is 
simple but those belonging to A;(t), where 7 4 m, need not be. 

For applications in Part IJ, it will be convenient to have a generalization 
of (II*) dealing with the case when both the diagonal elements A; and the 
1’s on the subdiagonal of J are replaced by functions of ¢. 

Let the system 
(57 y =K(t)y 


be equivalent to 
(58j:) 


+--+ +h(g) and 8=8(j;7¢). Thus 
the diagonal elements of K(t) are A(j;¢); its subdiagonal elements are 
8(j;7) or 0; and all other elements of K(¢) are 0. 

Let w(j;t) = ReA(j;t). Let m be an integer on the range liomSg 
and let c denote a positive constant. Relative to m and c, divide the set of 
integers j = 1,- - -,g into three sets, members of which will be denoted by 
P; 4, T, respectively, by the requirements that the integer m is a q; that, for 
some sufficiently small number a, 0 <a <1, 


(59) u(p;t) +a| dp, t)| Sp(q;t) —a|8(qg,t)|—e 
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for all p, g and large ¢; and that 
(60) p(r3t) —a| 8(r3t)| +4] 8(q,t)| +e 


for all r, g and large ¢. Finally, let Lm(t) = Lm(t;a,c) be defined by (5). 
In terms of this new notation, (*) has the following analogue: 


(III) Let G(t) be continuous on 0=t << and satisfy (6). Let the 
sets of integers {p}, {q}, {r} and Lm(t) be defined as wm the preceding 
paragraph. Then there exists a positive number T with the property that to 
any number t, = T and to any set of Sh(q) numbers yo, not all 0, there 
belongs a unique set of Sh(r) numbers yo™ such that the solution of 


aia y = (K(t) + G(t))y 
determined by the initial conditions (7) satisfies, as t oo, 
yi*(t) = 0(Lmt(t)) if j—=p or j=r. 


It is clear that (III) can be extended to the case where K(¢) is, for 
example, a more general triangular matrix. (III) will however suffice for 
the applications in Part II. 

The proof of (III) is very similar to that of (*) and only the beginning 
of the proof will be indicated. Put 


qk pk r & 


(Here M, N are analogous to My, Nm,, in Section 4 above). The derivation 
of (29) shows that 


Lima’ S 2 max[(u(g, t) +4 | 8(g,t)!)]Lma + | G(t)| | y(t)? 
(63) 
Ling mint t) —a4 | 8(q, t)|) ]Lma— d | G(t) | | y(t) |?. 


Similarly, 
maxl (u(t) +4] [VP 
N’=2 min[ t) —a|&8(r, t)|)]N —d| G(t)| | y(t) 


In view of (59)-(60), the number 2c (> 0) can play the part of both cm 
and Cm,, in the proof of (*). The proof can now be completed along the 
lines of the proof of (*). 
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Part II. Dunkel’s theorem. 


11. The main theorem. Part II is concerned with a theorem of Dunkel 
[1] and refinements of it. In the notation of Section 2, let 


(64) hy, = maxh(q) ; 
q 
so that h, is the maximum of the multiplicities of the elementary divisors 


of J belonging to eigenvalues A; satisfying RedA;, =p”. 
The main theorem to be proved is as follows: 


(**) Let p denote the number p™; ho a number satisfying 
(65) hy Sho; 


qo particular value of q; ko an wmteger satisfying 1 Sky Sh(qQo); and b 
the number 
(66) = ho—h(qo) + ko, (so that k, Sb S/A,). 


Let G(t) be continuous on 0S=t<o and suppose that every element 
tho-19 ag of is of class L(1,0) or, more generally, that 


(67) f | I ix ap | te (aB)-€( gk) (ho-h(qo)) qt <0, 


where e(jk) is k or 1 according as ] = q or j] ~q and «€(j) ts 1 or 0 according 
a8 j =o OF J Qo. Then the system (2) has a solution y=y(t) with the 
following asymptotic properties, as to: When q=—q, 


(68;) y%(t) if 1 Sk<h, 
(68, ) y% (t) edla) / (jp — ko) ! + 0 if ko < k < h(qo) 


when Qo; 
(683) y™ (t) = if LSE 


finally, when j = p or j =r7, 
(68,) y*(t) = if 


The number h, is not required to be an integer. Since e(jk) —1 if 
jA~q and 1Sc(jk) [h(j) Shy if j =4Q, it is readily verified that (67) 
holds if 


s | Gik aB | <0, 
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or if the following pair of conditions on the “rows” of G(#) is satisfied: 


or if the following pair of conditions on the “columns” of G(t) holds: 


| ap | ifa=—q, f | ap | edt 


After a change of variables, the case hp —=h, of (**) is essentially 
Dunkel’s theorem, with certain refinements. In Dunkel’s theorem, assumption 
(67) is strengthened to (67 bis) ; the estimates (68,), (68,) and the cases 
k<b (=hs —h(qo) + ho) of (683) are replaced by the weaker appraisal 
ys*(t) = o0(e**), as for the values of j, indicated; finally, is 
replaced by y™(t¢) ~ eda) ttk-ko —k,) !, as when = q and k = ky. 

It will follow from the proof of (**) that, if ¢, is sufficiently large, a 
solution y= y(t) satisfying (18) can be chosen so as to satisfy the partial 
set of initial conditions 


(69) y*(to) =0 
for 
(70) andk<k; j—q~qandk< b. 


In addition to (69)-(70), one can require that y%*(t)) = yo%*ot*-ko/(k —k,) ! 
for kj =k < b, in which case (y.%*° and) y(t) is unique. 

For the proof of (**) and for other applications, some transformations 
of (2) under certain changes of variables will be calculated. Before carrying 
out the computations involved, the change of variables to be employed will be 
motivated by the following remarks: 

Suppose that the matrix J, which, in general, has g (21) “blocks” 
J(1),---+,J(g) on its principal diagonal, consists of only one block J(1). 
Without loss of generality, it can be supposed that the corresponding eigen- 
value A(1) is 0. An obvious approach to theorems of type (**) is to attempt 
to use the variation of constants y=—e'/z, which transforms (2) into 
a —=e“G(t)ez. But an element of the matrix e“G@(t)e“ is a linear 
combination of elements of G(¢) with coefficients which are polynomials in f, 
polynomials of degree n satisfying 0 nS 2(h(1)—1). The fact that a 
factor as large as ¢?()-1) occurs is inconvenient. (Of course, when J 
consists of more than one block, even factors of the type et, c > 0, might 
occur. ) 

If J =J(1), then e has the factorization e7 — De’D-, where D is the 
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diagonal matrix with diagonal elements 1, ¢,- - -, ¢*@)-* and e/ is a constant 
matrix. It turns out that a more convenient variation of constants is y = De/z. 
This variation of constants, when applied to the case J=J(1) of (1), 
transforms (1) into 


ef. Section 13 below. If the independent variable ¢ is replaced by a new 
variable defined by ds = dt/t, the last system becomes a system belonging to 
a constant diagonal matrix with distinct diagonal elements 0, —1,---,1—h’. 
Furthermore, (De’)-*G(De’) only involves factors as large as ¢)-1 (instead 
of the occurring in Ge"). 

A variation of constants of the type y = De/z was used in [5], p. 724, 


for a similar purpose. 


12. The transformation y= D,v. The changes of variables to be used 
below will now be considered in detail. After the change of dependent 
variables y where = p™, it can be supposed that —0. Thus 


(71) = 0 according as = p, q or rT; 


cf. (4). It can then be supposed that 


for otherwise the variable y%* could be replaced by ye“, Under this 
change of (some of the) dependent variables, 9; ag acquires factors of absolute 
value 1 (in fact, the factor e/)* or 1 according as j is or is not a q, and 
the factor e~'*)* or 1 according as a is or is not ag). Thus any assumption 
on the “smallness ” of | gj ag | is not affected by this change of variables. 

After these preliminaries, both the independent and dependent variables 
will be changed. The change of independent variables is given by 


(73) s=logt, that is, t =e (ds = dt/t). 


It is assumed that the half-line 0 = ¢<o has been replaced by 1S t <a, 
which then becomes 0=s <oo. The change of dependent variables will be 
of the form y= D,CD.z, where D, and D, are diagonal matrices in which 
each diagonal element is a power of ¢ to be prescribed and C is a constant 
matrix. In order to facilitate the computations, it will be convenient to make 
the changes of variables in sucecssive steps: y = D,v, v = Cw and w = D.2. i 
Let 6 denote a fixed number and, for each integer q, let there be given | 
a number b(q). In terms of the numbers 6 and b(q), define y= D,v by 


(74) yt yak and == if 7 Aq. 


(72) A(q) = 9, 

a 
0 

a 


H 
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If a dot denotes differentiation with respect to s, then (72), (73) and (74) 
show that the differential system (2) becomes, when j = q, 


(b(q) —1)0™ + gar apy%®/t?™, 


and, when 


(At — 1+ + gy 
(76) 


In (76), A=A(j) and 0. 


In the non-principal terms of (75)-(76), the variables y*? are considered 
as expressed in terms of ¢ and v% by virtue of (74) and, in addition, t =e’. 
Let the non-principal terms of (75)-(76) be denoted by ej agv%®. Then, by 
(74) and (75)-(76), when = gq, 


Cgk aB = Jak apth +1 ifaisa q; 


aB = Jax apt? if a is not a q, 
and, when 
(78) Cjx aB = if a is a q, aB = apt if a is not a gq. 


The matrix || ej, ag || will be denoted by EH = E(s). 


13. The transformation v = Cw. The constant matrix C in the varia- 
tion of constants v—Cw consists of g blocks C(1),---,C(g) on its 
principal diagonal and has 0 for all its other elements. C(j) is an h(j) by 
h(j) matrix which is or the unit h(j)-matrix according as j= or 
j~q, where J(1),---,J(g) are the blocks of J. Thus v—Cw can be 
represented as 

n=1 
according as = q or j4q. The inverse consists of the g blocks 
on its principal diagonal, where C-1(j) is e/“ or the unit h(j)-matrix 
according as = gq or j4q. 

It is readily verified that, for any scalar c, 


~ 


(75) 
(77) 
| 
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= 


where h —h(j) and the matrix elements not indicated are 0. Thus the 
transformation (79) has the effect of diagonalizing the principal terms of 
(75). The system (75)-(76) therefore becomes 


(80) wt — (b(q) —h) wt + hax 
and, if 7 ~4q, 
wi (At —1— b)w? + hj apw®, 
(81) 
wi — (At —1— b) wi + twi + k>1, 
where H = | hj ag || is given by H = CEC. 
It is readily verified from (79) and the description of C-* that 


hix ag = @jx ap if neither 7 nor a is a q, 


h(a) 
hix ap = & ej ay/(y — 8B)! if 7 is not, but a is, a q, 
(82) 


k 
hix ap = % (— 1)*"ex, ap/(k —n)! if 7 is, but a is not, a q, 


h(a) 
hix agp (—1)*"ejn ap/(k —n) !(y — 8) ! if both 7 and a are q’s. 


n=1 y=B 
It can be noted that hj, ag is a linear combination, with constant coefficients, 
of the elements @jn ay, Where j and a are fixed and n(=k),y (=8) vary. 
14. The transformation w — D.z. The last change of variables w= D.z 
is given by 
(83) wi a= if j== gq, and k,, wik = otherwise, 


where c is a constant and t —e*. This is the identity transformation if c = 0. 
The system (80)-(81) is transformed by (83) into 


66 
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— (b(qo) —C— k) 2% + Dax if k Ako, 
(84) 
gu (b(q) —k)2% + if or if (gk) = (qoko), 
and, if j4q, 
== (At — 1 — b) + age, 
(85) 
(At—1—b) 4 + Dy age if k > 1, 
where B = || bjx, ag || is the matrix D.“HD.. 
Since (83) is w = D,z, it is easily verified that, if k ~k,, 
Daok haok aB if a= Jo» B kos 
(86;) 
book of = Neo apt if or if (aB) = (oko) ; 
and, if j or if (jk) = (oko), 


ap = Nix apt? if 
(862) 
Dix ap = ap if a= q or if (af) = 


15. Estimates for B. The proof of (**) now proceeds as follows: 
Assume the normalizations (71) and (72). Introduce the change of variables 
(83) and the successive variations of constants (74), (79) and (83). In 
(84), the numbers 6(q) and 6 will be chosen as follows: 


(87) (qo) = ho; b(q) = b if qAqo; b=ho—h(qo) —ko 

(this number 0 is the same as in (66)). In (83), let 

(88) =h(qo) —ho (so that c= 0). 
It will be verified that , 


(89) f | Dix ag | ds <oo for arbitrary (jk a8) 


and, in addition, that 


(90) f | Dix ag | ds <oo if (jk) = (qoko), (G0) ) , 


To this end, the matrices H, H and B will be examined in turn. In view 
of (87) and the relations (77)-(78), it is seen that eg, ag i8 Jqox ag times 
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{B-k+1, oy f1-k-b+ko+l gocording as a= qo, ora~g. In 
view of the definitions of b in (66) and of e(jk), e(j) following (67), it is 
seen that 

(91) ap | | Jix af | fe (aB)-€( jk) +(e(a)-1) (ho-h(qo) )+1 


if If gAqo, then if times op 
according as a=qA~q ora~g. Thus (91) holds if j—=q-~QqQ. 
Finally, if 7 q, then ej, ag i8 ag times or ¢ according as a = qQ, 
a=q~q ora~q. In this case, 74, the relation (91) also holds. 
Since ds = dt/t, it follows from (67) and €(j) (ho —h(q)) 20 that 


(92) f | Cik aB | ds <0, 
and, from «(j) (ho —h(qo)) =ho—h(qo) where = qo, that 
(93) f | ag | ds (¢t =e*). 


By (82), the relations corresponding to (92), (93) hold if ex ag is replaced 
by hj ag. Finally, (89) and (90) follow from these relations, (86) and (88), 
since = 


16. Completion of the proof of (**). Note that b(q.) —c=b, by 
(87) and (88), so that the set of differential equations (84) can be rewritten 
as 
(94) — box, 


if (qk) = (q.k.), and as 
(95) — (b—k) 20 + 


if (gk) A (qoko). 

Let (q*k*) denote either (qok.) or any pair of indices (gk) such that 
gA~q and (h(q)=)k=b. (For example, if h, (and, therefore, 6) is not 
an integer, then the only pair (q*k*) is (qk ).) From the definition of 
(q*k*), the differential equation for z/* has the form (94) if and only if 
(jk) = (q*k*). Put 


2 


(96) L=L(s) =33 | 


Note that |(ReA(j) + a)t—1-+6| Zconst. > 0 for large ¢ if a(>0) is 
sufficiently small. Thus (III) in Section 10 implies that, for a sufficiently 


j 
| 
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large S and a given set of numbers z)%*", not all 0, there exists a unique 
solution z= z(s) of (84)-(85) satisfying the partial set of initial conditions 

=0 if j= p; and k <b but (jk) (qoko), 

(97) (9) — 
and, as s—>oo, the relation 
(98) — o(LA(s)) it (jk)  (q*k*). 

It follows from (94), (96) and (98) that 
(99) | L | S const. | B(s)| L. 
Consequently (89) implies that, as so, 
(100) L(s) =O(1) and 1/L(s) = O(1). 
In particular, z/*(s) = O(1) as s>o. 


Thus, by (89) and (94), 


(101) lim == 


38> 0 


(co) exists. 


In particular, L(o) exists and L(«) 0, by the second part of (100). 
It follows from the superposition principle that if S is fixed and sufficiently 
large, then to any preassigned set of numbers 2%*"(co), not all 0, there 
belongs a unique set of numbers 2%", not all zero, with the property that 
the solution satisfying (97) and (98) also satisfies (101). 

Let (00) be 1 or 0 according as (q*k*) = (qoko) or (q*k*) F (doko). 
Thus, by (97) and (101), the corresponding solution satisfies, as soo, 
(102) or —=0(1) 
according as (jk) = (qoko) or (jk) A (Gok). In view of (90), (94) and 
(101), the relation 


8 


where (jk) = (qoko), gives the estimate 
(104) == 1 + if (7k) = and 
By (83) and (88), the corresponding solution w= w(s) of (80)-(81) 
satisfies, as s—> oo, 
== 1 + if k=—k,, 


wik = 0(1) if jAqo 


| 
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Thus, by (79), the corresponding vector v = v(s) is 


if gq, k < ky, 
vik — 1/(k—ko)! + if j— qa k= ko, 
vik w= Q(1) if 74 Qo. 
Finally, (74) and (87) imply that the corresponding solution y= y(t) of 


(2) satisfies (68), when the normalization (72) is assumed. This proves (**). 


17. An application of (**). This application concerns the asymptotic 
integration of a linear system of differential equations, in which the coefficient 
matrix is the sum of a periodic matrix P(t) and of a matrix F(t) which is 
“small ” for large ¢. 


(+) Let P(t) be a continuous d by d periodic matrix of period 1, 
(105) P(t+1)=P(t). 
Let F(t) be continuous on 0=t <oo and satisfy 


(106) F(t)| dt 
Let x =2,(t) 40 be a solution of 

(107) a’ == P(t)z 

and let lim t log | z(t)|, as Then 

(108) = (P(t) + F(t))a 

has a solution «= x(t) satisfying 

(109) x(t) =o(e) as too. 


Standard theorems state that the system (107) has a fundamental matrix 
X = X(t) of the form 


(110) X(t) =Z(t)et’, where Z(t +1) =Z(t) 


and J is a constant matrix. This makes it clear that the limit » exists for 
any solution t= 2,(t) #0 of (107) and »—ReA holds for some charac- 
teristic number d of J. 

It will be clear from the proof of (+) that condition (106) can be 
relaxed and assertion (109) strengthened if the solutions of (107), say the 
matrix (110), are known. Condition (106), for example, can be weakened by 


| 
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replacing the d—1 in (106) by h,—41, where h, is the maximum of the 
multiplicities of the elementary divisors of J belonging to characteristic 
numbers A satisfying ReA = p. 

The proof of (+) will depend on the fact that the variation of constants 


(111) c=Z(t)y 
transforms (107) into y’—Jy and (108) into y’ = (J + G(t))y, where 
(112) G(t) = Z(t) F(t)Z(t). 


It is sufficient to verify this transformation of (108), since (107) is the 
case F(t) =0 of (108). If (111) is substituted into (108), then the 
resulting differential equation for y is 


yf = (2 (P + F)Z—Z2')y. 


Differentiation of (110) gives + PZe, since (e)’ Je and 
X(t) is a fundamental matrix of (108). Hence Z’ = PZ—ZJ. If this is sub- 
stituted into the last formula line, there results the equation y’ = (J + G(t))y, 
where G(t) is given by (112). 

Since Z(t) is periodic and non-singular, the matrices Z(t) and Z-*(¢) 
are O(1) as t->0. Hence (106) holds if F(t) is replaced by G(¢). Thus, 
according to (**), to any solution y = y,(t) +0 of y’ = Jy, there corresponds 
at least one solution y= y(t) of = (J + G@)y satisfying y — yo = 0(e#*), 
as where » = lim log | |. 

The assertion of (¢) now follows by choosing y,(t) to be Z-1(t)a,(t) and 
a(t) to be Z(t)y(t). 


Part III. Variants and applications. 


18. Statement of results. The first portion of Part III concerns asymp- 
totic integrations of (2) under conditions different from those occurring in 
(**). The first theorem to be proved is as follows: 


(i) Let +, da be the eigenvalues of the coefficient matrix J in (1) 
and let one of these, say X= Am, satisfy 
(113) bm wy for j Am, (ux = Re 


Let G(t) be of class LY for some y on the range 1S y S 2, that is, let 


(114) f | G(t)|7 dt <oo for some y, where 1 [Sy 2. 


Zz 
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Then (2) possesses a solution y = y(t) = (y*(t),- + -, y7(t)) the components 
of which satisfy, as t>0, 


t 
(115,) y(t) ~exp (An + Gam) du, 


(115,.) yi (t) =o(| y(t)|) if 


In (115;), 9mm = YJmm(t) is the m-th diagonal element of G(¢). Assump- 
tion (113) implies that the (single) elementary divisor of J for which 
Re A(j) pm is simple. Accordingly, the proof of (i) does not depend on 
the changes of variables discussed in Sections 12-14 abov>. The proof of (i) 
will be given in Section 21 below. 

(i) is a generalization of Theorem (VII) in [2], p. 575, dealing with 
a second order equation 2” + fx —0, where f f(t) is continuous, real- 
valued, and f(¢) + 1 is of class LY on OSt<o. 

Assertion (i) remains valid if the eigenvalues A; of J are not constants 
but are continuous functions A; = A,;(t) of ¢, subject to 


(116) | —pm(t) | = const. > 0 if = Re d;) 


for large ¢. 


In particular, if J =J(t) is a diagonal matrix with diagonal elements 
Aj =A;(t) satisfying (116) for every pair of indices j7, m (7), then (i) | 
furnishes the asymptotic behavior of a fundamental set of solutions of (2). 
There exists an analogue of (i) which involves no assumption on the [| 
elementary divisors of J, but imposes more severe conditions on G(t). This [| 
analogue does not contain (i). 


(ii) Let hy be defined by (64); q a particular value of q; ko an FF 
integer satisfying 1 Sk Sh(qo). Let ho be a number satisfing (65) and | 
let 


(117) b—k40 if 1SkSh(q) and q, 
where b is given by (66). For some y, where 1S yS 2, let : 
(118) ff | at 
or, more generally, for every set of indices (jk aB), let 4 


(119) f | Iix ap | VE (aB)-€( jk) (ho-h (qo) ) }+y-1 dt <0, 
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where «(jk) and «(j) are defined as after (6%). Then (2) has a solution 
y=y(t) with the following asymptotic properties, as t—>0: When q= q, 


(120,) yt | exp |) if k < ho, 
(120.) = exp /(k + o(emt* | exp |) if ko; 


when q:; 
(1203) y™ = o(emt | exp |); 


finally, when = p or 7 


(120.) yik == 0 | exp |), 
where 
t 
ko h(qo) 
(121) exp = exp{ br (— 1) * gop (U) dU/ (ko — k) — ko) !}. 


The condition (117) is vacuous if, for example, there is no gq distinct 
from qo, that is, if RerA(j) #~ReA(q) when q. The condition (117) 
holds when ho (hence, b) is not an integer. 


19. The differential inequalities (37), (44). The proof of (i) will 
depend on a sharpened form of the differential inequalities (37), (44), 
occurring in the proof of (*), and on a theorem on Riccati differential 
inequalities. Assertion (ii) will be reduced essentially to (i) by the changes 
of variables used for similar purposes in Part II. 

In order to obtain the desired differential inequalities, note that the 
expression | G(t)|-| y(t) 
be replaced by | G@|-| y|-| y*|. Thus the derivation of (29) gives 


* occurring (twice) in the line following (28) can 


| — 2p" Lma |< 2aLme +2 | y 330% | y |. 
qk 


Since a** | yt | = ak | y | = Lng, the last double sum does not exceed dLing}, 
and so 


(122m) | — | S 2aLme + 2d | y|> | Lng 
can replace (29). This leads to the analogues 
(123,,) Mn! S + a)Mm + 2d? | y |-| | Mad, 


(124m,1) = 2 A) 2d? | | G | 


of (33m) and (34m41). 
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If Lma(t) #0 for some t-value (hence for all nearby ¢-values), then 
(122m) can be divided by 2Lma* to give 


(125m) | (Lma*)’ — | S + | y GI. 


Corresponding to the assumptions M,(t)~0 or Nmiu(t) #0, (123m), 
(124m41:) become, respectively, 


(126) (w" + + | y |-| 
(12% = — a) — d? | y |-| G |. 


These differential inequalities make it possible to replace the auxiliary 
functions (35) and (42) of Sections 4 and 6, respectively, by 


(128) v(t) = Um(t) = (Nm? + Mn*), 
(129) w(t) = Ums1 (t) + Minss*) 


If the solution y= y(t) of (2) determining Ling, Mm, Nm is not identically 
0, then (128) and (129) ‘are defined, continuous, and satisfy 


(130,) 0<v<1; (130.) OSwS1. 


If |y| is replaced by its majorant a~@(M,,2-+ Nm4) in (125)-(127), then 
the derivation of (37) in Section 4 shows that (128) satisfies 


(131) v’ => tcenv(1— v) — d’a-*| GI, > 
provided that V,, 40 and M,,~0. Similarly, 

(132) w’ = tem..w(1— w) — G |, 
provided that Nm. 0 and Mn,, ~0. 


The considerations below will deal with solutions y = y(t) ($€0) satis- 
fying, as t->00, 


(133, ) v(t) > 1, (133.) w(t) 
so that 
(134) Mm =0(Lma) and =0(Lma) as to. 


Thus, for large t, Lma 0, and so N,,~0. For large t, VM, —0 if and only 
if v=1, while N»,,—0 if and only if w—0. Consequently, for large ¢, 
(131) and (132) hold except possibly at those t-values at which v —1 and 
w = 0, respectively. 
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20. A lemma on Riccati inequalities. Assertion (i) will be obtained 
from (131), (132) and the following theorem on a Riccati differential 
inequality : 

Lemma 3. Let f=f(t) be a real-valued, continuous function on 
0=t<o and let f(t) be of class LY for some y, where \SyS2. Let 
z==2(t) be a real-valued continuous function for large t satisfying 


(135) 
and either 
(136,) z—>1 or (1362) z—>0 


ast—>oo. In addition, let z(t) have, on the respective open t-sets {z(t) #1}, 
{z(t) #0}, a continuous derivative satisfying a differential inequality of 
the form 

(137) 2’ = cz(1—z) +f, where c const. > 0. 


Then, corresponding to the alternatives in (136), 


(138, ) f dt <x or (138,) Jf 


This lemma is an analogue of (III) in [2], pp. 568-569. As in [2], the 
assertions “z—41 is of class LZ? or z is of class L?” can be improved to 
“z—1 is of class L7 or z is of class L7.” 

In order to prove Lemma 3, consider the case (136,) (the other case 
can be treated similarly). If [U,V] is an interval on which z > 0, then 
(137) is valid on this interval. Multiplication by z > 0 does not affect the 
inequality, and so a quadrature leads to 


Vv Vv 
(139) cf 2?(1— z)dt = 42°(V) —32°(U) + | fz | dt. 
U U 
By continuity, (139) holds if 2(V) =z(U) =0; that is, 
cf fi \felae 
U 


This inequality remains valid if the domain of integration (U, V) is replaced 
by a sum of open intervals bounded by zeros of z(t) and on which z > 0. 
Since the integral of z7(1—z) on a ¢-set where z= 0 is 0, it follows that 
the last inequality is valid whenever z2(V) =z(U) =0 and z(t) 20 on 
(U,V). Hence (139) is valid for arbitrary intervals [U, V]. 
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If U is so large that 0=2(t) =} for t=U, then (139) and Holder’s 
inequality give 


V 


A V 
f ( f | f |v dt)/7( f | 2 
U U 


U 


If y = 1, then the last integral does not occur and (138,) follows from the fact 
that f is of class LY = JL. If y > 1, then (136,) implies that | z|7”/0-) = 2 
for large ¢, and so (138.) follows from the fact that 1—1/y<1. This 
proves Lemma 3. 


21. Proof of (i). In order to prove (i), let y= y(t) be a solution of 
(2) satisfying (1152), as supplied by (*); cf. (II*) and the remarks 
following it. To this solution, there belong auxiliary functions v(¢) and 
w(t), given by (128) and (129), which are defined and continuous for large ¢, 
satisfy the limit relations (133), and possess continuous derivatives satisfying 
the differential inequalities (131), (132) on the respective t-sets {v(t) A1}, 
{w(t) ~ 0}. 

Condition (114) of (i) and assertion (138) in Lemma 3 imply that 


wat <x and J 


From the definitions of v and w, the functions (Mm/Lma)* and (Nimii/Lma)? 
are of class L?; cf. (134). Since, by condition (113) in (i), there is only 
one elementary divisor belonging to a A; for which Re A; =» and this one 
is simple, it follows that Lma—=a*|y™|?. Hence, y//y™ is of class L* if 
77m. If y>1, so that y/(y—1) > 2, then (115,) implies that y//y™ 
is of class if 7 

The differential equation for y” in (2) is of the form (15), where 
G = || gm; ||. Since, for large ¢t, y” does not vanish, 


/y™ = (Am + + be (y3/y™). 


Thus a quadrature gives 


t t 
y™ (t) /exp f (Am + Jmm)du = exp f Gmj(y?/y™) du. 


If y= 1, then, by (114) and (1152), gm;(y//y™) is of class ZL; the same holds 
if y > 1, since y//y™ is of class LY/0-), Thus the expression on the right E 
side of the last formula line tends, as >, to a non-vanishing constant. If 7 
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y(t) is replaced by const. y(t), with a suitable choice of const. ~0, then 
(115,) holds. This proves (i). 


22. Proof of (ii). In order to prove (ii), assume the normalizations 
(72). Introduce the change of independent variables (73) and the succes- 
sive variations of constants (74), (79) and (83), in which (87) and (88) 
hold. This transforms (2) into the system (84)-(85), where a differential 
equation in (84) can be written as (94) or (95) according as (gk) = (qoko) 
or (qk) ~ (qoko). The assumption (117) of (ii) means that, in the notation 
of Section 16 above, there is only one pair of indices (q*k*), namely, (doko). 

The identities (91) along with the relations (82) and (87) show that 
the matrix B= B(s) in (84)-(85) is of class ZY (as a function of s), by 
virtue of (119). If (III) is used instead of (*) or (II*), then the proof 
of (i) shows that (84)-(85) has a solution z= 2(s) satisfying, as s 0, 


(1402) zit o(| |) if (jk) (qoko). 


The assumption (119), the identities (91) and the relations (82), (86) 
show that ag, where (a8) ~ (qok.), is of class ZY (as a function 
of s). Since the case (jk) = (q.k,) of (94) can be written as 


(log Daoko doko + > ap (278 
(aB)A(Qoko) 


the derivation of (140,) shows that (140,) can be improved to 


8 
(140, bis) == (1 + 0( ) exp f 
as $—>00. 
In view of (77)-(78), (82) and (86), 
Ko h(qo) 
n=1 B=k 
Thus, the formulae (120) follow from (73) and (74), (79), (83). This 
proves (ii). 


23. Applications to a second order equation. Let x be a scalar vari- 
able. It was shown in [2], pp. 570-578, that if, in the differential equation 


(141) x” — (A+ 
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dX is a positive constant and ¢(t) is real-valued and continuous for large ¢, 
then necessary and sufficient for (141) to be non-oscillatory and to possess a 
pair of solutions satisfying 


(142) as too 

is that 
U+V 

(143) Lud. | f o(t)dt |/(1+V)>0 as 
U 


The main theorem (*) of Part II gives an immediate extension of one half 
of this theorem to the case when A is a complex number, but is not negative 
or 0, and ¢(t) is allowed to be complex-valued. (For an analogous theorem 
when A is a negative number and ¢(t) is real-valued, cf. [4].) 


(a) Let A be a complex number such that- 
(144) Rev 
and let 6(t) be a continuous complex-valued function satisfying 


U+V 
(145) Lub. f | o(t)| dt/1+V) as Uo. 
U 


Then (141) has a pair of solutions which do not vanish for large t and 
satisfy (142). 


In order to prove (a), write (141) as a first order system y’ = (J + G(t))y 
for the vector y = (y’, y”), where 


(146) =a’ + Adz, = — diz, 


for some fixed choice of the square root A3. It is readily verified that (146) 
satisfies y’ = (J + G(t))y, where 


0 1 —1 
(147) J and G(t) =4a 


Conditions (144), (145) imply conditions (54), (6) of (II*), respectively. 
Hence (II*) implies the existence of a solution y = (y*(t), y?(t)) satisfying 


(148) y(t) =o(| y?(t)|) as too. 
The corresponding solution x = <z(t) of (141) satisfies, by (146), 
(1+ 0(1))¢’ (A8+0(1))t as too; 


that is, z’/x—> A4. Since the choice of A3 is arbitrary, assertion (a) follows. 


| 
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Theorem (VII) in [2], p. 575, which deals with the case A==1 and a 
real-valued ¢ = ¢(t), can be extended as follows: 


(B) If (144) holds and (145) ts strengthened to 


(149) | p(t) dt for some y, where 1 Sy 2, 


then (141) has a pair of solutions satisfying (142) and 


t 
(150) r~exp f (2+ 4(u))du as too. 


If, in addition, ¢(¢) is (improperly) integrable at ¢ oo, that is, if 


T 
¢(t)dt = lim f exists, 
e T> 
then (150) can be replaced by «x ~ exp(= At). 


The assertions of (8) follow from (i), since (i) supplies the existence 
of a vector (146) satisfying (148) and 


t 
~ const. exp f (A3 + ) du, 


where const. + 0 can be chosen to be 2A3. 

Cf. (vi) and (vii) in [6], p. 722, for the analogues of (a) and (£) 
when A=0O. It is clear from (a) and (8) that the theorems (vi), (vii) in 
[6] have analogues when the coefficient function f(t) there is complex-valued. 


24. Applications to a second order equation (continued). There will 
now be considered theorems of the type (a), (8) in which (141) is replaced by 
(151) a!’ —f(t)r 0, 


and it is not assumed that f(t) is “nearly constant” for large ¢. The 
analogue of (a) is as follows: 


(y) Let f(t) be a continuous (possibly complex-valued) function for 
large t satisfying 


(152,) Re fa(t) 40; (152.) f | Re dt 
In addition, suppose that f(t) has a continuous derivative satisfying 


(153) =o0(| f(t)|-| Re fa(t)|) as 


{ 
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Then (151) has a pair of solution satisfying 
(154) a(t) ~+ fi(t)a(t) as to. 

If condition (152,) is replaced by | arg f(t)| < const. < = for large ¢, 
then (153) is equivalent to f’ = (| f |#) as to. When f(t) is real-valued 
(hence positive), the condition that f(t) is continuously differentiable can be 
omitted and (153) can be relaxed to 


U+V 
f f?(t)dt) ~0 as 
U 


(155) Lu.b.|logf(U + V)/f(U) 
0=V<0 


In fact, when (152) holds with f = Ref, then (155) is necessary and suffi- 
cient for (151) to be non-oscillatory and to possess a pair of solutions 
satisfying (154). These assertions will be clear from the proof of (y) and 
the proof of (IV) in [2], pp. 570-573. 
In the proof of (y), the condition 


U+V U+V 


(156) | df (t)/f(t)|)/( + as U 


will be used, rather than the more stringent condition (153). 


The analogue of (8) is the following: 
(8) If condition (153) m (y) is replaced by 


(157) f | |v | Re dt <oo for some y, where 1 Sy S 2, 


then (151) has a pair of solutions satisfying (154) and 


t 
(158) ~fA(texp + ff fi(u)du as too. 


In (157)-(158), as well as (154) above, f4(¢) denotes a fixed continuous 
determination of the square root of f. Similarly, f-#(¢) in (158) is a con- 
tinuous square root of 1/f?. . 

The asymptotic formulae (158) were obtained in [10] under conditions [| 
quite different from (157). The conditions of [10] require that f(t) be 
real-valued and either positive or negative (the latter case is eliminated from 
(8) by condition (152,) and that f(t) should have a continuous second 
derivative satisfying (166) below. 

In order to prove (y), let y= (y',y*) denote the vector with the 
components 
(159) 


= fia, = 7’ — fia, 
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where f? denotes a fixed continuous determination of the square root of f. 
By (159), 


Thus (151) is equivalent to the linear system 


of first order for y (where f’/f = 2(f*)’/f4). Introduce the new independent 
variable defined by 


t 
(161) s—f g(t)dt, where g=| Re f?], (ds = gdt). 


Then t->e is equivalent to s—>0, by virtue of (1522). If a dot 
denotes differentiation with respect to s, then the system for y becomes 
y = (J (t) + G(t))y, where =¢(s) and 


Since | Re (f3/g + f2/g)| = 20, condition (54) of (II*) is satisfied. 
In terms of s, condition (6) of (II*) is implied by (154) or (156). Thus 
there exist solutions of (151) satisfying, as 


and G(t) = (f’/4f9) 


(162) =o(y*?) or 
In view of (160), this proves assertion (154) of (y). 


[Added in the proofs, 12.1.1954. After the transformation of the 
differential equation (151) of second order into the binary system of first 
order in the formula line following (160), the assertion (y) could also be 
deduced from a theorem of Z. Szmydtéwna, Ann. de la Soc. Polonaise de 
Math., vol. 24 (1951), pp. 17-34. ] 


In order to prove (8), note that (157) and (161) imply that | G(t) |. 
as a function of s, is of class Z. Hence Theorem (i) in Section 18 states that 
(151) has solutions satisfying (154) and 


t 
t 


—1 
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Since the latter two formulae can be written as 


t t 
v(t) exp Pu)du, ~ exp —A(w)du, 


assertiyn (8) follows from (159) and (161). 

Another theorem leading to asymptotic formulae for the solutions of 
(151) is the following: 

(c) Let f(t) satisfy the conditions of (y). In addition, let f’/f? be of 
bounded variation for large t, that is, let 


(163) f 


Then (151) has a pair of solutions satisfying (154) and 


(164) 2x(t)~f a(t) exp+ f fi(1 + f?/16f*)3dt as t—oo. 


In view of (153), f/f +0 as too. The square root in (1 + f’/16f*)! 
can be chosen so that (1 + f’?/16f*)4-> 1 as t->0 ; the determinations of f3 
and f-4 are chosen as in (158). 

If f(t) has a continuous second derivative, condition (163) means that 


(165) f | 7°/f8 — 3f2/2f8 | dt <oo. 


The condition in [10] for the validity of (158) (rather than (164)) is 


dt < 


f | /f8 — 577/48 


(when f(t) #0 is real-valued). 
In order to prove (e), note that (y) is applicable, hence (151) has 
solutions satisfying (154). Let 2 .2(t) be a solution of (151) which satisfies 


(167) v(t) 1 as too, 
where 
(168) vy == 2 / fiz. 


It is readily verified that (168) satisfies the Riccati equation 
+ — fimo, 
by virtue of (151). This can be written as 


o (0 + — (1 + £7/16f*)} 0, 


— | 
= 
| 
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or as 
(169) fa{(v+ f’/4f2) — (1 + f?/16f*)3} = — v’/(v + a(t)), 
where 


(170) a(t) f’/4fd + (1 + 


Note that a(t) + 1 as t->00, by the above normalizations of the square roots ; 
so that v(t) + a(t) +2 as t->00, by (167). 

Let v on the left of (169) be written as a’/ftx (cf. (168)). Then a 
quadrature shows that 


is equal to 


(a(t) +.0(t))*exp (v(u) 


This is clear if v’dt is written as d(v +a) —da. The expression in the last 
formula line tends to a limit, as too, since (a(t) + v(t) )-? does and since 
a(u) is of bounded variation. Thus if const. z(t), for a suitable choice of 
const., is renamed z(t), it is clear that (164) holds when + is written in 
place of +. Since the choice of the square root f# in (168) was arbitrary, 
(e) is proved. 


25. An elliptic analogue. Assertions (8) or (8) have no analogues 
when A is a negative constant or f(t) is negative for large ¢, respectively. 
As to (8), cf. the example in [11], p. 269. On the other hand, (e) does 


have an analogue in the “ elliptic ” case. 


(n) Let f(t) be a non-vanishing (possibly complex-valued) function 
for large t having a continuous derivative satisfying (163) &nd 
(171) lim f’?/16f? — 1. 


Suppose further that 


t 
(172) exp +i f f2(1 + f/16f*)3du = O(1) as 
Then the differential equation 


(173) x” + f(t)e=—0 


has a pair of solutions satisfying, as t 00, 


t 
(174) a~ exp+i + f?/16f?) 
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and 
(175) (—at + i(1 + fiz, 


where a is the limit in (171). 


Conditions (171)-(172) are trivially satisfied if f(¢) is (real and) 
positive for large ¢. As in the above theorems, all powers of f(t) which 
occur can be assumed to be integral (positive or negative) powers of a fixed 
fourth root f#(¢) ; in such a normalization, a’ in (175) is the limit, as to, 
of 

The proof of (7) will depend on the simplest case, J = 0, of Theorem 
(**) in Part II and will be like the procedure used in [11], pp. 262-263, 
for similar purposes. 

In the proof of (), there is no actual loss of generality in the (local) 
assumption that f(¢) has a continuous second, derivative; so that (163) is 
equivalent to (165). The variation of constants 


(176) 2 == oft 


transforms (173) into 


(177) (f-42’)’ + (f2(t) + a(t))2z = 0, 
where 
(178) a(t) =f’ /4f2 — 5f/16f2. 


If y = (y', y*), where 
(179) 


then (177) is equivalent to the system 


(180) y =A(t)y, where A(t) a, 
If z denotes either of the functions on the left of (172) and if 
(181) 
then 2’ = + - -)4z, and so (f-#2’)’ =—(-- Tf 


+ iz in the last term is replaced by 2’f-4(- - -)-4, it is seen that the functions 
on the left of (172) are solutions of the differential equation 


(182) (f-te’) fe =0. 
Let w = (w', w?), where 


(183) == 2, 1p? == ; 


| 
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so that (182) is equivalent to the system 


(184) w’ —B(t)w, where B(t) -( A(t) ). 
In view of the derivation of the differential equation (182), a funda- 
mental matrix for (182) is 


w,1(t) 
where 


are the functions in (172). 


The variation of constants 


(187) y= W(t)v 
transforms (180) into 
(188) v = W-1(A — B) We. 


In view of (178), (180), (181) and (184), 


0 0 

The assumption (163) implies that the elements of A—B are of class L 
(cf. (165) ), while the condition (172) implies that W(t) =O(1) as t->0. 
Since det W(t) = 20(-- -), it follows that (det W(t))-*, and therefore 
W-1(t), is O(1), as t->eo. Thus the coefficients of the system (188) are 
of class LZ for large ¢. Hence, the simplest case, J —0, of (**) states that 
(188) has a solution satisfying, as t 00, 


(189) vi(t)—1 and v?(t)—>0, 
and another solution satisfying, as t >, 
(190) and v?(t)—1. 
The solution y= y(t) of (180) corresponding to (189), by virtue of 
(187), satisfies 


ast—»o. In view of (176) and (179), the corresponding solution z = z(t) 
of (173) satisfies 


wy}, f-4(aft)’ ~—1(- 


‘ 
| 
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as t-—»0o. The second of these relations reduces, by virtue of the first, to 


The last two formula lines prove the case — of + in (174), (175). The 
other case results from (190). This proves (»). 


THE JOHNS HOPKINS UNIVERSITY. 
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QUADRATIC FORMS OVER LOCAL FIELDS.* 


By O. T. O’MzEara. 


Introduction. Even after Minkowski had solved the problem of equi- 
valence of quadratic forms the matter was by no means settled, for the 
invariants found in [17] are intricate both in their derivation and application. 
The difficulties presented (even in the theory of rational equivalence) were 
largely due to the use of integral forms and the problem was simplified by 
Hasse [5] who rid it of its integral considerations, solved the problem of 
fractional equivalence in the p-adic numbers and tied them together to form 
a complete system of invariants under rational equivalence in the large; he 
related these invariants to those of Minkowski. In the subsequent paper [6], 
Hasse extended his results to quadratic forms over algebraic number fields 
and their local completions. These results were in turn extended by Witt’s 
using the theory of algebras in [20]. Kaplansky showed in [13] that Witt’s 
invariants apply to fields # which are not formally real and for which 
F*/(F*)? has order 4. 

The problem of tackling the original theory of integral equivalence 
remained, but use could now be made of the results on fractional equivalence 
proved independently of it. Siegel [18] proved a conjecture of Minkowski 
that two rational integral forms are in the same genus if and only if they 
are semi-equivalent; Jones [7%] proved that the Witt cancellation law [20] 
holds under integral equivalence over the p-adic numbers (p odd) and stated 
that the result also held for arbitrary local fields in which | 2 | 1; Durfee 
[3,4] gave a complete set of invariants and a simple proof of the Witt 
cancellation law for integral forms in these fields; Jones [8] showed how to 
determine when two forms over the 2-adic integers are equivalent and this 
was expressed by Pall [15] in the form of invariants; most of these results 
can be found in coordinated form (but over the rational p-adic numbers only) 
in [9]. 

Eichler employed the more geometrical notion of lattices to discuss the 
local theory in [11, Chapter II]: of particular interest to us will be his results 
on the equivalence of maximal forms. Eichler [12] and Kneser [14] proved 
the Witt cancellation law for positive definite forms over the rational integers. 


* Received August 26, 1953; revised June 8, 1954 and September 15, 1954. 
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In the present paper we are concerned with integral equivalence over 
local fields and the previous remarks show that the only local cases requiring 
real investigation are those in which |2| <1. We prove a weak form of 
cancellation law for these fields: that this cannot be fully generalized is clear 
from the counter-example in [3]. Certain useful type invariants are given 
in the general case, but these do not form a complete set under integral 
equivalence. However a characterization is given over local fields in which 
2 is a prime; this is facilitated by the use of lattices but the real key seems to 
lie in the perfectness of the residue class field. The ramified case is much more 
complicated than this and simple examples show that we cannot expect the 
same answers as in the unramified theory; the numbers represented by the 
form seem to play an important role; the perfectness of the residue class field 
pulls us through again and we can characterize forms of unit determinant, 
but the problem remains of finding a complete set of invariants for forms of 
arbitrary determinant over a general local field. 


1. Preliminary definitions. In the present paper we consider quadratic 
forms over local fields, that is to say over fields which are complete under a 
discrete non-Archimedean valuation and have a perfect residue class field [1]. 
F will denote the local field, o the ring of integers in F and z will be a fixed 
prime element in FY. We define e = ord(2) as the ramification index of F. 
We assume in addition that F' does not have characteristic 2. To avoid the 
use of an excessive number of multipliers we introduce the following notation: 


a specific element az‘ will sometimes be written as [x‘] if |a@|—1 or as 
{xt} ifaeo. Thus, if a= [rt], = and y = « need not be equal 
to 8 but we must have |y|=|a«|—|£|. 


If R is an n-dimensional vector space over F’, we call an o-module L 
in Ff a lattice if there is a basis for R in which LZ can be expressed as 
L=oi+---+0é, [see 11, p. 47]. We call (€) a minimal basis for L 
and note that Z may very well have many minimal bases. 

Now let 7 be a quadratic form and A = (J,;) its corresponding matrix. 
By fixing a basis (€) for R we can make FR into a metric space V by defining 
&° = =1ji = &- &, [20, p. 32]. The form & is fractionally equivalent 
to 1 if and only if there is another basis (y) for V in which ki; = n° 7;. 
We then write 1~k. Conversely we can associate a quadratic form with 4 
given metric space V by fixing a basis (€) for V and defining 1;; = &; - é;. 

Now let 1~k have respective bases (€) and (») in V and consider the 
lattices of, +---+ and K~oy,+---+ om. Then LZ and K 
are integrally equivalent (written L = K) if and only if there are minimal 
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bases (é’) and (7) for and K respectively such that - é/ = yi nj, and 
this in turn is equivalent to saying that there is an isometry VV which 
carries L onto K. If LZ and K are isometric we write L =K, 1=k and 
AK. We denote the fact that / is associated with L by writing /=D= A. 
We call det(1;;) the determinant of LZ and write it as d(L); this is unique 
but for a factor which is the square of a unit. We assume that all forms are 
non-degenerate: det(Jj;) unequal to zero. 

L is the orthogonal sum of sublattices L, and L.2, written L = L, @ Ln, 
if L, N L, = 0, L, is orthogonal to L., and LZ, and L, together span L. It is 
easy to see that if L—L, ® K, then K, = In. 

The ideal generated by X? as X runs through L will be called the norm 
of L and written N(L). JL is said to be integral if N(L) Co: if L is 
integral, then X- Y e (4)-0 for all X and Y in L. If in addition X-Yeo 
for all X and Y in J, we say that L is totally integral. 


I. Lattices Over Local Fields. 


In this chapter we discuss type invariants, lattices of unit determinant 
and the cancellation law. In general the fields considered will be local fields 
but it will be necessary to indicate certain modifications for different values 
of e. 


2. Canonical representation of a lattice. Our aim is to show that 
every lattice L = 0g, +- - --+ 0, can be expressed in an almost orthogonal 
canonical basis. 


Definition 2.1. +,& a canonical basis for L if 


(1) when e=0:§-&=0 for all and | &? | =| |. 


(2) when e=1: (a) &-& 0 and 17 happens in at most one of 
the cases 7 =i—1 or j=i+1; and &-é; is then an exact power of 7; 
(b) max | &-Z| = max | ZeL, 1SiSn—1; (c) if max|§&-Z| 
=| é?|=max|é-Z|, ZeL, holds for a particular value of i and a 
particular value of 7 (which may be equal to 7), then that &; is orthogonal to all 
k Ai, and so | é&? | = max | &-Z| |. Observe that (a), (b) and 
(c) imply that if A 0 then | &?| < | &- | and | < | eas |. 


We now prove some results for the lattice Z expressed in any basis (é). 


Lemma 2.1. If | &? |= max | é-&|, then there is a sublattice L, of L 
such that L = ® Ty. 


¢ 

] 

4 

| 

it 

K 


O. T. 


Proof. Replace by = = (& —(é.° &)/é°-é.) for alll <1 n. Since 
é,°&/é,? is an integer it follows that L—oég,-+ The 
remark é, - =; 0 completes the proof. 

LemMA 2.2. If the equations + and 
+ a: + = 0 have a simultaneous integral solution (a, B;) 
for all 2<tisn, then there is a _ sublattice L, of L such that 
L= (0, + 0é2) ® 

Proof. Replace each & 2 by + + Bis, and write 

= + of) (0%, - + Q. E. D. 

Lemma 2.3. Let e>0. If L ts a totally integral lattice of unit 

determinant and if N(L) =o, then L has an orthogonal basis. 


Proof. Induction to n. Since V(L) ~o there must be a &; (call it é,) 
such that €,? is a unit. Use Lemma 2.1 and write L—oé,@L,. If 
N(L,) =o, we are through. If N(L,) C (7) -0, let &, & be two basis 
elements of ZL, such that &-&, is a unit (two such vectors must exist since 
d(L,) is a unit) ; L, must necessarily be of the form (og. + 0€;) @ Le since 
&?e(r)-0, allows integral solutions for the 


equations of Lemma 2.2. Then 
of, + + = 0(& + é,) + + = (0(& + &) + On, 


again in virtue of Lemma 2.2. Hence L = oy @ L,* with (é. + 6) e L,*; 
that is, N(L,*) =o. Induction completes the proof. 


THEOREM 2.4. JL has a canonical basis. 


Proof. Induction to n. There is no loss of generality if we assume that 
L is totally integral and contains an X and a Y for which X- Y is a unit. 
If e —0 this implies that there is a basis in which é,? (say) is a unit. 


Case 1. N(L) =o. By the previous remark this includes the case e = 0 
and there is a €, such that | é,7| 1. If e=1 there must still be a €, (say) 
such that | é,7| 1 else N(Z) would not be 0. Then Lemma 2.1 entitles 
us to write L = of, ® L,. The inductive assumption allows us to express L, 
in a canonical basis in such a way that L, —L,* @ L,** where L,* is of 
unit determinant and | Y- Y | < 1 for all XY and Y in L,**. By the induction 
when e—0O, and by Lemma 2.3 when e=1, v0, @ L,* must have an 


orthogonal basis - with the property | ;?|—1 for all Si; 


and L,** has a canonical basis 7j.1,- Then 
L = (om +: (Onin +: + 


is the basis required for L. 
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Case 2. N(L)C(m)-0. Let | &-é&|=—1 (say). Then (7) -0 
and we can therefore apply Lemma 2.2 to express L = (06, + 0&2) ® i, 
replacing é, by &/(&-°&) if necessary in order to ensure that & -&—=7°. 
Induction yields the result and the proof is therefore complete. 

Of course Z will have many canonical bases, but we aim to show that 
it can be characterized in terms of invariants attached to an arbitrary 
canonical basis provided that e=1. Lemmas 2.1 and 2.2 are of practical 
importance ; they are proved in [11, Satz 9.2] but the canonical form estab- 
lished there is not the same as ours and need not satisfy definition 2.1, (b) 
and (c). 


Having expressed LZ in a canonical basis we can write 


(2.1) @L, (x) with s(t) <s(é+ 1) 


where L;(x*%)) is the sublattice spanned by these & for which max | &-Z | 
=| then L; = 78% -1; where 1; is totally integral, of unit determinant 


and either of the form or and s(1) < s(2)- --<a(r). 


Definition 2.2. Lm is a proper lattice if N(Lm) = - 0; 


otherwise improper. 


A glance at the determinant of L,, together with Theorem 2. 4 shows that 
Im has an orthogonal basis if and only if it is proper; if improper, Lm is 
the orthogonal sum of indecomposable lattices of dimension precisely 2. 
Improper lattices do not occur when e = 0. 


3. Invariance of type. In order to be able to attach certain well-defined 
quantities to LZ we first prove the following theorem which we have already 
shown to hold for lattices of unit determinant. Compare the weaker result 
[3, Lemma 2] and the p-adic result of Jones [9, Theorem 35]; observe that 
Theorem 3.1 strengthens [3, Lemma 4]. 


THEOREM 3.1. Let 


be two canonical representations of L. Then s(i) =t(t), dim L; = dim K; 
and N(L;) =N(Ki) (mod 28+!) for all 1. 


Proof. By considering N(Z) we see that s(1) must be equal to ¢(1). 
We suffer no loss in generality in assuming that s(1) =0—¢#(1) and con- 
sequently that N(Z) Co. Let (€) and (7) be respective canonical bases 
for L. First we show that dim L; = dim K; and s(i) = t(i) all i: by defini- 
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tion of L; and K; this is tantamount to proving max | é;-Z | = max | nj Z | 
all j, ZeL. If not, let 4 be the first point of discrepancy: max | §4°Z | 
< max | 7¢°Z |= |-7°|, say. Then expressing (7;) in terms of the (é;) we 
see that 


na = Gabi + + Na 


where max | V;-Z | < | ®| and hence by adding vertically we see that there 


must exist integers A, with at least one A, a unit such that Ty : — ‘Ny 
Now max|N,-Z|<|7°| and provided that y Sd. 
Since one of the A, is a unit this establishes a contradiction and the first 
contention is proved. 

Suppose now that 7 is an integer for which L;(7‘) and K;(z*) are of 
different type: let Ki; on, + be proper. Then there is an Ne JL with 
the property that | N?| = || and |N-Z|=|-*| for all Ze L. We aim 
to exhibit an M orthogonal to &,- --,é 1 such that | M?|— ||. Put 
M = Where A; are integers defined for 7 < in 
the following way: (1) if &-é—0 all kj write A; = (N - &)/é*. Then 
| A; | S| |/| &? | and A; is therefore an integer since j <p. In addition 
| (Aj &)?| S | |/| & | < | since j and similarly | (NV - &)| 
| &? | << |at|. (2) if on the other hand is not orthogonal to &-, 
(say), choose A; and A;, as the integral solutions of the equations 

N+ = Ajo Ea) 
Then | &1°— &1)?| since |&?|<|&-&.| and 
| | << | &-&4]|, (€) being a canonical basis; direct computation then 
shows that | A; | S | |/| &-& | and | Ay. | S| |/| &- & 4 |, so that a; and 
Aj. are certainly integers. Multiplication shows that é + Aja &1)?! 
< | and | 2N- (A;-& + Aja x | art . 

The properties proved in (1) and (2) show that M?= WN? (mod x***) 
and hence | M?| =| |. In addition the d; in both (1) and (2) were chosen 
in such a way that M-é;=—0 all 7 <p. Hence L;(z*) must represent a 
number of ordinal ¢. Consequently L;(z*) must be proper. This contradiction 
completes the proof. 

Definition 3.1. Let Z and K be two lattices having canonical repre- 


sentations 


Lim?) @ and - @ K, (xt) 


3 
4 
Be 
4 
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respectively, with s(1) <<: --<s(r) and #(1) <:+-<t(r). We say that 
L and K are of the same type if s(t) =¢(7), dim L; = dim K; and LZ, and 
K; are proper or improper together, where 1 Sir. We call | =| 
the least divisor of the type and write s(r) = m(L) ; we call | 7] = | | 
the greatest divisor of the type and write s(1) = M(L). 


4, Lattices of unit determinant. We are now in a position to charac- 
terize lattices of unit determinant over fields in which 2 is not ramified. But 
first let us state some well-known lemmas in a form more suited to our 


purposes. 
Lemma 4.1. Lete>0. If «is aunt in F and if X is a vector wn L, 


then the equation (a: X)?=«X? (mod 7X’) always has a solution «. 


Proof. The required is any solution of a? =e (mod 7); this always 
exists in virtue of the fact that the residue class field is perfect, [19]. 

Lemma 4.2. Jf X?==«X? (mod 47: X?), then there ts an ae F such 
that (a-X)? X?. 

Proof. ¢«=1 (mod 4) implies that has a solution « in F by 
Hensel’s lemma [1]. 

Lemma 4.3. Let D=oé,+---+0& and let be another basis 
for V. Then there is minimal basis (f) for L with the property 
GeF-n 


Proof. By induction to n. Write & and 
permute the (é) until | dm, |= max|a,|. Then ZL can be written as 
0B, + 0€, where 2; = Ann’ En) F- Nn-1° 
Induction completes the proof. [See [2], Theorems 1 and 2.] 


Now we give the characterization mentioned above. 


TuHeEorEeM 4.4. Let L and K be totally integral lattices of unit deter- 
minant in the same metric space V. If N(L) =(2):0—N(K) then 
L=K. If e=1 and N(L) =N(K) then L=K. 


Proof. If N(L) and N(K) are both equal to (2)-o then LZ and K are 
maximal lattices [11] of norm (2)-o and hence L=K by [11, Satz 9.6]. 
This proves the first part of the theorem and from now on we can take e = 1. 
There are two possibilities: (1) if Z is proper then N(L) =o —WN(K) and 
K is therefore proper too; (2) if Z is improper then ZL contains a vector of 
norm (2)-o: for if é,,é,- - - denotes a canonical basis for LZ then | €,?| or 


we 
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| € | or |(é. + é)?| must be equal to | 2|; hence N(L) = (2)-0=N(K) 
and this possibility has already been proved. The problem therefore reduces 
to the case (1) where Z and K are both proper: let L = oé, +: - --+ 
and K = of, +----+ of, and proceed by induction to n. 

If we assume that either Z or K does not represent {7} non-trivially 
(let us say ZL) then we can show that Z is precisely K as follows: since L 
and K are in the same space we have ¢; = a5: &, +-° - -+ Gnj* & and suppose 
that | aj; |—max|aj;| is greater than 1; then |(aj?-;)?| S|? | since 
| ai? | S|a| and €;? is integral. But a,*-¢; is an element of L since its 
é coefficient is a unit; its norm is therefore a non-trivial representation of 
{x} which is impossible. Hence a;; must be integral for all i,7. Hence K C ZL 
and since | d(L)| =| d(K)|, L must be equal to K. 

We may now assume that both LZ and K represent {2?} non-trivially. 
First we complete the induction when n is even. Our assumptions guarantee 
a vector X in L such that X* — {7?} and X-é, (say) equals 1. By Lemma 
4.3 we may write +8-&) +--+; then if |a|>1 or 
if |B|>1, |«|— || since and now a-X? 
+B-(X-&)eo and so |B|=1; hence aeo also; it follows that 
L=oé,+o0X-+--- and hence L = + 0X) @ = L, in virtue 
of Lemma 2.2. Then Ly = 0%, + with —1-+ 28, Beo, 2,7 = {2°} 
and =,- =. in virtue of Lemma 4.1. Then 2,— 8-2, e and its norm 
is equal to 1 + {x?}. We now repeat this step and obtain (=, — (8 + ry) - =:)° 
=1+ {7z*}. Hence by Lemma 4.2 ZL, must represent 1. Therefore there 
is a YeL and (by symmetry) a Ze K such that Y7=1—Z?. Then 
L=oY @L. and K =oZ @ K, in virtue of Lemmas 4.3 and 2.1. Now 
L, and K, are in isometric spaces by the Witt cancellation law; they are both 
proper being of unit determinant and of odd dimension; hence L. = K.; 
hence L= K. 

Now let n be odd, n = 3. Once again it is possible to write L = L, @ L, 
with L, ®:--@o=, and Lo +02, where =,? = 
=1, If replace =, by in such a 


way that (2, + yr: =;)? = {2*} (Lemma 4.1) and write 


L= (0(E, Es) + Ls 


by Lemma 2.2. In any case we have L = L, © L; and similarly K = K, @ K; 
where LZ. and K, are proper lattices in 2-dimensional spaces of determinant 
—1-+ {x*}, that is to say of determinant —1. These two spaces are 
isometric [20] and so ZL. = K, since the theorem has already been shown to 
hold for n=2. It follows that Z, and K, are in isometric spaces of odd 


| 
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dimension, are therefore both proper and hence by the inductive hypothesis 
are both isometric. Hence L = K. Q. E. D. 


Note 4.1. This is the first point at which the ramified theory differs 
essentially from the case where 2 is a prime, for in general it is not true 
that two totally integral lattices of unit determinant in the same metric 
space are isometric, even if their norms are the same. However, an answer 
can be given for this case and we will carry this out after finishing the 
unramified theory. 


Note 4.2. The restriction that the residue class field be perfect is also 
an important one and Lemma 4. 1 is fundamental in these discussions. Even 
if e—1, Theorem 4. 4 need not hold with an imperfect residue class field as 
the following example will show: let Q be the rational numbers with the 2-adic 
valuation and extend the valuation to Q[¢] by defining | a) + at +- - - ant” | 
=max|a)| as in [1, p. 26] and then to Q(t) by taking quotients. Let 
Q(t)* denote the completion of Q(t). Then (2¢—1)-2?+ (2¢+1)-y? 
and ¢-a?-+ (4¢?—1)/t-y? are fractionally equivalent but not integrally 
equivalent over Q(t)*. If e=0, the perfectness of the residue class field 
is no longer essential: see [3,4] and Section 6 of this paper. The rational 
p-adic form of Theorem 4. 4 can be found in [9, Theorem 36]. 


5. The cancellation law. Examples [3] show that very little indeed 
can be expected in the way of a cancellation law over a general local field 
and this is especially true if 2 splits in Ff. However, the following form will 
be found useful in the ramified theory: 


THeoreM 5.1. Let L be a lattice having the two decompositions 
L=oé@L, and L=on@K, with and |c|—1. Suppose 
further that |U-W|=|2| for all U and W in L,. Then L, = Ky. 


Proof. Write »=«a°&é+27-X with X a vector in L, having the 
properties X-E€—0 and w?-X#¢L,. If | X?|—max|X-Z|, ZeL,, then 


(oX + YoT)) = oX © = on 0X’ 


using lemmas 4. 3, 2.1 and 2.1 in that order. A determinantal consideration 
shows that (X)? = (X’)*. But and K, = 0X’ 
and so L, = K;,. 

So assume that | X?| < max | X:-Z\, ZeL,, from now on. We will be 
interested in the number e(1— e,)(1 +e). Either (1 + «,) (27) 0 
or (1—e,) ¢ (27) - 0: for instance, 1 + (27) +o implies 1—e, 1+ ¢, 


1 
» 
1 
1 
9 
3 
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— 2, —([2]. By replacing é by —é if necessary we can assume that 
(1+) ¢ (27) -0, that is 2]. 

Let NeL, be such that | X¥-N|—max|X-Z|, ZeL,. Then | X?| 
<|N-X| and so X and N are linearly independent. Applying Lemma 4. 3 
to LZ, permits the expansion @ (oX +0(a-X + f8-N) + 
Suppose if possible that | > 1 or | «| > 1 or both; then L, and 
a1-N¢L, and hence |a@|=| £8]; but |((a-X¥ 
<= |N-X| by choice of N; hence | and so|a|1. Therefore we 
can write L (oX +0N+ SoT,). Since |X-N| X-Ty|, it is 
possible to replace the 7, by (7, — (X -T,)/(N-X)- WN) and if we continue 
to call these new vectors 7, it follows that 


Then L~oé+ 0X + 0N + = 0n + +0N + since 
n= 77-X and since —o(e,'-X). If we now use Lemma 2.1 to 
orthogonalize with respect to oy we obtain 
(5. 2) L =on (oY + 0M + 
where Y — (X-n)-e*-y) and and 
direct computation yields the following equalities: 

Y-T, =0=—X-T); Y? 
(5. 3) 


X:-T,=0 and €-T,—0. 


M? = 
Now write @ (oY y-Y) + where y is defined by 


27(N-X) 

5.4 = 

e(1 + «:) 

Then y is an integer since |N-X|=|2| and |1+a4|/2/2|. Also 
(M--yY)?=N*, (M+yY)-Y=N-X and (M+ yY)-:T,=N-T) is 
easily shown by using equations (5.3) and (5.4). Also X¥? = Y°, X-T, —0 
= Y-T), and 7),-T, =T)-T,. Hence L, and K, are isometric. Q.E. D. 


Remark. Let us examine the previous proof under the following set of 
circumstances: e = 1, Z, and K, are totally integral and of the same type, 
so that N(L,) = N(K,). If | X?|—max|X-Z|, ZeL,, the proof goes 
through. If | NV-X |= | 2], the proof goes through. So let us consider the 
remaining possibility which fails since y in equation (5.4) need not be 
integral: | X?| <max|X-Z| and |N-X|>|2]|. Then | X?| <1 and 
| NV -X | since L, is totally integral and F is unramified. The equations 
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of Lemma 2.2 are therefore seen to have integral solutions when applied 
to oX +o0N+ SoT). Hence +0N) Now write 
L,=L3(r°) @ Ly as in equation (2.1). We have therefore expressed 
L=oé L; Ly, where Xe L; and|U-W|S|2| all U, Win Ly. Then 
of @ L; = on + L; = on @ K; in virtue of Lemma 2.1. An application of 
the cancellation law for fractional equivalence shows that Z; and K; are in 
isometric spaces. But they are also totally integral lattices of unit deter- 
minant and of the same type since V(L,) = N(K,). Theorem 4.4 says 
they are isometric. We can therefore prove the following result which has 
already been established over the rational p-adic integers by Jones and Durfee 
[3, 7, 9, 10]: 


THeoreM 5.2. Lete=1. If L is a totally integral lattice having the 
two decompositions L=L, L, = Ky K, wm which L, and Ky are tso- 
metric and of unit determinant, then L, and K, are isometric provided that 
N(L,) = N(K;j). 


Proof. The case where LZ, and K, are proper follows immediately by 
induction on dim J, from the previous remark. So now assume that L, and 
K, are both improper. Construct a new metric space V @ F’- ¢ with 2? —1. 
Then L* = (of Lo) @ L, = K, has proper first components 
and so L, = K,. Q. E. D. 


CoroLtuary 5.2. If L, and Ky are isometric lattices, but not necessarily 
of unit determinant, and if the least divisor of Ly ts greater than or equal to 
the greatest divisor of L,, and if N(L,) = N(K,), then L, = K;,. 


6. The odd case. The theory of equivalence over fields for which e = 0 
can be made to follow very rapidly at this stage. This has been completely 
worked out [3] so we merely state the results here. We use the notation of 
equation (2.1). 


THEOREM 6.1. LZ and K are isometric if and only tf they are of the 
same type and L, = K; forallt, 1 Sisr. The latter condition is equivalent 
to det (L;) = det (K;) over a local field whose residue class field is finite. 


THEOREM 6.2. Jf L=L,@L,—K,@K,, then L, = provided 
that = Ko. 


7. The space invariants. We are now closer to our goal of obtaining a 
complete set of invariants under integral equivalence and soon we will appeal 


for assistance to the known theory of fractional equivalence. In particular 


i 
i 
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we will assume (using the language of metric spaces) that V and V’ are 
isometric if and only if n(V) =n(V’), d(V) =d(V’) and S(V) = S(V’). 
The notation is as in [20]: n is the dimension of V, d the determinant of V 
(but for a square factor) and S the algebra I (€\?, &.7) where (&) is any 
orthogonal basis for V. We will show that pee invariants apply to local 
fields with perfect residue class fields of characteristic 2: the proof is not 
relevant to these discussions on integral equivalence so it is relegated to the 


appendix. 


8. Two cases have to be discussed: (1) 2 is a prime in F; (2) 2 is 
ramified in F. The second requires a more delicate argument than the first, 
so we will treat the unramified theory separately; in any case we can say 
much more about it. But first we make the following remark in order to 
facilitate working with the S-symbols. 

Remark. If F is a local field for which e = 1, then (1 + 4¢,¢) =1 if « 
is a unit and aeo. Also (1+ 4a,er) =1 if and only if 1+ 4¢ is a 
square in 

Proof. The first part follows immediately if we note that (1 + 4a)xr* + ey" 
always represents 1. The second follows if we observe that (1 + 4a)r* + ery? 
does not represent 1 unless (1 + 4a) is a square. 


II. The Unramified Theory. 


Throughout this chapter we will assume that | x | =| 2 |. 


9. Continuous lattices. Let us consider the canonical form 
L=L,(r) ®---@L,(x*) obtained in equation (2.1). We saw in 
Section 6 that over certain local fields the Z; are independent in the following 
sense: if K,(7®™) @- - -@® K,(x*™) is another canonical form for L, then 
Li(x®) = K;(x*). This is not the case when | 2 | < 1 unless the differences 
s(t +1) —-s(t) are large enough; otherwise the LZ; become interwoven and 
we shall then have to study larger blocks than the mere L:. To this end we 
make the following definition: 


Definition 9.1. JL is said to be a continuous lattice if: (a) s(«+1) 
= s(t) + 1, for all 7 satisfying 1 [i= r—1; (b) the LZ; are proper for all 
2=t1=r; (c) L, is either proper or improper. If LZ, is proper we say that 
L is entirely proper. 

This notion is weli-defined by Theorem 3. 1. 
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THEOREM 9.1. If L and K are entirely proper continuous lattices in V 
and if they are both of the same type, then L = K. 


Proof. We can take 78) = 7° and we can assume that r > 1 by Theorem 
4.4. First let Then there is an X in LZ such that X? —1-+ Az, 0, 
in virtue of Lemma 4.1. We want an X with Ae(m)-o. To that end 
assume that the A found above is a unit and let Y be orthogonal to X 
and such that Y*?—Amw-+ {x}; by Lemma 4.1 such a Y must exist. 
Then (X¥ + Y)2?—1-+ {x?}. We can repeat the argument for K. Then 
L=oZ, @ oZ, and K = 0U, @ oU, with Z,? = 1+ and U,?=1-+ fr’, 
both « and @ being in 0. Apply the S-symbols to L: 


S(L) ~ (1+ —d(L)) (d(L), d(L)). 


Then 1~ S(L)-S(K) ~ ((1 + an?) (1+ Br*?), —d(L)). Now | —d(ZL) 
=| 7 |, hence (1 + (1 + Br’)3e F by the remark of Section 8. Hence 
(1 + ar?) = (1+ Br’) and therefore L = K. 


For n > 2 it is convenient to separate the following two cases: 


Case 1. r—2, dimZ,—1: Then dimZ,>1. Write L—oé, (0& 
with &? + and then replace é by = + ar: & 
in such a way that =? —2(1-+ {}): that this is possible follows from 
Lemma 4.1. Now replace é, by =, = (&— Be) (He?) Be); then 
L=v=, @ @ Pos since (Be?) Applying 
Lemma 4.1 again, we see that =, can be replaced by =, -+ Bré, so that 
+ Bré,)? = + Then in virtue of Lemmas 4.2 and 2.1 we 
see that L = o\ @ L, with X? — 7 and similarly K = oY @ K, with Y? =z. 
Then LZ, and K, are still entirely proper and so L, = K, by induction and 
hence L = K. 


Case 2. r=—3 or dimZ,>1: As in the case n=2 we can write 
with {7}. Since r=3 or dimL, >1, 
there is a Z; (i= 2) such that (Z, + aZ;)? =1-+ {x*} with |a|—1 or 
la |= We can therefore write L ~o0(Z,+ 2Z;) L, in virtue of 
Lemma 2.1, where Z, is still entirely proper; and using Lemma 4. 2, 
@ L, with Z?=1. And similarly K @ K, with 2? 
and K, entirely proper. Then Z, and K, are in isometric spaces of dimension 
n—1; by induction L, = K,; hence L = K. Having considered all possible 
cases, the proof is now through. 


THEOREM 9.2. Any two continuous lattices of the same type and in 
the same metric space V are isometric. 
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Proof. Again take 7°“) = 7° and use induction ton. We may take r > 1 
by Theorem 4.4. Express Z in a canonical basis: L = (of, + 0&2) @ Jy. 
If F-é,+ F-&, represents 0 non-trivially, do not proceed further. If not, 
then £,> = ar, « being a unit. Since 7 > 1, we can choose an A orthogonal 
to €, in such a way that X¥? = a7 + {7} in virtue of Lemma 4.1. Then 
write L = (0(é, + X) + 0é:) @ Le = L, @ Lz, which can be done by Lemma 
2.2. Moreover L, represents zero non-trivially since d(L)) =—1. Similarly 
for K = K, @® K.. Then L, = Ky by Theorem 4.4. So LZ. and K, are in 
isometric spaces and hence L,=K>,. Therefore L = K. 


10. Congruence of lattices. Let us prove some fundamental lemmas 
which we will need in the next section. By an 7i-dimensional lattice in V 
we mean a subset of V that is a lattice in some t-dimensional subspace of V. 


Definition 10.1. If ZL and K are two i-dimensional lattices of V, we 
say that L = K (mod x”) if there is a transformation A such that AV = V, 
AL=K and AX-AY=X-Y (mod) for all X and Y in L. 

We will not need this definition until much later. We mention it here 
because of the analogy between it and the sharper conditions (2) of the 
next two lemmas. 


Now let LZ have the matrix (1) a Then by simple changes of 
T 
basis and using Lemma 4.1 we have L = 4 with 
1 {x} 1 


1 


aeo. Put J =(7 Contention: =J. For if ae(7)-o then Z and 


J are in spaces of determinant (—1), hence in isometric spaces and hence 
L =J by Theorem 4. 4. So now assume that « is a unit. Then d(L) = d(K). 
Also S(L) ~ (azn, ar) - (ar-d(L),d(L)) ~S(J). Hence L and K are in 


isometric spaces and so once again L = J. 


Lemma 10.1. Jf L and K are two i-dimensional lattices of V, both 
having the same least divisor |x|, and if there is a transformation A of 
V onto itself with the properties: (1) AL—=K; (2) tf X and YeL, then 
AX - AY =X-Y (mod x") and (AX)? = X? (mod r™**); (3) d(L) = d(K); 
then L is isometric to K. 


Proof. By induction to 7. We use the notation of equation (2.1). 
There is no loss in generality if we assume that s(1) —0 for Z and that 
both Z and K are totally integral. If 1—1 there is nothing to prove. If 


1 
= 2 and LZ is improper, then ) by the contention proved 
T 


| 
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above and so K = 1 
ae (r)-o, then d(L) =—1=d(K) and Theorem 4. 4 carries us through. 
If | «| —1, the result follows from the contention proved above. 

We can now start the induction for general 1, but distinguishing the three 
cases : 

Case 1. r= 1 and is proper: Write L = 06,@- - 06, OL. 
and then K = 0(Aé:) + 0(A&) = 0m + 0m) = 0m Ke, 
where 7, Ag, and = Ag; (Ag, AG) Ag, for 25752. 
Then it is easy to see that = é,;? (mod and that é;- & = m (mod z). 
Now write K + + 072 0m With oa chosen so that 
(m + ar: y2)* = €": this can be done in virtue of Lemmas 4.1 and 4. 2, 
observing that 7° = (Aé,)* = (7) (mod z’). Now use Lemma 2. 1 to write 
K + ar- 2) @ Then K,* and L, have the properties enunciated 
in the statement of the lemma, hence L, = K.* and soL=K. , 

Case 2. r= 1, improper: Express canonically: 

L = (0é; + vé2) (og; +- + 0&) @ ly. 
Then it is possible to write 
K= + 0(Aégz)) (Y0(AE + % (AE) + = Ko Ky 
where «, and £), are determined by Lemma 2.2 and are therefore in 
Then = and we can apply induction to Z, and K, to 
obtain L = K. 

Case 3. r > 1, L, (2%) proper: This is almost the same as Case 1, except 
that m > 0. We get K = on, © Kz as before. Then 7,7 = é,? (mod hence 
m” = &7, hence L = K. Q. E. D. 

Definition 10.2. If is a canonical form 
for L, we say that L is a proper lattice if L,(2*”) is proper; we say that L is 
improper if L,(7*”) is improper. 

The reason for this strange definition will become apparent in the next 
two sections. 


Lemma 10.2. Jf L and K are two i-dimensional lattices in V, both 
having the same least divisor |x|, and if there is a transformation A of V 
onto rtself with the properties: (1) AL—=K; (2) AX: AY=X-Y (mod 
and (AX)? =X? (mod x") for all X and Y in L, wherewo=m-+1 if L 
is improper and » =m + 2 tf L is proper, then L and K are isometric. 


Proof. An inductive argument yields d(L) =d(K). Now apply Lemma 
10. 1. Q. E. D. 


| 
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11. Discontinuous decompositions. In Section 9 we pointed out that 
the L,(2*)) would be too small for our purposes and we accordingly intro- 
duced larger blocks which we called continuous lattices. It is clear how to 
subdivide a lattice L = L,(x7*) - - L,(r*™) into continuous lattices 
of maximal dimension. Let us write the subdivision L = M(1) @--- ® M(q). 
If L = M’(1) ®- - -@ M’(q) is another such decomposition, it is clear that 
M(i) will have the same type as M’(7), but it is still not true that M(t) 
must be isometric to M’(i). However, it will not be difficult to show how 
the M(i) change when we pass to the W’(i). To that end we make the 
following definition: 

Definition 11.1. Consider the decomposition L = K @ J. We say that 
this decomposition is discontinuous if either (1) K is improper and 
-9 N(J) or (2) K is proper and DN(J). We call 
the decomposition semicontinuous if (3) K is proper and (7”%**)) - 9 = N(J). 
The notation is an in Definitions 3.1 and 10. 2. 


Lemma 11.1. Let L and K be two lattices with discontinuous decom- 
positions L=L(1) @ L(2) and K=K(1) @ K(2) such that L(1) and 
K(1) have the same type. Then L = K if and only if L(1) = K(1) and 
L(2) =K(2). 

Proof. The sufficiency is clearly true. To prove the necessity we can 


assume that J — K and then 
L—=L(1) L(2) = (06: +08) © +> + 
L=K(1) K(2) = (om + om) (Opies + On) 
in the canonical bases (€) and (7). Then 


1 + + N,=#2, + N, 

where ajeo since ne L. Also | by Definition 11.1 and 
similarly | |< all Ze L, being m(L(1)) +1 or m(L(1)) + 2, 
depending on whether L(1) is improper or proper. 

Now it is clear from equation (11.1) that | det(oZ,+-- --+0%;)| 
= | det(K(1))| =| det(Z(1))|. Hence 02%, +---+02,;—L(1). Define 
AZ; = n; for all j S17 and extend it to a transformation of V onto V. Then 
nv ===; (mod rt) and =n (mod 7”); hence (AX)? =X? 
(mod and AY-AY =NX-Y (mod for all XY and Y in L(1). The 
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conditions of Lemma 10.2 are satisfied and so L(1) =K(1). Applying 
Corollary 5.2 yields (2) = K(2) and the lemma is proved. 

Lemma 11.2. Let the lattice L have two semi-continuous decompositions 
L=L(1) @L(2) and L=K(1) @ K(2). Then d(L(1))/d(K(1)) =1 
(mod 2?) and 
(d(L(1)), E(L(1) S(Z(1)) 

(d(K(1)), word (1) )+m(K(1))) S(K(1)) 


provided that L(1) and K(1) are both of the same type. 


Proof. We obtain the system of equations (11.1) in the same way as 
before. Then ajeo and | N;? | and similarly | N;-Z |< | 
all Z in L. Once again L(1) =0Z,+-:---+ 02; In addition it is easy 
to see that d(Z(1))/d(K(1)) =1 (mod x’) by considering the determinant 
of =,) where =, =m — J). 

Now suppose for the moment that d(L(1)) =d(K(1)). Define 
AZ; =n; for j Si and extend it to V. The conditions of Lemma 10.1 are 
satisfied and so L(1) = K(1), hence 


(11. 2) 8(L(1)) ~S(K(1)) 


and hence the lemma is true. 

If on the other hand d(L(1))/d(K(1)) =a? + en’, « being a unit, it is 
possible to write 
(11.3) L=(0f +---+ 0(& + @ L(2)* = L(1)* @ L(2)*, 
aeo, where é;,, has norm | &,,7 | = | 7’"*® | in virtue of Lemma 2.1. Now & 
and therefore (& + a&,,) is orthogonal to all the remaining &,-- -,&, 
since the original decomposition was semi-continuous. Hence, with the aid of 
Lemma 4.1, an «eo can be chosen in such a way that d(L(1)*)/d(K(1)) 
=a? + {7r*} and therefore d(L(1)*) =d(K(1)). 

teferring to equation (11.2) we see that 

S(L(1))-S(K(1)) ~ 8(L(1)) 8(L(1)*). 
Direct computation shows that 
S(L(1))-S(L(1)*) ~ (—d(0é, - + 0&1), d(L(1)*) -d(Z(1))) 


and this is the same as 


(qord -d(K(1))) 


since 


d(L(1))d(L(1)*) = d(L(1))d(K(1)) =1-+ {2°}, 


| 
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in virtue of the remark of Section 8. Hence the second part of the lemma is 
generally true. 


12. Complete set of invariants. We now have enough available to be 


able to tell whether two lattices are isometric or not and we tie these results 


together in the form of a complete set of invariants. We will work with the 
decomposition L = M(1) ®: --@M(q) given in Section 11. Let K be 
another lattice in V having the same type as Z and with the decomposition 
K=P(1) @---@P(q). 

If we consider the decomposition L = Z(1) @ L(2) where 


L(1) =M(1) @- --@M(j) and L(2) =M(j +1) M(q), 


then it is easy to see that this decomposition is either discontinuous or else 
semi-continuous. Hence, if L = K it follows from Lemmas 11.1 and 11. 2 
that 


d(M(1) +: --+M(j)) 
d(P(1) +--+ -+P(j)) 


holds for any j, 1=j Sq, y(j) being 2 or 3 depending on whether the break 
from j to 7 + 1 is semi-continuous or discontinuous. In addition 


is the same for both lattices, if m(j) denotes the ordinal of the least divisor 
of M(j). 


We now show that the converse is true by using induction to g. Let 


(12. 1) = 1 (mod nV‘i)) 


M=M(1) = 08.+---+ 08 
and let 
P= P(1) P(q—1) =om om, 


the bases being canonical. If the break from g—1 to q is discontinuous, 
then d(P) =d(M) and 8(P) ~ 8(M) and hence, by the induction, P = M. 
Then P(q) and M(q) are continuous lattices in isometric spaces and hence 
isometric by Theorem 9.2. Hence L = K. 

If, however, the break from g—1 to q is semi-continuous, we must 
proceed with a little more caution. Exactly as in equation (11.3) we can 
change é; into ¢ + aé;,, so that ZL now appears as 


L=M(1) @---®M(q—2) M(q—1)* @ M(q)* = M* M(q)* 


in such a way that d(M*)=d(P). Then direct computation yields 


| 
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S(M) -S(M*) ~8(M)-S(P) and hence M* = P, by the induction. Then 
M(q)* = P(q), being continuous lattices in isometric spaces. Hence L = K. 
We can therefore formulate the invariants in 


THEOREM 12.1. A complete set of invariants for L is gwen by 
(1) the type of L 
d(M(1) +---+M(j)) 
2) (4 


(1) (5) ) +7 (9) 
(3) (ord d(M(1)+---+M (4) )+m(j) d(M(1) + + M(j))) S(M(1) + M(j)) 


forall j, 1 Sj Sq, y(j) being 2 at a semi-continuity and 3 at a discontinuity. 


III. The Ramified Theory. 


13. We now discuss the ramified case and we aim to show that two 
totally integral lattices Z and K of unit determinant and in the same metric 
space V are isometric, provided that they represent the same numbers. The 
main difficulty will be in the case of improper lattices and our plan is to 
settle (1) the 2-dimensional case (2) the 4-dimensional improper case (3) 
the general improper case (4) the general case. 

We observe that the problem is already solved in Theorem 4. 4 whenever 
N(L) = (2) -0 and we accordingly introduce this notation: v will denote the 
integer defined by N(L) = (z”)-o and we will assume that v < e; unless 
otherwise stated we will make the further assumption that 0 << v <e. 


14. Two-dimensional lattices. Throughout this section LZ and K will 
stand for improper 2-dimensional lattices of unit determinant with norm 7’ 
where 0 <v< e. We shall show how to reduce such lattices to a certain 
standard form. 


LemMMA 14.1. Let L =ové, + 0& be an wmproper lattice of unit deter- 
minant such that | &? |= || and &-&—=1. Then there is an X in L 
such that L = 0g, 0X, &-X =1 and X? = [r"] where (>v) ts such 
that either » = 2e—v or else p+ v is odd. 


Proof. Express L =oé,-+ 0Y with é,-Y =1 and such that | Y?| is 
least for all such Y. If ord Y? = 2e—-»y or ord Y? + v» is odd, we are through. 
So assume that ord Y? < 2e —v and that ord Y?+ » is even. In virtue of 
Lemma 4.1 there is a unit « such that 


(14. 1) (até, )? == Y? (mod 


| 
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where r= 4(ord Y*—vy) and az” is of course integral. Put Y + ané, 
and then L = of, + oX. Then | X? | = | + + 2an"&,-Y | <| 
by equation (14.1) and since | 2aré,-Y|<|Y?|. Also &£,-X =—8 is 
a unit. Hence L —oé,-+0(8'X) has the properties (8*X) —1 and 
|(8*X)*| <|¥?|. This denies the minimality of | Y? | and therefore proves 
the theorem. Q. E. D. 


Remark 14.1. If the » of Lemma 14.1 which corresponds to the lattice 
L is such that » < 2e—vy and if K is another lattice with d(K) =d(L) 
(mod 4) and N(L) = N(K), then the »(K) corresponding to K is equal to p. 


Proof. Let us assume that »(K) > if possible. Then d(L)/d(K) 
= 1+ [7**”] is a square (mod 4) and so 1 4+ =(1 + 
(mod 4) ; direct expansion shows that this is impossible if vy + » is odd and 
less than 2e. Q. E. D. 

Notation. Let c’s denote fixed representatives in o of the residue class 
field 0/(2)-o with the convention that 0 shall be the representative of the 
zero residue class: thus c’==c” (mod 7) if and only if ¢ —c’”. 


Lemma 14.2. If L=oé, + o€ with | &? 
in L such that L = + 0X, and 


where 2k + 1 = 2e—»y. 


=|’ |, then there is an X 


Proof. There is nothing to prove if »22e—v; so assume that 
pp < 2e—v. Suppose that we have achieved c, = == ¢; =: = Cy, 
when J is written in the form 


+ oY: VY? = (€) + Com? ++ + a4; Y =1. 
We aim to find a U such that L = 0€, + 0U, U- Y = 1 and 
provided that 2i-+y4+1< 2e—». 

If de (xr)-o we are through. If not, there is a unit a such that 


== (mod where r= 1—vr) in virtue of 
Lemma 4.1. Put L=oé,-+ 0Z where Z=Y-4+ an'é,. We contend that 


(14. 3) Z? (Co + Com? 4 {7442} ) 


We have Y? + a*x*"é,? equal to the right hand side of equation (14.3) by 
choice of ar"; in addition 2i-+ » + 1 < 2e—v implies that 


(14. 4) 
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by definition of r; and so 2ar’é,-Y © (w7#*#*?)-o9. Hence equation (14. 3) 
holds. 

Now write U = Z/(é,-Z) and L = 0g, oU. Then é,-U =1. In addi- 
tion, equation (14.2) is satisfied: for 


and 2v+ 2rZ2%+yp+2andyv+r+e=%+y-+ 2, by equation (14. 4). 
We have therefore shown how to pass from Y to U. If we repeat this 

process sufficiently often we arrive at the XY mentioned in the statement of 

the lemma. Q. E. D. 


THeEorEM 14.3. Let L and K be two 2-dimensional lattices such that 
N(L) = (x”)-0=N(K). If there ts an X in L and a Y in K such that 
X? = er” = Y? and tf in addition d(L) =d(K), then L is isometric to K. 
The result also holds when e =v. 


Proof. Applying the invariants of Section 7 we see that Z and K can 
be taken in the same metric space V. If ye an easy computation shows 
that Z and K are maximal [11, p. 50], and the theorem follows from [11, 
Satz 9.6]. So we can assume that y<e. In virtue of Lemmas 4. 3, 14.1 
and 14.2 we can write L—oé,-+ where and 
== (Cy + + + In virtue of Lemmas 4. 3, 
14.1, 14. 2 and the Remark 14. 1 we can write K = on, + on, where 7,7 = en’, 
m* = 1 and qo? = (do + dow? ++ + + B(x**”). Contention: 
all i. If not, let 7 be the smallest integer for which d2;+- 
then | d.;—c.; |= 1. Since the determinants differ by a square factor we 
have 

= (—1 + + - (1 + Ar)? (mod , 
Hence 
(14. 5) | 


2An |. 


= | — C25) 


The ordinal of the left hand side of equation (14.5) is odd and less than 
2e; that is, | A’x?-+ and therefore | A?x? + | =| A?x? |. 
Hence the right hand side of equation (14.5) has an even ordinal. This 
contradiction establishes the contention. 

Now we must deal with an**” and Bre”. The a and £ are integers; if 
%—=£, then L = K and we are through. So assume that «8. Define 
an f such that (8 — a) has ordinal either — e or — ¢ —1, the choice being 


made in such a way that f+y is even. Clearly f2e>v. Define a new 


| 
| 
| 
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metric space V* = @ V with = (8 — and put L* of L and 
K* =o0f @K. According to Theorem 5.1 it suffices to prove that L* = K*. 
Write L* with and r—}(2e+f—yv). 
Then r=e-+1. Also (0é, + 0%.) = (0m: + on2) by the contention proved 
above and by choice of and r. If we apply Lemma 2.2 we can write 
L* = 0(f + aé, + bE.) @ (0€; + oF.) since it can easily be checked that a and 
b are integers. A determinantal argument shows that ¢? = (¢ + aé, + bz.)?. 
Hence L* = K*. Hence L= K. Q. E. D. 


14.3. Jf L=of, +08 with &°&—1, 
= {27}, y being Ze +1, and if K + On. with m2? = air” + {1°}, 
m* 2 =1, no”? = {x7}, then L=K provided that d(L) =d(K). 


Proof. Since y= e- 1 there is an integer 8 such that (m: + 82)? = a:x’. 
The result then follows from Theorem 14. 3. 


Lemma 14.4. Jf L=K (mod then L=K. This result also 


holds when v =e. 


Proof. Case 1. ve: We can write L—oé,+ with 
=1, where «, and are units. Since K = L(mod 
it is easy to see that K can be written as on; + one with m7 = er” + {27}, 


m1 =1, 42? = €or” + {2-1}, Successive application of Theorem 14. 3 


and Hensel’s lemma yields 


Case 2. v==e: The same argument applies if d(l)#—1. If 
d(L) =—1, then d(K) =—1, and the result follows from the result on 


maximal lattices [11]. 


15. Congruence of lattices. Although we will not have occasion to 
refer to it in this paper (in view of the sharper results at our disposal for 
lattices of unit determinant) we mention here a useful application of 
Section 14 to lattices of arbitrary determinant. It follows from Lemma 14. 4 
that if LZ = K (mod 7+"), then L = K; this is also true for 1-dimensional 
lattices. Hence we obtain by induction the following result of Durfee 


[3, Theorem 2]: 


THEOREM 15.1. Jf L and K are lattices in the same space and of least 
divisor |x" |, then L=K if L=K (mod 
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16. Four-dimensional lattices. Having completed the two-dimensional 
case, we now concentrate on the four-dimensional improper case. We con- 
tinue to use the same notation for y. First some lemmas: 


Lemma 16.1. If X and Y are orthogonal vectors in the integral lattice 
L and if X? = [x], Y? = [2], + p being odd and q < p, then there is a 
unit a and a Be (3-9) - 9 such that (aX + BY)? =x? + {279}. 


Proof. By Lemma 4.1 there is an a such that (aX)? =a? + {a?**}. 
Suppose that we have found @ and @ such that («X + BY)? =z? + ex’ with the 
greatest possible r: to prove that r= 2e + q. Let us assume that r << 2e+ q; 
we will establish a contradiction by producing a new 2 and £ with a bigger r. 
Case 1: r+ p is even: By Lemma 4.1 there is a unit A such that 
A?xt-?X? = er" (moda). Then ((% + -X + BY)? = x? + {x}, 
by choice of A and since | 2¢Azi(-»)- X? | < | a" |, r being less than p+ 2e. 
This denies the maximality of r. Case 2: r+ q is even. This follows in 
the same way as Case 1. Q. E. D. 


Lemma 16.2. Under the same assumptions as Lemma 16.1, there exists 
a unit B and an integer a such that (aX + BY )* = a,x + {2¢*9}, provided 
that Y? = a,r% + {x} where a, 1s a unit. 


Proof. Similar to proof of Lemma 16. 1. 


A special change of basis. Let L = (oX,+ 0X2) @ (0X; + 0X4) be 
an improper totally integral lattice of unit determinant. Consider the 
following changes of basis in which |«|—1 and geo: 


L = oX, 0X 0(eX; aX ox, (oY, oY.) (oY; oY ,) 


where Y, = X¥,+ AY,+ BY,; Yo=X.+A’'Y,+ Y3—=eX¥3+ 2X; 
Y,=— X,, the (integers) A, A’, B, B’, being determined by Lemma 2.2. We 
denote this change of basis from (X;) to (1’;) by the symbol op(X; > «X3 + 4X1) 
and write Y;—op(X;); this symbol is defined for any unit e« and for any 
integer a; in fact we can make preliminary estimates on the magnitudes of 
the A’s and B’s by solving the equations of Lemma 2. 2 to obtain 


(16. 1) 
| A’ | | | =| a]. 


Observe that op(X,) -op(X-.) is a unit. 


Definition 16.1. A two-dimensional lattice is a null lattice if it has a 
basis = o€, + o€ for which = 0 = €,” and é,-& = 1. 


? 

? 

0 

? 

? 

? 
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Notation. If L is any totally integral lattice of unit determinant, 
dim L = 3, N(L) = (x”) -0, OS ve, we define » = min ord X?’, the mini- 
mum being over all X in LZ having the property ord XY? + » is odd, provided 
that the » obtained exists and is less than e; otherwise take »—e. When 
ther: is any risk of misunderstanding we will write »(Z) for p. Note that 


if » + y is even, then w must be e. 


LemMMA 16.3. There is a decomposition L=L, @® L, for L such that 


(16. 2) Ly, = ( 1 eat and L, = ( 1 eka 


in which (1) L, ts null and yZe +1 when p+ v is even; (2) y= p when 


p+v ts odd. 


Proof. There is a basis L (og, + (of; + in which (by 
Lemmas 4. 3, 2. 2) 


(16. 3) = —1; and {2’}. 


The second component can then be made to take the form &,? = [x*]; 
= 1; © 0 in virtue of Lemma 14.1. Of all minimal bases (€) 
satisfying the equations (16.3) and having é,?e (7“)-0, choose one for 
which A is greatest (possibly 0). Then AZy. For if not, A+ v would 
be even by definition of »; then there would be an a eo such that 
(Es + - - 0; apply op(X; X, + @X,) on this basis with ¢ = a; 
then (op(X,))? = [’] by equations (16.1). This is a contradiction and 


up. 


Case 1. andvy+e is even: Then A> e and + is there- 
fore null. Applying Lemma 14.1 to (og, + 0é.) completes the proof of this 


case. 


Case 2. »-+-v is odd: We first show how to achieve A= uy by suitable 
changes of basis. If (o0¢, + o0€,) represents [x] (e.g. when » =e), we are 
through. If not, then (og; + og.) must represent [7“] and we can therefore 
write 0€; + = 0m: + On2 with 9,7 = m1 = 13 = in virtue 
of Lemma 14.1. If we apply op(X;—~ X; + to the basis (m1, y2, 


we obtain 


in the basis (£,, £2, £3, £,). Of all minimal bases (¢) having the form of (16. 4), 
choose one having a maximal 8. Then 8 = 2e—un, for if B < 2e — yp then 
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8 +» would be odd by Lemma 14. 1, and an application of op(X,— X, + «X,) 
with a suitable « would lead to a contradiction. 

To show that 6 can be taken equal to 1: by Lemma 16.1 we can find 
a unit and an integer such that (ef; + a€,)? a+ Apply 
op(X;— «eX, + 4X,) and call the first component Lo, the second L;. Then 
[, has the required form by Lemma 14.1; and L, has the required form by 
Lemma 14. 4. Q. E. D. 


LemMa 16.4. If L and K are lattices in the same metric space and 


have the forms 


respectively, and if 4+ v ts odd, then L = K. 


Proof. Let L have the form (16.5a) when written in the basis 
L = (08, + 0&) ® (o0€; + 0). By Lemma 16.1 there is a unit e and an 
- o such that (a, + + ; apply op(X3;—«X3 + «X,) 
to this basis with these values of a and e«. Then (op(X3))? = a + {x+”} 
and (op(X,))? = a:7” + {27°} by equations (16.1). Then applying Lemma 
14. 4 to both of these new components for LZ shows that LZ can be written in 
the form (16. 5b). Call this decomposition @ L,. LetK—K, @ K, 
be a decomposition of K corresponding to the form (16.5b). In virtue of 
Theorem 14.3 it suffices to prove that d(LZ,) =d(K») and d(L,) =d(K,) 
and this amounts to proving that d(L,) =d(K,) since d(L) =d=d(K). 

To prove d(L,) =d(K,) we take S-symbols. Direct calculation shows 
that 1~ S(L)-S(K) ~ (d(L,) -d(K,),—a,dr). Utilizing the remark 
of Section 8 we see that this can only occur if d(Z,) =d(K;,) since 
d(L,)-d(K,) =1-+ {4}. Q. E. D. 


THEOREM 16.5. If Land K are improper 4-dimensional lattices in the 4- 
dimensional metric space V and have the properties: (1) N(L) = (x”)-0 
= N(K); (2) »(L) =p—pn(K); (3) corresponding to each Y in K with 
Y? = there is an X in L such that X?=Y? Then L= K. 


Proof. We can assume thate >v. If »-+ vis even, then » =e and the 
result follows from Lemma 16.3 and Corollary 14. 3; we can therefore assume 
that »+ v is odd. By Lemma 16.3 we can write K = K, @ Ky with 


ar 1 al 1 K 1 


(16. 6) K, 


IR 
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where a, and a, are units and A=y. Now apply Lemma 16.3 to LZ to 
obtain L=—L,@ Ly. Then Lo must represent a,7” + {x} since L repre- 
sents this quantity and since N(L,) = (z“)-o. Hence we can find bases 
LD, = + and Ly = + in which LZ has the form 


[ar] 1 ) + 1 ) 
(16. 7) L = ( 1 1 


where »= TS. By Lemma 16.2 there is a unit « and an integer a such 
that + = + Apply op(X;— + «X;) to the basis 
(€): then (op(X,))? = and (op(X3))? = a,x” + by the equations 
(16.1). Now apply Lemma 14.4 to the resulting second component after 
the application of the above operation and we see that LZ has a basis (€) in 
which LZ has the form of equation (16.7) with 60. Of all bases (€) having 
this form, choose one in which [ is maximal. Then T must be = 2e—v: 
for if [ < 2e —», then T+ » must be odd, using the argument of equation 
(14.3); in that event, [T+ y would be even and an application of 
op(X,—«X,+ aX,) would lead to a contradiction. Hence I'= 2e —v. 
Hence we have L = L,* @ L,* with d(L,*) =d(K.) (mod 4) and hence 
d(L,*) =d(K,) (mod4) and hence d(L,*) =—1 (mod4). Now L,* 
represents [7] and a determinantal consideration (compare Remark 14. 1) 
then shows that L,* = 
it 


by applying Lemma 16. 4 to L,* @ L,* and Ky @ K;. 


) The proof of the theorem follows 


17. The general improper case. We now consider general improper 
lattices Z of unit determinant. Most of the labour has already been done 
and we need only show that the general case reduces to the case of dimension 4. 
By Theorem 2.4 we can write L = > Ly) where the LZ) are improper and of 
dimension 2. Then it is possible to write L=L, @® L.@® ¥ Ny where L, 
and L. are of dimension 2 and the NV, are null lattices: this can be achieved 
by successively applying op(X;— eX; + «X;) but we have manipulated with 
this operation often enough to be able to omit the details of the proof. 

Now let Z and K be lattices of arbitrary dimension but otherwise 
satisfying the conditions of Theorem 16.5. Reduce Z and K to the forms 
L,@Ll.@> and K, Then L, @ L. and K, Kz are in 
isometric spaces [20] and also satisfy the remaining conditions of Theorem 
16.5. Hence they are isometric. Hence Theorem 16.5 holds for lattices of 


arbitrary dimension. 
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18. The proper case. We carry over the notation for » and v: in this 
case v will always be zero and yp can be even only when »~e. The proper 
case will be made to depend on the improper case. We state without proof 
the fact that a proper lattice L = og, ®- - - @ o€, with | &?| —1 can be 
written 


(18. 1) 


where L, is proper and of dimension = 2, the N) are all null and ZL, is of 


1 
the form ¥ et 
1 


the proof is similar to the argument of Lemma 16. 3. 


) when pw is odd, and is the null lattice when yp is even: 


Lemma 18.1. Jf L and K are proper lattices of unit determinant and 
of odd dimension in the same metric space V and if p(L) =p(K), then 
L=kK. 


Proof. If w is even the proof is immediate from equation (18.1). 
So assume that w is odd. Again referring to equation (18.1), we can write 
L=oé, ® (0€ + 0&5) } Ny and K = om + + Ny. In fact 
we will prove that + and on, + O73) are isometric, so 
let us denote these by Z and K and assume that dim V = 3. 

Define an integer f equal to e or e + 1, the choice being such that f is 
odd. Construct the new metric space V* = F'-{ @ V with €? =a and put 
L*=of L and K*=—of@K. By Theorem 5.1 it suffices to prove 
L* = K*, 

By Lemma 4. 1 there is an integer a such that (€; + a’{)? © (1?¢#*1) - 0 
where 27 = 2e —p+f. Write L* = vé, (of + 023) where 2; = 
+ an"~. Then the equations of Lemma 2.2 have integral solutions when 
applied to of, + and we can write L* og, (0 + 0Z;) where 
=—1. Similarly K* oY 0H;). Then 
+ = 0n2 + by Theorem 14.3. Let Z? and é,7 then 
a determinantal consideration shows that and —e.8 where 
§5—1-+ {4}. Now the S-symbols of of; © oZ and on, ® oY must be equal 
and direct computation yields 1~ (8,7) and 6 must therefore be a square 
by Section 8. Q. E. D. 


Lemma 18.2. Jf L and K are of even dimension, then L = K provided 
that (1) p(L) =p(K); (2) L and K represent the same units. 


Proof. Since LZ and K are in the same metric space, there is nothing 
to prove when n=2. So assume that n=4. By a slight modification to 
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equation (18.1) we can write Z in the form of equation (18.1) with L, of 


the form 
1 


therefore odd) when p is even. Then 


(18. 2) L = (a) (b) @ 


) where y =» when yp» is odd and y=e-+1 (and is 


in the basis (€). Then of all bases (y) for K having the form of equation 
(18.3), choose one in which A is maximal: 


(18. 3) K = (a+ [r4]) (0) 


Contention: A oo. For A must be = yw since om: + on representa (mod 7“) ; 
and A cannot be even, for we could then write on, ® on. = 0(m + a2) ® oH, 
with « so chosen (by Lemma 4.1) that (m + &2)?==a (mod r“**) ; it re- 
mains to consider A odd and =y; we could then write 0; ® (073 + on) 
= 0(m + a3) Ki* so that + a3)? ==a (mod by Lemmas 4. 1 
and 2.1 and it is easy to verify that m(on3 + on) =p(K,i*) and hence 
(equation 18.1) that on, @ K,* could be written in a basis having the form 


Y 
1] . Hence A must be o in the basis . Then we can 


apply Lemma 18.1 to +- and on, 0m. Hence L= K. 
Q. E. D. 


19. Piecing together Section 17, Lemma 18.1 and Lemma 18. 2 proves 


THEOREM 19.1. If L and K are totally integral lattices of unit deter- 
minant in the same metric space V, then L is tsometric to K provided that 


Land K represent the same numbers. 


20. Appendix. We have constantly used the invariants of [20, Satz 17]; 
these were shown by Witt to hold over any field in which every form of five 
or more variables is a zero form; e.g. over a local field with finite residue 
class field; compare also the result of Kaplansky. We now prove that the 
latter property is also true for a local field having a perfect residue class field 


of characteristic 2. 


5 
Proof. Let l= Slax? be given in diagonal form. By considering 
1 ‘ 


a-l if necessary, we can assume that at least three of the a; are units and 


= 
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that the remaining two (a, and a; say) are either units or primes. Construct 
a metric space V and a lattice Z in V corresponding to 1: L =o0é, ®--- ® 065. 
If | a;| 1 all i, the result follows from equation (18.1). If | a,|—|z'!, 
by applying equation (18.1) to o€3, we can write 


(20. 1) L = om + Ons) Ons Ons 


with | =1; =15 927,43’ € and | | =| Of all 


bases (7) having the form of equation (20.1), choose one in which | 7.27 | is 


minimal. Then it follows from the fact that ord ,?—0O and ord»? —1 
and from Lemma 2. 2, that 7.7 = 0. Q. E. D. 

Note that the proof just given (which rests on equation 18.1) depends 
solely on the operation op(X;— «X;-+ ¢X;) and the fact that the residue 
class field is perfect and of characteristic 2. 
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AUTOMORPHISMS OF FINITE FACTORS.* 


By I. M. SINGER. 


1. Introduction and notation. Let ® be a countable group of point 
measure preserving transformations on a non-atomic separable measure space 
(X,F,»), where X is the underlying space, F the o-Boolean algebra of 
measurable sets and » the measure. If re X and ge, zg will denote the 
action of © on X; and if # is any subset of ¥, Hg —=[ag;xeH]. Assume 
that (1.1) p(X) =1. (1.2) if He F, »(#) €0, and g is not the identity 
of &, then there exists a subset Fe F3 F C and p(F A Fg) 
(1.3) acts ergodically on (X,F,p); i.e, if He F and p(HALg) —0 
for all ge &, then —0 or =1. (A denotes the symmeric dif- 
ference; this second condition means that an element of &, not the identity, 
is not the identity on any piece of XY of positive measure.) 

Associated with this action of & on (XY, F,y), F. J. Murray and J. von 
Neumann ([7] pp. 192-209) constructed a finite factor as follows: Let 
= [set of all complex valued functions é on X X3 for each ge G, 
= &(9, L2(X, and <00, where ||-||2 is the L, 


norm on (X,F,,).] It is not hard to see that 9 is a separable Hilbert space, 


the inner product of two functions and 7 being > E(g, x)n(g, x) dp. 


In fact, & —L.(X & G) where the measure on XY X G is the product of pz 

and Haar measure on Let = [Ee M;é(g, x) —0 except for a finite 

number of ge, and for each g, €(g,2) is a bounded measurable function 

on X]. The following convolution-like product can be defined for ne # 

and €e€B: 2) = (h, (gh, and HM. If has the 
he 


property that || é || = K || é|| for all eB, then 7 can be extended to be a 
bounded operator Ly on &. The set & of such Ly is a finite factor; more- 
over, = + Lon, = Dy Ln, and (Ly)* = Ln* where 2) 
=7(g"',rg"). Similarly, one can define the algebra of bounded right 
multiplications where Rye if || Rné|| & || SK él,ée@B. and 
£ are the commutants of one another; also the set @, of all bounded elements 


on the left equals the set of all bounded elements on the right, and the map 


* Received March 9, 1954. 
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of into ® is an anti-isomorphism of these two *-algebras. All 
these facts are proved in ([1] pp. 192-209). 

From a different point of view [1], the algebraic system consisting of # 
together with multiplication of its elements (wherever the product makes 
sense and lies in 9) forms a simple H-system with identity. For the con- 
nections between these two viewpoints and other descriptions of this algebra 
see [2], [3], and [10]. Since both points of view have advantages, we will 
pass from one to the other freely. For us, then, # will denote the Hilbert 
space together with the above defined multiplication and adjoint. 

Let = [Ee =0,g Ae]. is a maximal abelian sub- 
algebra of the H-system & identifiable with the H-system L.(X,F,») under 
pointwise multiplication; @ M 8, can be identified with the set of essentially 
bounded measurable functions on (X,F,). These identifications are made 
via the mapping: — é(e,2). Conversely, if a(x) is a bounded measurable 
function, let & be that element of @ 3 &(e, 7) =a(z) ; let q = {Lee} and 
let Rq = {Re}. To make the notation less cumbersome when there is little 
chance for confusion, we will identify & and the function a(x). The 
restriction of the anti-isomorphism of ¥ onto @ is an isomorphism of ¥q 
onto ®@q since they are abelian. 

In this paper, we analyze the group © of those automorphisms of the 


H-system 9 sending @ into @. Since the entire H-system 9% was constructed 
out of the action of G on X, i.e., © on @ (=L2(X)), one would expect 
that a description of S can be given entirely in terms of this action; in fact, 


we do succeed in describing © in terms of the subgroup & of the entire 


group of measure preserving transformations of (X,F,). Questions about 
S can be reduced to questions directly concerned with measure preserving 
transformations. We can answer some of these questions, but not others. 


2. Preliminary lemmas. We devote this section to a series of compu- 
tational lemmas showing what various operators on & look like. 

Since & is, as a Hilbert space, isomorphic to a countable direct sum 
(indexed by elements of G) of L.(X,F,), any bounded operator T on # 
can be decomposed into an infinite matrix {7,1}, g,he@, where 7, is 
a bounded operator on L. (X,F,u), and (T¢) (9,2) (To,rEn) (2). 

he 


(Remember that is that element of L.(X, (x) =€&(h,v).) One can 
easily check that if S~ {8,,} and T ~ {T,} then 


aS BT ~ BT gn} and ST ~ { 
ke 


this last sum converging in the strong operator topology. We now compute 
the matrices corresponding to several bounded operators. 
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2.1 Lemma. If &eQN B,, then &n(g, x) = Le(n)(g, ©) = x) 
and {Tn} where if g Ah and Ty, for any ts multi- 
plication by the function a(x) on L2(X,F,p). Also né*(g, = Rea(n) (9g, 
=a(rg")n(g,v) and where tf gAh and Tyg 1s 
multiplication by the function a(xg-*) on L2(X, F,p). 


Proof. The lemma follows directly from the definition of multiplication 
and the definition of &. 

If re HM is a unitary element (7*7==7r* —TJ), then it leads to the 
inner automorphism J; where J;(y) —ryr*. We are interested in those J, 
leaving ( invariant. 


2.2 Lemma. Let =[xeX;7(g,x) A necessary and suffi- 
cient condition that + be a unitary element 37Ar* = C is that the Ey’ satisfy 
the following conditions: 


(i) 4,7) =1 
geG 
(ii) if g 4h, p(E,t Ey") =0 
(iii) if gh, Exth) =0 
(iv) r(h,x)|? ae. on X; and | r(g,z)| =1, ze 
heG 


Proof. Suppose 7 is unitary. Then rr* TJ so that 
> 7(h, = r(h, x) r (hg, =0 
he® he® 


a.e. if gA~e and |7r(h, x) |? —1 a.e., proving the first part of (iv). 
he® 


Since r@ = Cz, no matter what bounded measurable function a(x) we 
choose, there exists a similar function b(x) 37é&* = &’r._ This means 


2) = 2) = 2) = 


(from 2. 1); that is = a.e. for ve Hence a(rg-') = 
for almost all we #7 H,7, and all bounded measurable functions a(z). 
We now show that p(£,7 £,7) =0 if gAh. For otherwise, by (1.2), 
there exists a set F C 3 A Fgh) £0, so that p(F N(Fg9"h)’) 
~0. Let a(x) be the characteristic function of the set Fg. xeF if and 
only if zg-* if and only if a(ag-') #0. On the other hand = 1 
if and only if e Fgh; this means a(xg-') = 1~a(ah") ifee th)’. 
But FN CF CE,’ £,7, a contradiction. 


Since S| 7(h,z)|? 1 a.e. and (ii) holds, (i) and the second part 
he® 


of (iv) follow immediately. 


a 
t 
)- 
y 
le 
le 
d 
le 
1e 
a 
1e 
d 
ct 
re 
it 
ig 
u- 
m 
is 
) 
an 
1te 


I. M. SINGER. 


For almost all re X, (i) and (ii) imply z lies in exactly one £,’. 


Then, if g ~e, the first equation in this proof says 0 = } r(h, x)7(hg-', zg7*) 
h 


a.e. Thus for almost all re a.e, ie., 
ELT Exg27g) =0 if Let h—kg" and let = 0. 
Since is measure preserving, =O 
Suppose now that 7 satisfies the conditions (i)-(iv). Condition (iv) says 
essentially that 2 7n(z) defines a bounded measurable function a(z) of 
he 


absolute value 1 a.e. We can write + = &7,, where 7,(g,7) =e,(x) and e, 
is the characteristic function of the set E,’. 

Since a is of absolute value 1, & is unitary. & leaves @ invariant, so 
we need deal only with 7,. It is not hard to show that 7, is unitary. We 


show that if b(x) is bounded measurable, 7,é"r,* 
(716°) 71* (9, 2) = (h, 
he® 
= D> (hg, xg) = b(axh-*) en (x) 
heG 


But if g Ae, is empty from (ili). Since is 
just the characteristic function of the set M Eng37g, we obtain ré’r* (g, h) 
= 0 a.e. if g ~e and ré’r* (e, 7) = > 

h 


2.3  Corotuary. If is a unitary element of then 
r= &7, where a(x) ts a measurable function of absolute value 1 on X, and 
where = e,(x) the characteristic functions of sets Ey" satisfying 
(i)-(iii) above. This decomposition is unique. Moreover, the automorphism 
J, on the H-system @ is the same as that induced by the following point 
measure preserving transformation J,’ defined a.e. If xe Eyg7g, then 
= 2g. 

Proof. All but the last statement follows from the previous proof. 
Suppose now b(2z) is the characteristic function of a set F. Then by a 
previous formula, 7é?r* — where d(x) = i.e., d(x) is the 

h 


characteristic function of the set |) Fh M E,7. This is exactly what J,’ does 
h 


to F, i.e., decomposes into FN and sends each FN E,7h* into 
(FO £yth")h = Fh 
The next lemma and corollary are contained in Lemma 2, p. 315 of 
Dixmier’s paper [2]. We include the proofs for the sake of completeness. 
2.4 Lemma. Let T be an operator on the Hilbert space & which 


commutes with both and Raq. Then T ~ where Ty, =0 if gAh 
and each T,, is multiplication by a bounded measurable function tg(z). 
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Proof. If a(x) is bounded measurable, T(») (g, 7) = &T(n) (g, 2) ; 
-n(h, =a(x) Ty nn(h, x). If we choose so that x) 
h h 
=0 except when h=—h’, and =b(x), we have 
= i.e., commutes with all multiplications by bounded 
measurable functions and hence is multiplication by one, ty »-(x), itself. 


Also T (n&*) (g, x) = T(n) 2) ; 
~ 2) =a(xg*) ~ x). 


If we chose 7 as above, 
= ty,n (x) d(x), 


for all a(x), b(x); g,h’e@. Hence t,,(x) (a(ah*) =0. If 
and F = [2; then for all functions a(x), a(xh-) = a(axg-), 
zeF. As before (in the proof of (2.1)), condition (1.2) implies p(f’) = 0. 


2.5 Corottary. ¥qU Raq, the weakly closed algebra generated by 
La and Raq is a maximal abelian sub-algebra of all bounded operators. 


Proof. Lemma 2.4 shows that the commutant (¥qU &q)’ is abelian 
and hence (4qgU Rq)’S Raq)” Ra. On the other hand 
U is abelian, so ¥gU Rag (Lg Raq)’. 


2.6 Lemma. Let us, ge@® be the element 3u,(h,x) =0 if hAg, 
Ug(g,v) =1, ce X. Then ug, = Ung, H is generated by A 
and {ug},ge&. For any function, a(x), ugéug* = &, where b(x) =a(ag"). 


3. The group of automorphisms leaving each element (7 fixed. If 
Se GS, then S restricted to @ is an automorphism of the abelian H-system @ 
and is induced by a measure preserving transformation 8’ on (X,F,,). 
If f is the characteristic function of the set #, and fS’ of FS’ then 
= éS, The mapping ¢:S —S’ is a homomorphism of © into the 
group Yt of all measure preserving transformations on (X,F,,) for: 
(TS)-*(éf) = = ETS’, We denote the image of ¢ by and the 
kernel of d by R. Se if and only if 8’ is the identity transformation, if 
and only if S(é*) = & for all functions a(x). In this section we analyze &. 


* More general H-systems with maximal abelian algebras @ 3 Y7U WR are maxi- 
mal abelian in the set of all operators have been considered by Ambrose ( [2], pp. 45-46), 
and will be the topie of investigation with the author in a forthcoming joint paper. 
The procedure in Section 5 of this paper was suggested by some general results in our 


joint paper. 


0. 
ys 
of 
€g 
so 
is 
n 
vd 
ng 
m 
nt 
on 
a 
he 
es 
to 
of 
ch 
h 


I. M. SINGER. 


3.1 THrorEM. Se if and only if S~ {Sgn}, where S,,—0 tf 
g ~h and S44 = multiplication by functions sy(x) satisfying 


(i) |s8,(z)| =1 ae. (ii) = 8, a.e. 


Proof. If SeS, S(éq) = S()S(m) = &S(m). Also S(né*) = 
= S(n)é for any bounded measurable function a(x). Hence Se Rq)’. 
By 2.4, {Sj} is diagonal and 8S, is multiplication by a function s,(z). 
Since S is unitary, S* and therefore S,,* implying 5,(z) 
= This proves (i). As for (ii), S(ugn) = S (ung) = S(un)S (uy) 
MEANS —= Since wUnSgta* — 8, where §,(x) 
= 8,(xh-1) we get = 8, 

Conversely, if S is a diagonal matrix of the given type satisfying (i), 
it is a unitary operator in &, leaving each element of @ fixed. (ii) implies 
S(uUgtn) = S(ug)S(un) and moreover S(éu,) = (uz) = S(é)S (uy). 
Hence S§ is an automorphism on @ and on all of & because it is unitary. 


3.2 THrorEM.? Let & be the set of all inner automorphisms of &. 
Then =a(x)a(xg*) for some a(x) a measurable 


function of absolute value 1]. 


Proof. If S(m) for some unitary If also, 
r commutes with @ and hence lies in @. Thus r= and so | a(z)| —1, 


zeX. Also = = a(r)a(rg-") uy. 


3.3 THEOREM. © is a semidirect product of R and a subgroup ©, 
consisting of all S,e © satisfying the condition P: 8, send ug into 3 7,(h, 


always consist of characteristic functions of sets. 
Proof. If SeG, 
= = = (ug)? = 8 (uy) AS (uy). 


Also S(w,) is unitary since S preserves adjoints. Hence S(w,) is a unitary 
element whose corresponding inner automorphism leaves @ invariant. By 
2.3, S(u,) = &7,, ag and tr, satisfying the conditions of 2.3. Next note that 


AngThg = S (Ung) = S(Ugtn) = AgrgAntn = Ag(TAntg*) Toth = 


2 The theorems above can most neatly be described in terms of the cohomology 
theory of groups. For details, see [4]. Let © denote the group of all measurable 
functions of absolute value 1 on Y. The group © acts on € by virtue of its action on X, 
i.e., if ©, c,(@) =c(ag'). In terms of this action H,=circle group 
because © acts ergodically on XY and the constants are the only invariant elements 
Z, = &, BL, = and H, = K/3 are the statements (3.1) and (3.2). 
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where = and is the image of a,(x) under the auto- 
morphism of @ due to ry. The uniqueness of the decomposition in 2.3 will 
show that tng = ryt, if we can show that r,7,(k, x) is the characteristic func- 
tion of some set Suppose r,(k, 7) = e,(x) and 7) where 
en(v) and f,(x) are characteristic functions of the sets and the 
notation being that of 2.3. Then 


which equals the characteristic function of the set LU Ei)" Fyn =F 
leG 


because are disjoint. 


Let S, be the following operator on (S.m) (9,2) => S(é")7, where 


=n(g,x). In other words y= > and S, has the same effect on 
9 
G as S does, but sends u, into rz. We claim that 9, is an automorphism of #. 


For, if g 
0 = (Guz, dur) = (S(Au,), S(Aun)) = (S(2)S8 (ug), S(A)S (un) ) 
(Birr, (Ar,, Ar). 


Thus the elements in the sum for S,(7) are orthogonal and 


(Sin, Siv) = (S(E™) = S(E"") ) 


9 
= = (n, v) 
g 
i.e., S, is unitary. 
S, preserves multiplication : 
Since elements of the form &*u, generate ®, and since S; is a unitary operator, 
S, preserves multiplication. To show S, preserves adjoints, it suffices to show 
it does so on a set of generators. It does for C@, since S does. It does on 
ug, g € & for it preserves inverses. 
We complete the proof by showing that ©, is indeed a group. Suppose 
S, and T,eS, and where r,(h, x) = e,2(x) the characteristic 
function of the set £,%. Similarly, where v,(h,x) = f,9(x), the 
characteristic function of the set F,2. Then 


h h 


> (e0") fou => (2 En Ux, 


keh k 


) 
) 
) 
) 
? 
) 
t 
y 


124 I. M. SINGER. 


where = and are characteristic functions of sets which 

are disjoint over the index h for each ge © because T, is an automorphism 

and the H,’ enjoy this property also. We must show that > é,°f,” is a charac- 
h 


teristic function for each g, ke G. In fact it is the characteristic function 
of the set F;.") since the are disjoint for fixed ge ©. 


3.4 Corotuary. Let and Then is 
the semidirect product of two groups R and ©, tsomorphic respectively to 
R/3e and 


Proof. 2.3 shows that % is the semidirect product of Yq and Ye. 
Let & be the image of @ in G/X and G, the image of ©,. Then § is 
normal and & NM G, is the identity element of 6/9. For if K3—8S,%, then 
there exists aJ Jie Sq and Ne, and KJ, 8,J2. But 
SG, and §,J,¢S, so that KJ, =I; Ke 3; We have shown 
that S/S is the semidirect product of and G,. But R=R- 3/3 =R/Sq 


by the first isomorphism theorem; similarly 6, = - = ©,/Se.. 


4. Some examples. 


4.1 Lemma. Suppose © is a cyclic group with generator g. Let 
3 = [the group of all measurable functions on X with absolute value 1 
with pointwise multiplication] and let 9) = [all a(x) € 8; a(x) = b(xg")d(z) 
for some b(x)e 3]. Then R =3 and Ja=Y. 


Proof. Since & is ergodic, & is infinite cyclic. By 3.1, & is isomorphic 
with the set of all mappings of © into 83 = h,k eG, 
the mapping given by g—s,(x). Let s,(z) n=0,+1,---. 
The map is then completely determined by for = (2) 


m=0 


which means = Il s(ag-™). Conversely, if s 8, let = II s(zg-”) 
m=0 


and we must show that g" s,(x) will satisfy = Snim(@). By 


m+n 


substitution = Il 8(xg-*g") TT = Sain (2). 
4=0 j=0 


4=0 


This is a typical cohomology argument. By 3.2 and the above, Je = Y. 
Let (X,F,») be the measure space of a compact separable abelian group 
with » Haar measure. Let g be a group element of X¥3{g"}, n=0,+1, 
+2,--- is dense in X¥. Then right multiplication by g™ is an ergodic 
transformation. ([6], p. 348; this paper also shows that we could use any 
(X,F,) and g, providing g is an ergodic transformation with pure point 


spectrum. ) 
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4,2 TuroreM. Let yoeX*, the character group of X. If xo ts of 
infinite order, then xo f Y), and therefore gives rise to an outer automorphism 
of H. In particular, if X is connected, R/S contains a subgroup isomorphic 
to X*. 


Proof. Suppose there exists =b(ag"). Let 


have the Fourier series Z,expansion >} ax. The previous equality shows 
xex 


= D (Gg) x = } By the uniqueness of the expansion, 
x x x 


Ox = Oxxxxo(g) and | ax | =| | = | | |. If xo is infi- 
nite cyclic, this last shows that } | a |? oo unless all a,—0. Since 0d is 
x 


bounded measurable and not the 0 function, we have a contradiction. Hence 


xo 


If X is connected, no ye X*, but the identity has finite order for the 
range would then be disconnected. Since multiplication of characters is the 
same as pointwise multiplication, © 3 and X* Y identity. Hence 
X is naturally isomorphic to a subgroup of 3/9) = R/Sa. The example just 
given exhibits lots of outer automorphisms. 


4.3 TuroreM. Let X —circle group, » = Haar measure, g an trra- 
tional rotation. Then a(x) = (e**— p)/(1— e**p) is in 3 but not wm Y, 
for all |p| <1. 

Proof. Since | — p/1— | =| || 1— |/| 1 — | = 1, 
a(x) e 8. Suppose there exists a function 3 a(x)b(z) = g). Then 
b(x) (e* — p) = (1— e*p)b(x— g). If ~ > we get 


n n 
or 


Ona (1 pe-t(n-1)9) eine = Cn (e779 p)etne, 
By the uniqueness of the expansion, 
| [=| | | 1+ peter |/| p+ | | | p|/| w+ p| 


where w= e-‘9, An easy computation shows this recursion formula gives 
| | =| | pl|/|w*+t p!. Since the factor 


| wt + p |/| p| > (1—| p|)/2>9, 


k=-1 k=-1 
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so that, as before b(2) —0, a contradiction. (By analogous means, one can 
exhibit many functions in 8 not in Y). However, the author has not succeeded 
in describing 8/9) or those functions in 8 but not in Y in any reasonable 


fashion. ) 

Our next example will be used for another purpose. It is well known 
[9] that, for the factor of all bounded operators, the double commutator of 
any weakly closed self-adjoint subalgebra is the algebra itself. In [5], it is 
shown that for any finite factor, there always exists a subfactor whose double 
relative commutator (relative to the factor) is larger than the subfactor. 
R. V. Kadison conjectured that perhaps a Galois-like theorem was true. 
Namely, if 9, is a subfactor of #, and Gm, the group of all automorphisms 
leaving each element of 9, fixed, then the set of all elements left fixed by 
Sx, is exactly ®,. (The failure of the double commutator theorem amounts 
to saying that using inner automorphisms would not suffice.) The author 


“reasonable ” topology exists, rather than the 


conjectured that perhaps some 
weak one, for which the theorem would hold. Neither is the case as we 


now show. 


4.5 Lemma. Let &, be a subgroup of &, and let H, = [ne n(g, 2) 
=0 if g£#G,]. H, is a weakly closed subalgebra of 9 containing C and is a 
factor if and only if &, is ergodic on X. Let R, =[SeR;8(y) —7 for all 
Then 8 ~ {s,(r)} R, tf and only if =1 a.e. for all ge Gi. 


Proof. The map »—>7(g,r) =7,(2) is a continuous mapping from 
H# to £.(X,F,) and hence #, is strongly and weakly closed. The other 
statements are easily verified. 


4.6 TuerorEM. If ©, is a normal subgroup of & such that G©/G, ts not 
abelian, and if &, acts ergodically on X, then the set of all elements in & 
left fixed by , is strictly larger than 9. In particular, if G/G, equals its 
commutator, R, consists of the identity alone. 


Proof. We first show that &:, as a group, is isomorphic to (G/@G,)*, the 
homomorphisms of @/@, into the circle group. If S ~ {s,(z)} e8R,, then 
it gives rise to the following mapping yg of G/@, into 8. For any coset G19, 
we let ys(Gig) —s,(x). This is independent of the representative of the 
coset since = 8,(x) because = 1 a.e., g, Gi. 
Since &, is normal, = = Sgg,(@) = 8g, = Sy 
i.@., 8g(Z) is invariant under all g,e@,. But ©, is ergodic so that s,(z) 
is a scalar of absolute value 1. Hence yg maps @/G, into the circle group. 
Finally it is a homomorphism; for ys(Gig-@ih) = xg(Gigh) = 


| 
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= = = xs(G1g)xs(Gih). Hence xg lies in (G/G,)*. 
If xs is the identity element, then s,(«) —1 a.e. and S=J. The map 
x:S—xg is a homomorphism because ST ~ {s,(x)tj(x)}. x is onto for, 
given any character xo, define So = s,°(x) where s,°(x) =xo(G.g) and then 
x(So) will equal yo. (This is a relative cohomology argument.) 

Since the circle group is abelian, (G/G,)* = (G/G,/[ ])* where 
[ ] denotes the commutator subgroup of G/G,. If [ ]=—G/G,, then 
(G/G,)* = (e) and &, consists of the identity alone. More generally, if 
/G, is not abelian, it has a commutator. Suppose ge @ is an element 
3 is a commutator and Gg ~G,. IfseR, then xys(Gig)=1 
Therefore S(u,) = uy = Uy, i.e. Uy is left fixed by S. But this g 4 G, and 
hence u, M3. 

We add that if by a “reasonable topology ” we mean one such that the 
projection map 7— is continuous from to ¢2(X,F,), then is 
closed in this topology and still does not satisfy the Galois theorem. 

For a specific example of the situation in 4.6, consider the measure 
space (X,F,») where X is the circle again and » Haar measure. & is the 
group generated by two irrational rotations ¢ and 8 not rationally connected, 
together with the reflection c—>— zx. (% is isomorphic to the set of triples 
{(na, mB, + 1)}, n,m =—0, + 1, + 2,- - - in which multiplication is given by 


(na, mB, —1) (ma, +1) = ((n—n,)a, (m—m,)B, = 1); 
(na, mB, + 1) (ma, mB, +1) = ((n + (m + m,)B, +1). 


The isomorphism can be set up by the condition that the triple (na, mB, — 1) 
acts on x by x(na,mB,—1) =—ax—na—mB. One can now check the 
conditions 1.2 and 1.38, to be assured that we do get a finite factor. 
Let G, = {(na,0,+1)}, n=0,+1,---. @, is normal and moreover, 
G/G, = {(0, mB, + 1)}, m=0,+1, + 2,- which is not abelian. 

Finally, is Section 5, the normalizer J of @, as a subgroup of all 
measure preserving transformations takes on importance and we want to 
compute Jt in the special case where G = {g"} n=0,+1,+2,--°-, and g 
is an irrational rotation on the circle. If NeM and NgN-+=g then by 
({6], Cor. 2, p. 347), N is a rotation. If NgN-!—g" then NRg =gNR 
where Ff is the reflection s—>—z. Thus ¥ is the semidirect product of the 
group of all rotations with the group of order two with generator ft. 


5. The subgroup ©,. Since © is a semidirect product of R and Gi, 
and since ©/R = G,’ a subgroup of all measure preserving transformations, 
CS, = G,’ and we can view G, as a group of measure preserving transformations 


q 
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(m.p.t.). In this section we analyze this group, in particular we study its 


relation to the original group ©. 


5.1 TuHeorem. A necessary and sufficient condition that a m.p.t. S’ 
stem from an automorphism SeG, is that there exist sets L)%e F,g,heG 
such that 


(i) =0 for hk. 
(ii) Ey’) =1. 
h 
(iii) On E1998’, = 


Proof. This theorem says that the m.p.t. 8’ will lead to an automorphism 
if and only if for each ge @, X can be decomposed into disjoint sets H,7S’ 
on which (S’)-*h-*8’ looks like 

Now if SeG,, S induces a measure preserving transformation S’ on 
X 3 S-1(é°) = & where e and f are the characteristic functions of the sets E 
and HS’ respectively. As briefly described at the beginning of Section 3, 
S’ induces an automorphism on the H system L.(X, F, ») which sends a — ag’, 
and which agrees with the restriction of S to @. So if a(x) e @, S(a) = ay. 
(If 8’ were a point transformation, as (2) = a(28’).) 

As before let S(u,) 7, so that r,(h, 7) = e,9, the characteristic func- 
tions of the sets H,2. By 2.2, the EH,’ satisfy (i). We now show they satisfy 
(ii). Let v be a unitary in MsvQvt—C. Let J(v) be the inner auto- 
morphism on # due tov. Then J(v) eS. It is easy to check that J(u,)e ©, 
and (J(u,))’=g-'. Since 


(SJ (u,)) (A) = S(ughu,*) = (A)7,* = (J 8) (A), 


we see that 8’g-1(8’)"1 = (J(z,))’.. By 2. 3, (J(7,))’ looks like this: If 
then x(J(7,))’ = i. e., = FE, 9h (J )’ = pointwise 
which was to be proved. 

Conversely, suppose S’ satisfies the conditions of the theorem, relative to 
the sets H,2. 8’, by virtue of being m.p.t., is already an automorphism of @ 
by S(é*) = &*. We extend S as follows: S(u,) = rg, where r,(h, 7) = e,9(2) ; 
S(éu,) = S8(&)r, and now extend S to be linear on finite linear combinations 
of elements of the form é*u,. We show S is an automorphism. First, ryt, = tng. 
For totn(k, = ~ (kI-, = >> L) Tp (1, ) = 

where F, = U since are disjoint for distinct J. If 
ze F,, then for some 1, xe and zkle so that = and 
rk 8S’ = Therefore = xS8’gh- and So far we 
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have shown that F;,€& H,."%. On the other hand, by changing variables back 
again U (Fy M and U (U =X. Hence 
1 k 1 k 


0 = p(X — U F,) = — U F,) 
— Fx)) = = — Fy) 
and f;, = a.e. This proves 
= Trg aNd S(Ugta) Thg = = (Ug) S (un). 


By 2.2, the are unitary and (J(7,))(@) @ since N is 
empty if hi Ah.; that is, by (iii), on Hy,%h;*, hiS’g(S’)* acts like the 
identity, ({ = 1,2) so that on the intersection h, acts like ho. 

We now show that S = S (€ug) S Since 


S un) = 8 ) Ung) 
== §(#)5( ) tyr, = S(&) ToT tty) 


it suffices to show that S(u,é°u,*) = But = where 
c(x) = b(ag(S’)-*), while = é4 where d(x) = 
We must show that the m.p.t. 8’g equals (J(7,))’S’.. But we have already 
seen in 2.38, that if ce then x(J(7,))’ = Condition (iii) says 
that if ee then = ch8’gt = Hence on 
8’g = Since U = X, 8’g = (J (7,))’S’ a. €., which was 
to be proved. ] 

By linearity, then, we have shown that S preserves addition and multi- 
plication on a dense subset of S. It also preserves adjoints since S(u,*) 
= = = (t,)* = (S(u,))* and it preserves complex conjugate 
on L.(X,F,u) =C. The extension to all of & can be made as soon as we 
show that S preserves inner products on linear combinations of &u,. A direct 
computation shows that it suffices to prove that (Ar,,7) =0 if gAh. But 


(Erg, tr) = (a(z) ex’, ex”) = > a(r)dp = 0 
k 


k Ex9n Exh 
if =0 when gh. By (iii), on 2,98’, = g and 
on (8’)-*k-18’ = h- so that = h- on 


Hence 9 = 0. 


The theorem just proved has an interesting geometric interpretation,* 
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which we are about to describe. No proofs will be given, since the proofs 
would amount to a reshuffling of the statements in the proof of 5.1. We 
introduce a measure m on the product space (X X X,F X F) which will be 
concentrated on the graphs of g, ge, i.e., concentrated on the sets of the 
form For any HeF let —[(2,29"), re EF]. 
Then the measure m will be completely determined by the conditions that m 
be concentrated on X9 and m(H’) = y»(F), i.e., the map (2, 7g") is 
measure preserving into, for all ge ©. 

There is a natural isometry of the Hilbert space & onto 
L.(X X X,F X F,m) which is given by sending any 7¢ into the func- 
tion on X XX where 7/(z,y) =0 if for some and 
n(x, =n(g, 2). (This is well defined, for by (1. 2), (a, = (a,2h-") 
only on an m-set of m-measure 0.) This isometry says little more than the 
fact that equals > L.(X,F,p) as does L.(X K X,F X F,m). How- 


ever, the important thing in this mapping is that multiplication in # goes 

over to ordinary matrix multiplication in L,(X K X,F X F,m). By ordinary 

matrix multiplication, we mean 7’r’(z, y) = We use the 
a 


ordinary sum because, since © is countable, there is at most a countable 
number of values z on which 7/(z,z) ~0. (If G were the group of order n 
generated by the cycle (12- - -mn) acting on the space XY of n elements, the 
above description would lead to the algebra of all n & n matrices.) 

To each m.p.t., 8’ on (X, F, x), we associate a transformation 8’ < 9’ on 
(X & X,F X F) which amounts to (2, y)S’ K S’ = («8’, yS’) if 8’ were a 
point transformation. Then Theorem 5. 1 can be rephrased to say: A necessary 
and sufficient condition a m.p.t. S’ stem from an automorphism S e ©, ts that 
S’X S’ preserve the m-null sets of (X XK X,FXF,m). This ts to be 
expected since the carrier of m carries all the algebraic structure of the H- 
system. We leave the proof to the reader, but wish to point out that in 
this context, 

(X9)S’ K SN =—[(y, yh) 5 — yh] 

=[(y, yh) ;ye E,"8’]. 

5.2 THroreM. Let 9 denote the normalizer of G in the group of 
all m.p.t. Then NOS, and if N’eMN, then the associated E,9 =X if 
= N’g" and E,9 is empty otherwise. If r is a unitary 3J(r)€ Qs, 
then +(g,x) =f,(x) and the corresponding 


=U (Paw = U (Pi 


k 


where f,(x) is the characteristic function of Fy. 
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Proof. The first part of the theorem follows from the definition of 
normalizer. For the second statement, (2.3) says that if re F,.g, then 
a(J(r))’ Suppose that re Fy-agg tk. Then ¢ 
and zh"(J(r))’ = re and 2(J(r))’ 
Hence zh-*(J,)’ = 2(J(r) )’g" so that re i. e., 


= U )k & 
kK 


However, 
U = U (U k = U th = X, 
h k h k 


so that =0. The second form for can be obtained by 
making the change of variables from k to 1 = gk. 

For a complete description of S,/¥Xe,, it would be nice to know a great 
deal about #9 Ne, and YU Ye,. We collect this information below. 


5.3 Lemma. GEOMNA Ye, Suppose T’ = (J(r))’EMN Yo, and 
=f,(x) as above. If p(F.) > 0, the subgroup 


Gr' = [ge G5 =T’g] 
is of finite index r, where r=1/p(F)). 


Proof. (J(ug))’ shows Ye, If T’ = (J(r))’ then by 
5. 2, the corresponding = U (F1N If in addition, T’ then 


is empty unless h = (T’)-gT’ =g’. This means is empty 
unless h = g’ and for each 1, 7; = Fyy-g and therefore m(F)) = m(Foyig). 
If +, gs lie in distinct left cosets of Gr’, then gi/lgi A gj/lg; 1A and 
i,j==1,--+,s. Therefore the sets F'y,17, are disjoint. They have the same 
measure and yet »(X) =1. Hence s=1/p(F’). 

The lemma shows that for any ge Gr! for some In 
particular if G has unique n-th roots, when they exist, (for example if G is 
free abelian) then = implies Igl-! = (T’)-1gT’ for all ge G, 
i.e. WA Ye, —G. This is surely the case in the example discussed in 4. 1. 
In this case, then, S,/Ye, = contains as a subgroup. 
3y the first isomorphism theorem for groups, this last group is isomorphic 
to N/M N Be, which becomes J/G. At the end of Section 4, Jt is computed 
for a special case, and we see that 9/@® has many elements, i.e., that there 
are many outer automorphisms in G@. 

The author has been unable to decide the quesion: Is 2 U Ye, = S’,? 
However the following lemma is relevant to this question. 


J 
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5.4 Lemma. If S’e CS’, S’~ and T’ ~ {F129} then 

S’T’ = (ST)’~ {U 
k 

Proof. The notation in the lemma means that on F298’ the transformation 
(S’)h78’ = g and on the transformation =g". If 
and we F,2(8’)-, then Also so that 
= x8’T’g. A combination of these two equation gives xh-18’T’ 
= so that xe where = (ST)’ ~ {G2}. We have shown 
that 9 Gil. These two sets are in fact equal; for 

k 


If =(J(r)/’e Woe, and T’eN, then if k=—(T"’)"gT’ and 
empty otherwise so that = and by 5.2, = U(FiN To 
1 


prove that 9U S’e,— GS’, then, one must slow that given a collection of 

sets {G,2} satisfying the conditions in (5.1), one can find a collection of sets 

{F;} satisfying (2.2)3 for some ke G where k 
1 


would equal (7’)-"gT’. We have been unable to prove this or find a counter- 


example, even in the simplest case discussed at the end of Section 4. 


6. Concluding remarks. If the assumption of the ergodicity of G is 
relaxed, the H-system obtained will no longer be simple. Nevertheless, it 
should be fairly clear to the expert that, with enough techniques, the construc- 
tions in this paper can still be carried through in that more general context. 
We have not done this; firstly, because it would obscure the basic ideas in 
the paper, and secondly, because the author is primarily interested in simple 
systems. The direct integral decomposition theory has been sufficiently well 
worked out so that almost all questions about general systems reduce to 
questions about simple ones. 

Ilowever, there is a generalization of the Murray-von Neumann con- 
struction which we find more interesting. We can view the simple H-system 
& under discussion as having been obtained by taking a maximal abelian 
self adjoint algebra of all bounded operators on a Hilbert space (in our case 
L.(X,F,») =) together with a countable group of unitaries leaving @ 
invariant (in our case, the unitaries induced by the m.p.t.’s ge@), and 
performing the original tensor product construction. Clearly @ need not be 
so special. ( could be any algebra, or equivalently, any H-system, and & 


any countable group of automorphisms of @. If enough conditions are put 
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on the action of & on CQ, the tensor product construction will give simple 
systems, conceivably some new ones. We hope to give a full discussion of 
this situation, particularly as regards automorphisms, in another paper. 


UNIVERSITY OF CALIFORNIA, LOS ANGELES. 
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REDUCTION OF ALGEBRAIC VARIETIES WITH RESPECT 
TO A DISCRETE VALUATION OF THE BASIC FIELD.* 


By Goro SHIMURA. 


In the arithmetic theory of algebraic varieties it is useful to have a 
general theory on “reduction modulo p” of varieties. Here “ reduction ” 
means, roughly spoken, the following process: let V be an algebraic variety 
defined over a field & with a discrete valuation, and denote by p the maximal 
ideal of that valuation ; then we have an algebraic variety V over the residue 
field x of » defined by the equations for V modulo p; such a variety V may 
be called the variety obtained from the variety, V by the reduction modulo p. 
When one tries to construct the general theory of reduction in this sense, 
the first thing to do will be to investigate how the algebraico-geometric prop- 
erties of V behave in the reduction process. The object of this paper is 
concerned with that problem. 

We shall give a precise definition of the reduction of varieties and the 
reduction of cycles on a variety. In the case when the ambient varieties V 
and V are both absolutely irreducible, we shall show that the reduction of 
cycles on V defines a linear mapping from the group of rational V-cycles 
over k into the group of rational V-cycles over x of the same dimension; and 
shall show that the operations on cycles (the intersection-product, the direct 
product and the algebraic projection) are all preserved by that mapping 
(Section 4). If we consider reduction as specialization, this result may be 
regarded as a specialization-theory of cycles on algebraic varieties, in a certain 
sense. In fact, from this reduction-theory of cycles we can easily obtain a 
more general specialization-theory of cycles (Section 5). The latter will be 
a generalization of the specialization-theory of cycles which has been given by 
T. Matsusaka [4] and P. Samuel [6]. Our theory may be also called a 
“local” theory of varieties at a divisor », whereas ) is not a usual divisor 
on varieties. We shall also show the following fact: let K be a field with a 
set of infinitely many valuations which satisfies a certain condition (condition 
(I) in Section 6); if V is an absolutely irreducible variety defined over K, 
then for almost all those valuations, it remains absolutely irreducible by the 
reduction process. 


* Received February 15, 1954. 
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M. Deuring has given a reduction-theory of an algebraic function-field 
of one variable (Deuring [1]) and applied it to his theory of complex 
multiplication (Deuring [2]). Our results will supply an algebraico-geo- 
metric method for these theories. 

We proceed in following the method of A. Weil in his book “ Founda- 
tions of algebraic geometry.” 1 We consider specializations over local domains,” 
and by extending Weil’s theory to our case, we obtain our results without 
difficulty. As in Weil’s book we shall first deal with affine varieties, and then 
proceed to abstract and projective varieties. 


1. Specialization over an S-domain. We shall call a commutative ring 
with the identity element an S-ring if the set of all non-units forms an ideal. 
An S-ring which has no zero-divisor will be called an S-domain. We shall 
call a Noetherian S-ring (or S-domain) a local ring (or local domain). If 
is a local ring and m is the maximal ideal of ft, then we have a topology on ft 
by the powers of m. With respect to this topology, Jt has a completion R*, 
which is a local ring containing # as subring and subspace, and in which #t 
is dense. A valuation ring is an S-domain; and it is a local domain if it is 
discrete or is a field. 

Let # be an S-domain with the quotient field K and the maximal ideal 
m, and K = 3t/m its residue field. For convenience we consider two “ uni- 
versal domains” K and § which are algebraically closed fields of infinite 
degree of transcendency over K and K, respectively. We call an element of 
K (or &) a quantity of K (or ®).2 Let (2) = (a1,° - -,2n) be a set of n 
quantities in K and (€) = (&,° + -,é&:) a set of n quantities in R. We say 
that (é) is a specialization of (x) over R and denote (x) 2+ (é) if the 
natural homomorphism of # to 9/m can be extended to a homomorphism 
of R[x] onto K[é] which maps (x) on (é). It is easy to see that (€) is a 
specialization of (x) over ft if and only if for every polynomial F(X) in 
R[X] such that F(x) =-0 we have #(é) —0 where F(X) is the class of 
F(X) modulo m. As in [WF] we add an infinite element c both to K and 
with operations oo-t = 0 and 0-' and by a generalized quantity of K 
(or &) we understand either a quantity of K (or ®) or oo. So we say that 
a set of generalized quantities (7) in K (or (é) in &) is finite or infinite 


1 Hereafter we shall use the same notations and terminologies as in this book. We 
shall quote this book as [WF]. 

* Such a specialization has been defined in D. G. Northcott [5] and applied to prove 
0. Zariski’s main theorem on birational correspondences. 
* The elements of K will be denoted by Latin, those of & by Greek letters. 
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according as none of the z; (or &;) is « or otherwise. Let (7) be a set of n 
generalized quantities in K and (€) a set of n generalized quantities in &; 
we call (é) a specialization of (x) over &, if there exists a set of n integers 
+1, such that (2’) = - +, and = (&:%,- >, are 
both finite and (é) is a specialization of (a’) over 9%; and also denote 
by («) +» (é). We can easily show that if we have (1) ‘+ (a’) and 
(2’) (é) then we have (1) (é) and that if we have (2) (é) 
and (é) (é) then we have (x) —%> (é’). 

The following theorem is well-known. A proof is given in Weil [7] 


(Theorem 1.) for a more general case. 


THEOREM 1. Let (x) and (y) be two sets of generalized quantities in K. 
Then every specialization (x) ey (€) can be extended to a specialization 
(2, y) (é, 

This theorem asserts that, for every S-domain ®t contained in a field K,, 
there exists a valuation ring #t, with the quotient field K, such that , D M, 
m, M 9 — m where m and m, are respectively the maximal ideals of J and ;. 

We say that (7) is a specialization of (y) over (x) + (é) if (é 7) is 
a specialization of (2, y) over St. 

Let (é) be a finite specialization of (x) over ft. We call the set 
{F (x)/G(x) | G(é) 40} the specialization ring of (€) in K(x), where F(X) 
and G(X) are polynomials in R[X], and G(X) is the class of G(X) modulo 
m.* This set is also an S-domain and will be denoted by [(x) > (é)]. 
If KR is a local domain, the specialization ring [(x) 2+ (€)] is also a local 
domain. 

Let (x) be a set of quantities in K; we say that (x) is finite over Rt 
if every specialization (€) of (x) over # is finite. The following proposition 
is also well-known (Weil [7], Theorem 2.). 

Proposition 1. A set of quantities (x) = (%4,---+,%n) ts finite over 
KR if and only if every one of the x; 1s integral over KR. 

The following two propositions are easily proved. 

PROPOSITION 2. Let (€) be a specialization of (x) over KR. If K is 
a valuation ring, then dimx (€) S dimg (2). 

Proposition 3. Let (x) be a set of n independent variables over K and 


(é) a set of n independent variables over K. If R ts a (discrete) valuation 
ring, then [(«) —*s (€)] is also a (discrete) valuation ring. 

8’ Hereafter we use the same notation for the class of a polynomial modulo the 
maximal ideal. Also we shall use the notation k for the algebraic closure of a field k. 
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Lemma 1. Let A be an integral domain and (t1,:--+,tn) a set of n 
independent variables over A. If A is integrally closed, then the polynomial 
domain A[t] is also integrally closed. 


Proof. It is sufficient to prove our lemma in the case n=—1. It is 
well-known that an integral domain is integrally closed if and only if it is 
an intersection of valuation rings. (This follows from Theorem 1 and 
Proposition 1.) By this fact, we have a representation of A as an inter- 
section 1 Rt, of valuation rings Rt... Denote by K the quotient field of A and 
by 8’. the specialization ring [t¢ p_ t»| where 7. is an independent variable 
over the residue field of #,. Then, by Proposition 3, R’, is also a valuation 
ring for every w. It can be easily verified that 


K[#]. 
As is well-known K[t] is integrally closed; so that A[t¢] is integrally closed. 


Proposition 4. Let (t,---+,tn) be a set of n independent variables 
over K and (11,°**;7) @ set of n quantities in R. If KR ts an integrally 
closed S-domain, then the specialization ring [(t) —%» (z)] is also integrally 
closed. 


This follows immediately from Lemma 1. 


Proposition 5. Let (&) be a finite specialization of (x) over KR such 
that the specialization ring © = [(x) (€)] is integrally closed. If 
is a (discrete) valuation ring, and if dimg (x) = dimx (é), then © is also 
a (discrete) valuation ring. 


Proof. Let y be a quantity in K(x) which is not in ©. Then, by Pro- 
position 1 and by our assumption, we have y-S>00. If n is any finite speciali- 
zation of y over ©, then, by Proposition 2, we have 


dimx S (2, y) = dimx (x) = dimg (6). 


This shows that y is algebraic over K(é). Let ¢ be an independent variable 
over K(x) and 7 an independent variable over K(é). Put © = [t—Ss7] 
and z= (¢-+ y)"*. By Proposition 4, © is integrally closed; and it is easy 
to see that z is finite over ©; so that z is contained in Z, and has a uniquely 
determined specialization over t—2s7. This specialization of z must be 0, 
since y 2-0 ; this shows that y has the only specialization o over S. Hence 
y" is finite over S, so that y* is contained in ©, by Proposition 1. Thus we 
have proved that © is a valuation ring. If R is discrete, then, by the 
assumption dimg (x) = dimx (€), © is also discrete. 
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Let K’ be any extension of K and let Rt’ be an S-domain with the quotient 
field K’ and the maximal ideal m’, such that RK—m, DR. When 
we fix a homomorphism of §’ into R which is an extension of the natural 
mapping of ® onto K, we shall say that W’ is a prolongation of Rt wm K’, 
and cull the image of 9’ by that homomorphism the residue field of ’. 
Thus, when we speak of a prolongation of an S-domain or a valuation ring, 
it should be remembered that “ prolongation ” is a combined conception of 
ring and homomorphism. Also we regard the specialization ring [(2) aTinty (é)] 
with its natural mapping —— as a prolongation of 


Proposition 6. Let ®t be a discrete valuation ring and WY a prolongation 
of KR in an extension K’ of K. If (€) ts a specialization of (x) over Rt, then 
there exists a generic specialization (a) of (x) over K, such that (€) is a 
specialization of (x’) over 


Proof. We may assume that (x) and (é) are both finite. Let % be 
the ideal determined by (2) over the field K. We have a representation of 
the ideal K’9 of K’[X] as an intersection of primary ideals 0;, belonging 
respectively to prime ideals %3;. For every 7, we have a set of quantities (2) 
such that $8; is the ideal determined by (2) over K’. Then we have 
(x) —*» (x). It is easy to prove that there exists, for every i, a generic 
specialization (2) of (x) over K such that (x) is a specialization of 
(2) over K’. Hence our proposition is proved if we show that for at 
least one value of i, (2) has (€) as a specialization over 9’. Assume that 
this is impossible. Then there exists, for every 1, a polynomial F,(X) in 
such that —0 and that Fi(é) 40. Then for 
every 7; so we can find an integer p such that the polynomial F(X) = J] Fi(X)? 


is contained in K’%. As F(X) is contained in R’[X], we obtain an expression 
F(X) =>b,G,(X) where bye R’ and G,(X)eR[X]. Since is a dis- 


crete valuation ring, the finite R-module + ---+ Rb, has an R-basis 

+, ¢,) such that c,,- - -,c, are linearly independent over K. Expressing 

by in a form with u,eR, we have F(X) => )d,G,(X) 


= oH) (X), where = Dd eR[X]. Then it follows from 
v 
F(X) K’M that H\(X) for every A. Then we have F(é) = & Ay (E) 
= (); this is a contradiction. 


Proposition 7. Let ® be a discrete valuation ring and ft a prolonga- 


tion of KR in an extension K’ of K. Let (x) be a set of quantities such that 


i 


> 
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K(a) and K’ are linearly disjoint over K, and (€) a finite specialization of 
(x) over R. Then (é) ts a specialization of (x) over R’; and we have 
[(x) =K(2) 9 @)1. 


Proof. Let F(X) be a polynomial in R’[X] such that F(z) —0. We 
have an expression F(X) = c,H)(X) where cye Hy(X) eR[X] for 
A=1 


every A. By the same procedure as in the proof of Proposition 6, we may 
assume that c,, --:,c¢, are linearly independent over K. ‘Then, by our 
assumption that K’ and K(x) are linearly disjoint over K, the relation 
= F(x) =0 implies that =0 for every 4. Since (€) is 
X 


a specialization of (x) over R, we have F(é) = > &Hy(é) —0; this proves 
x 


the first assertion. Now let y be a quantity in K(x) N [(x) > (é)]; then 

we have an expression y= P(x)/Q(z) with P(X) and Q(X) in R’[X] and 

QO(é) Let (b;,- -,bs) be the set of all coefficients of P and Q; as in 

the proof of Proposition 6, we have an §t-basis d,,---, d; of 9b; +----+ Hb, 

which are linearly independent over K. Then we have expressions P(X) 

=> 4,F,(X), Q(X) = 4,G,(X) where the F,(X) and the G,(X) are in 
v v 


R[X]. By our assumption, from the relation > d,(F,(x) — yG,(x)) =0 
v 


follows that F',(2) = yG,(zx) for every v. Since @(€) ~0, we have G,(é) #0 
for some v; for that v we have y= F,(2z)/G,(zx); this proves the second 


assertion. 


Proposition 8. Let K(x) and K(y) be two extensions of K which are 
linearly disjoint over K. If RK is a discrete valuation ring, then (én) 1s a 
specialization of (x,y) over Rt. if and only if (€) 1s a specialization of (x) 
over Rt and (n) is a specialization of (y) over KR. 


Proof. We shall prove only the direct part since the converse is obvious. 
We may assume that (é) and (») are both finite. Put K’—K(y) and 
= [(y) 2s (y)]. We may consider is a prolongation of in K’. 


fod 


Then our proposition is an immediate consequence of Proposition 7. 


Proposition 9. Let R be a discrete valuation ring. For any finitely 
generated extension K’ of K, there exist a finitely generated extension K’ 
of K and a prolongation R’ of KR in K’ which is a discrete valuation ring, 
such that K’ is the residue field of §’. 


Proof. Our proposition follows from Proposition 3 if K’ is purely trans- 
cendental over K; so that we have only to prove our proposition in case 


1 
) 
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where K’ is a simple algebraic extension K(é) of K. Let F(X) =0 be an 
irreducible equation for é over K; where we may assume that F is the class 
of a polynomial F in #[X] of the same degree as #7, modulo m. Let z be a 
root of the equation F(X) —0 in K, and put K’—K(z). We have a 
discrete valuation ring 9’ in K’ with the maximal ideal i’, such that #’ D &, 
n’vA9—m. Since the class of z modulo nv satisfies the equation F(X) = 0, 
we have [K’:K] [W’/n’: It is well-known that [8’/n’: R/m] 
< [K’: K]; so, by our definition of K’, we have [K’: K] = [W’/m': R/m] 
—[K’:K]. This shows that 8’/m’ is isomorphic to K’ over K; so our 


proposition is proved. 


2. Multiplicity of a proper specialization. As before, let # be an S- 
domain with the quotient field K and the residue field K. We say that (y) 
is an isolated specialization of (y) over ft, if whenever we have (y) -R_, (7) 
and (7’) (7), we also have (7) —S> (n’). A finite specialization of (y) 
over Kt is called a proper specialization of (y) over ®t if it is isolated and 
algebraic over K. 

Let (y) be a set of algebraic quantities over K and let (y™,- - -,y™) 
be a complete set of conjugates of (y) over K. Let (7) be a specialization of 
(y) over R. If there exists a number yp, such that for every specialization 
of - +, y™) over the set (7) occurs exactly times 
among (7), then we call the number p the multiplicity of (n) as a speciali- 
zation of (y) over Rt. The main object of this section is to show that a 
proper specialization over a certain local domain has a well-defined multiplicity. 


Proposition 10. Let S be an integrally closed S-domain with the 
quotient field K, and (y) a set of algebraic quantities over K. If (y) ts 
finite over KR, then every specialization of (y) over Kt is proper and has a 
multiplicity defined above. 


Proof. By Proposition 1 of Section 1, (y) is integral over 9; so that 
every specialization of (y) over ®t is finite algebraic over K. From this 
follows that every specialization of (y) over Ris proper. As for the assertion 
concerned with the multiplicity, first we shall prove it in case where the set 
(y) consists of a single, quantity y. Let F(Y) —0 be the irreducible equation 
for y over K with the jeading coefficient 1. Then F(Y) is a polynomial con- 
tained in #[Y] since R is integrally closed. It can be easily verified that 
every specialization of the complete set of conjugates of y coincides with the 
set of all roots of the equation F(Y) —0. This proves our proposition in 
the case when (y) consists of one quantity. To prove the general case we 


REDUCTION OF ALGEBRAIC VARIETIES. 141 


put z= > tiy; where (¢) is a set of independent variables over K. Let (r) be 
i 


a set of independent variables over K, and denote by © the specialization 

ring [(¢) 2+ (r)]. Then, by Proposition 4, © is also an integrally closed 

S-domain; and it is easy to see that z is finite over ©. If we denote by 

(y,- --,y™) the complete set of conjugates of (y) over K and put 

Zy = D> tiyi™, then the set (21,- consists of a repetition in a certain 
i 


number of times of the complete set of conjugates of z over K(t). So the 
general case is reduced to the case of one quantity. 

Let 9 be a local domain such that the completion R* of R has no 
zero-divisor. We identify the quotient field K of 9 with a subfield of the 
quotient field © of #* in the usual manner. The following two propositions 
are generalizations of Theorem 1 and Theorem 3 of [WF] Chapter III, Section 
3. Proofs by the same method as in [WF] have been stated in Northcott [5] 
in a general form. 


Proposition 11. Let R* be a complete local domain with the quotient 
field Q and (y) a set of elements in some field containing 2. If (y) has a 
proper specialization over R*, then (y) ts integral over R*; and any two 
specializations of (y) over R* are conjugates of each other over the residue 
field of K*. 

Proposition 12. Let Rt be a local domain such that the completion R* 
of R has no zero-divisor, (y) a set of generalized quantities which 1s algebraic 
over K, and (n) a specialization of (y) over R. Let Q be the quotient field 
of R* and © the algebraic closure of Q. Then there exists an isomorphism 
of K(y) over K into © such that if (y’) is the image of (y) we have 
(y’) > (n). 

Now we consider specializations over a special type of local domains. 
Let o be a discrete valuation ring with the quotient field & and the maximal 
ideal p, and let x —o/p be its residue field. Let (%,---,2%,) be a set of 
independent variables over k, and denote by 8 the specialization ring 
(0,- +,0)] and by its completion. Then is 
the ring of the formal power-series with in the 
completion o* of ». The complete local domain #* is a regular local ring 
in Krull’s sense * and is integrally closed. 


Proposition 13. Let R* be the completion of the specialization ring 
* >, (0,- -,0)] in the above notations; let Q be the quotient 


“Krull [3]. 
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field of R* and (y) a set of algebraic elements over Q. If (y) ts a proper 
specialization of (y) over R*, then (ny) has a multiplicity which is a multiple 


of [x():«]i. 


Proof. By Proposition 11, (y) is integral over 9#*; hence, by Propo- 
sition 10, every specialization (7’) of (y) over ®* has a multiplicity. 
Let (y™,---,y) be a complete set of conjugates of (y) over 2 and 
+, 7) a specialization of (y™,- --,y) over R*. By Proposition 
11, the set (7,- --,7) consists of conjugates of (7) over x. Everyone 


of conjugates of (7) over x is a specialization of (y) over #*; so that it has 


a positive multiplicity as a specialization of (y) over R*. Thus (y,---, 4) 
contains all the conjugates of (7) over «x; and it is easy to see that all the 
conjugates of (7) occur in (7) in the same multiplicity. Hence our 
proposition is proved when we show that d= [Q(y):Q] is a multiple of 
[x(m):x]. Let (¢) be a set of nm independent variables over k and (r) a set 
of n independent variables over x. We denote by 9, the specialization ring 
[(¢) > (r)] and by 8,* its completion. By Proposition 3 of Section 1, 
§t, is a discrete valuation ring. We may regard the completion o* of o as 
a subring of §t,*. Now we shall define an isomorphic mapping f of #t* 
over o* into #i,*. For an element 


A = anime R*, 
we define 
f(A) =D ayy tingy tytn 


where z is a prime element in o. It is easy to see that this mapping f is 
actually an isomorphic mapping into ,*. Then f is extended to an iso- 
morphism of © into the quotient field 0, of t,*, and is also extended to an 
isomorphism g of 2 into G,. We denote by (y’) the image of (y) by g and 
by (y’,- + -,y’@) the image of (y™,---,y@). If (£) is a specialization 
of (y’™) over 9,*, then (£) is a specialization of (y) over $*; hence, by 
Proposition 11, (£) is a conjugate of () over x. Now it is well-known that 
[2,(y’) is a multiple of [«(7, £):«(r)] since 9,* is a complete dis- 
erete valuation ring; the latter number is clearly equal to [x(m):«], while 
[Q(y):Q] is a sum of several [0,(y’):0,]; this completes our proof. 

The following theorem is an extension of Theorem 4 of [WF] Chapter 
ITI, Section 4, and is basic for our whole theory. 


THEOREM 2. Let (x) be a set of n independent variables over k and 
(y) a set of algebraic quantities over k(x). Let (€) be a finite specialization 
of (x) over o and denote by the specialization ring [(x) > (é)]. If (n) 
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is a proper specialization of (y) over R, then it has a multiplicity which is a 
multiple of 7) :«(é) ]i.® 


Proof. We first assume that (€) is contained in x. Then we have a 
set of quantities (a) in o such that (a) > (é). Replacing the set (2;) by 
(;—a;), we may assume that (€) —(0). In that special case, we can 
obtain our theorem by Proposition 12 and Proposition 13, in the same pro- 
cedure as in the proof of Proposition 7 of [WF] Chapter III, Section 3. Now 
we shall prove the general case. Let s be the dimension of (é) over x; if s 
is not 0, we may assume that é,,: - -,é, are independent variables over x, 
and that (€) is algebraic over x(é,,- - -,& ). By Proposition 3 of Section 1, 
the specialization ring is a discrete valuation 
ring; if we denote it by we have &n) 
Hence, it is sufficient to prove our theorem in case where (€) is algebraic 
over x. Suppose that (€) is algebraic over x. By Proposition 9 of Section 1, 
we can find an algebraic extension k’ of k and a valuation ring o’ which 
is a prolongation of o in k’, such that the residue field x’ of 0’ is «(&). 
Let (y™,- - -,y) be the complete set of conjugates of (y) over k(x) and 
- a specialization of (y™,- --,y) over Then by Propo- 


sition 6 of Section 1, there exists a generic specialization (2’, y’™,- + -,y’) 
of (2,y™,---,y) such that (2’,y/,- -,y@) = (é 9). 


Since k’ is algebraic over k, (#) is a generic specialization of (z’) 
over k’, and is extended to a generic specialization (x, - of 
over k’. Then (2, y’,---,y’) is a generic speciali- 
zation of (x, y¥™,- -,y) over k and has the specialization 7) 
over 0’. The set (y’,- - -,y’@) is a permutation of (y™,- - -,y@) since 
(y,- + +,y) is the complete set of conjugates of (y) over k(x). There- 
fore, it is sufficient to prove that for every specialization (7,- - -,7) of 
(y,- +,y@) over (x) > the set occurs in - in 
the same times p», and that » is a multiple of [«(é 7) :«(é)]i. Now the set 
(y,- + -,y@) consists of several complete sets of conjugates of sets (y®)) 
over k’(x). Since x’ =x«(é), we have [«(é :«(é) Thus 
what we have to prove is reduced to the case in which our theorem is already 
proved. 

The following three theorems are generalizations of Proposition 10, Propo- 
sition 11 and Theorem 5 in [WF] Chapter III, Section 4, and can be proved 
by the same arguments as there. 


° This theorem holds for any regular local ring #. It can be easily verified that the 
specialization ring [(#) —°,(£)] in our theorem is a regular local ring. 
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TueoreM 3. Let (x) be a set of independent variables over k, (y) and 
(z) two sets of algebraic quantities over k(x), and (&,n) a finite specialization 
of (x,y) over o. Assume that (n) is a proper specialization, of multiplicity 
p, of (y) over (x) (é), and that (z) is finite over (x,y) 7). 
Then the specializations (€©) of (z) over (2, y) are in a finite 
number; for every o, (n,f) is a proper specialization of (y,2) over 
(x) —>> (€); and if po is the multiplicity of that specialization, we have the 


relation 


wo = wl y, 2): k(x, y) |. 


THroreM 4. Let (x) and (z) be two sets of independent variables 
over k; let (y) be a set of algebraic quantities over k(x) and (w) a set of 
algebraic quantities over k(z). Assume that k(x, y) and k(z,w) are linearly 
disjoint over k. Let (€,f) be a finite specialization of (a, 2) over 0; let 
be a proper specialization of (y), of multiplicity p, over (x) > (é), and let 
(w) be a proper specialization of (w), of multiplicity v, over (z) -— (£). 
Then (y,) is a proper specialization of (y,w) over (a,z) ——> (&¢); and 
the multiplicity of this specialization is equal to py. 


THEOREM 5. Let (x) be a set of independent variables over k and (y) 
a set of m algebraic quantities over k(x). Let (&,) be a finite specialization 
of (z,y) over 0, and assume that there are m polynomials Fj(X,Y) in 
o[ X,Y], such that Fj(z,y) =0 for and that the determinant 
| OF;/0Yn(é )| ts not 0. Then (n) is a proper specialization of (y) over 
(x) +> (€); and its multiplicity is 1. 

Proposition 14. Let (x) be a set of independent variables over k and 
(y) a set of algebraic quantities over k(x). Let (&) be a finite specialization 
of (x) over 0 and (n) a proper specialization of (y) over (x) >> (€). Then 
the following two conclusions hold. 

(I) Let (2’) be a finite specialization of (x) over k such that (€) ws a 
specialization of (2) over 0. Then there exists a specialization (2’, y’) of 
(rz, y) over k, which has (é,) as a specialization over o. 

(II) Let (é) be a finite specialization of (x) over 0 such that (€) is a 
specialization of (&) over x. Then there exists a specialization (&, 1’) of (x,y) 


over 0, which has (é,) as a specialization over x. 
This is also proved as in Proposition 12 of [WF] Chapter III, Section 4. 


ProposiT1on 15. Let (x) be a set of n quantities of dimension r over k. 
Let the t; (AStSr,1SjSn) be rn independent variables over k(x) 


REDUCTION OF ALGEBRAIC VARIETIES. 145 


and the rj (ASiSr,1SjsSn) rn independent variables over x. Put 

= [(t) (r)], and y= for 1 SisSr. If ts a finite 

specialization of (x,y) over o’, then (€) is a proper specialization of (x) 

over (y) —— (7). 

Proof. It is enough to prove that if (é,) is a finite specialization of 
(x,y) over o’ then (€) is algebraic over x(r,7). Let (& 7) be a finite 
specialization of (a, y) over o’ and s the dimension of (€) over x. Then by 
Proposition 2 of Section 1, we haves =r. Let (é) be a generic specialization 
of (€) over « such that (é) and (7) are independent over x. Put yi’ = > rijé/ 

j 
forl1Sisr. Since (&,7r) (é7), we have 7, 7’) —> (7,7). Now 
by Proposition 24 of [WF] Chapter II, Section 5, (£) is finite over every 
finite specialization of - with reference to x(711,° Hence 


(€) is algebraic over x«(7,7). 


Proposition 16. Let (x), (y), (t), (rt) and o’ be the same as wm 
Proposition 15. Let the s; (l1\SjSn) be n independent variables over 
k(t,2) and the oj (l1SjSn) n independent variables over x(r). Put 
0” = [(s) (c)] and Let (n,£) be a finite specialization of 

J 


(y,z) over 0”. Then € is a proper specialization of z over (y) > (n) ; and 
(x) is finite over (y,z) > (y,£). Let (€) be a specialization of (x) over 
(y,z) > (y,£) such that (€) and (1,0) are independent over x. If k(x) 
is separably generated over k, then we have k(t,s,x) =k(t,s,y,z); and the 
multiplicity of (€) as a specialization of (x) over (y) “— (y) is equal to the 
multiplicity of £ as a specialization of z over (y) ai (m). 


Proof. By the same method as in the proof of Proposition 24 of [WF] 
Chapter II, Section 5, we can prove that (x) is finite over (y, 2) E> (af). 
Let é be a specialization of (a) over (y,z) 2—> (y.¢). Then, by Proposition 
15, (€) is algebraic over x(r7, 7) ; so that £ = > oj; is algebraic over «(r, 0,7). 


This shows that every finite specialization of z over (y) 2—> (y) is algebraic 

over x(t, 0,7). Hence is a proper specialization of z over (y) (vn). 

Suppose that &(x) is separably generated over &. Then k(t, 2) is separably 

algebraic over k(t,y). Denote by (x™,- - -,2) the complete set of con- 

jugates of (x) over k(t, y), and put 2 = > sa, for 1 vd; then it is 


easy to see that (z,---,2) is the complete set of conjugates of z over 
k(t,s,y). This shows :k(t,s,y)]; 
so we have k(t,s,r) =k(t,s,y,z). Let (é) be a specialization of (2) 
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over (y,2)2—>(n,£) such that (é) and (7,0) are independent over x. 
Let - be a specialization of over (y) (7). 
We extend this specialization to a specialization 


‘If (€) = (€), then we have £ = > off => off =f. Conversely, if 
j j 


¢) — £, then we have (2, y, z, t,s) > (a, y, 2, t, s) (&, n, & 7,0). 

Since (x) is finite over (y,z) ~~ (n,¢), (&) is finite; so we have 

By Proposition 15, (€”) is algebraic over «(r, 7); since 
j 


n= Dd (E”) is also algebraic over x(t, é). By our assumption, (c) is 
j 


a set of independent variables over x(7,é); so that from > = 


follows é Thus we have proved that if and 
only if (é”) = (€). This proves the final assertion of our proposition. 

By Proposition 14 and by Proposition 15, the following theorem can be 
proved in the same procedure as in the proof of Proposition 13 in [WF] 
Chapter III, Section 4. 


THEOREM 6. Let (x) and (y) be two sets of quantities, and (&,) 4 
finite specialization of (x,y) over 0. Then if (mn) ts an tsolated specialization 
of (y) over (x) > (€), the dimension of (n) over x(é) is at least equal 
to that of (y) over k(z). 

ProposiTIon 17. Let (y) be @ set of independent variables over k and 
z an algebraic quantity over k(y). Let F(Y,Z)=0 be an irreducible 
equation for (y,z) over k and assume thai F ws a primitive polynomial in 
o[Y,Z]. Let € be a proper specialization of z, of multiplicity 1, over a 
finite specialization (y) (mn). Then we have OF /0Z(n,£) and 
[(y, 2) (», £)] ts integrally closed. 

This proposition is a translation of Proposition 19 in [WF] Chapter V, 
Section 3 to our case and can be proved by the same argument as there. 


3. Reduction of affine varieties. Let k be a field with a discrete 
valuation, and o be its valuation ring. We denote by p the maximal ideal of 0 
and by « the residue field 0/p. We fix this field & and the valuation ring 0; 
in the following we shall use these notations k, 0, p and x always in this sense; 
and whenever we speak of a prolongation o’ of 0 we presuppose that o’ is 
also a discrete valuation ring. 

Let 8S" and S" be the affine n-spaces defined with respect to the field 
and x, respectively. First we define the reduction of a variety as a point set. 
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Let U be a bunch ® in 8” which is normally algebraic over k. We call 
a bunch attached to a set {(«)| (a) © S", (a) > (a) for some (a) e U} the 
bunch obtained from U by the reduction with respect to p (or o), or the 
reduced bunch, and denote it by U. It may happen that U is an empty set 
even if U is not empty. 


TuHeorEeM 7%. Let U be a bunch in 8" which is normally algebraic over 
k, and let a be the ideal {F(X)|F(X) ce o[X], F(a) =0 for every (a) e U} 
in o[X]. Then, we have U = {(a)| (a) © S", F(a) =0 for every F(X) ea}; 
so that U is a bunch in S" which ts normally algebraic over x. Furthermore 
if k’ is any extension of k and 0’ is a prolongation of 0 in k’, then we have 
U = {(a)| (a) eS", (a) (a) for some (a) eU}. 

Proof. By our definition of U, it is obvious that if (a#)e¢U then 
F(a) =0 for every F(X) ea. Now we express U as the union of prime 
rational cycles U; over k: U =U,U-+--+UUp,. Let (2) be a generic point 
of U; over k for every 7; then we have a—a,M: : -M a, where 


a, = (F(X) | F(X) © o[X], = 0} 


for every t. Suppose that, for every 7, (a) is not a specialization of (x) 
over 0. Then there exists, for every 7, a polynomial F(X) in a; such that 


If we put F(X) =JIFi(X) we have F(X) ea and F(a) 40. 


This proves our first assertion. The second assertion follows from our 
definition of U and Proposition 6 of Section 1. 

By this theorem the reduced bunch U is invariant under the extension 
of the basic field & and the prolongation of o in that extension. This 
property of reduction also holds for reduction of cycles which is to be defined 
later. 


Proposition 18. Let U and V be bunches which are normally algebraic 
over k. Then we have 
a i) If U and V are in the same ambient space S", then we have 
YF. 

ii) If U is in 8" and V is in S™, then we have UX V=UXV. 

Proof. The assertion i) is an immediate consequence of our definition. 
Now we shall prove ii). Let k’ be a finite algebraic extension of & such that 


* From now on we shall identify a bunch with the point set attached to that bunch. 
Also we shall use the term “ prime rational cycle” for the bunch whose components are 
components of that cycle. 
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all the components of U and V are defined over k’. We have representations 
and V=\JV; where U; and V; are varieties defined over 
j 


Let 0’ be a prolongation of o in k’, we consider the reduction with respect to 0’. 

Since U X V=l) Ui X V;j, it is sufficient to prove that Ui Xk Vj = Ui X V; 
ii 

for every i and j. This is proved by Proposition 8 of Section 1 and by our 


definition. 


Proposition 19. Let U be a bunch in 8" which is normally algebraic 
over k and assume that the components of U are all of dimension r. If U 
is not empty, then the components of U are all of dimension r. 


This is an immediate consequence of Theorem 6 of Section 2. 


Let A be a prime rational 8"-cycle over k. Now we shall define a 
rational ©"-cycle p(A) over x which will be called the cycle obtained from 


A by the reduction with respect to p (or 0). — 


Lemma 2. Let A" be a prime rational S"-cycle over a field K. Let the 
F(X) (1Sisr) be r linearly mdependent linear forms wm 
j 


K[X], and (v) a set of r independent variables over K; and let L"" be the 
variety defined by the set of equations F(X) —vy,=0 (1SisSr). Then, 
if there is a point P in AN L, this point ts algebraic over K(v); and is a 
generic point of A over K ; moreover the intersection product U - L is a prime 
rational cycle over K(v) having P as a generic point over K(v). 


This lemma is a generalization of Theorem 3 of [WF] Chapter V, Section 
1, and follows immediately from that theorem. 

Let A” be a prime rational S"-cycle over k. Suppose that A is not empty, 
and let %,, be a component of A. By Proposition 19, %,, has the same 
dimension r as A. We shall define a certain multiplicity which will be 
denoted by »(A,%,,). Let 


Le = (1SiSr)) 
j 


be a generic linear variety’ over & in 8”; and let 


Qn-r j (1 = v = r) ) 


be a generic linear variety over x, in ©". Then we have a point (x) in 
I A, which is a generic point of A over k(ti;), and we have a point () in 


By a linear variety (3 (l1Si=r)) we understand the linear 
variety defined by the equations sc,,X,;—c,;=0 (lSixr). We call it a generic 
linear variety over K if (c;,c;;) is a set of independent variables over K. 
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2 %,, which is a generic point of %,, over xk(rij). The point (zx) is 
algebraic over k(t, ti), and (€) is algebraic over x(t, 7). Since %,, is a 
component of A, (€) is an isolated specialization of (x) over 0. Hence (é) 
is a proper specialization of (x) over (ti, tj) > (ti, 7); so that by 
Theorem 2 of Section 2, it has a multiplicity » defined in Section 2. It is 
easy to see that this multiplicity » depends only upon the cycle A and the 
component %f,, of A, and not upon the choices of (¢), (r), (xv), and (é). 
We shall denote it by (A, %11). By Theorem 2, »(A, %11), is a multiple of 
[x (ti, Tij, €) 2 «(74 Ti) |i. It can be easily verified that the latter number is 
equal to the order of inseparability of %,, over x.° Let %, be the prime 
rational G"-cycle over x with the component %,,. We denote by »(A, %,) the 
integer p(A, %,;)/[%i1:«]i. It is easy to see that (A, %,) is actually deter- 
mined only by A and Yf,. We define a S"-cycle p(A) by p(A) = Sp (A, 
v 
where the sum is taken over all the prime rational S"-cycles 2, over x whose 
components are components of A. If A is empty, we put p(A) =0. It is 


obvious that 


p(A) = p(A, Ui) 


where the sum is taken over all the components %,; of A. Let X" be a 
rational S”-cycle over k; and let XY = }\agAq be a representation of XY as 
a linear combination of prime rational S"-cycles A, over k. We put 
p(X) =D a,p(Aq) and call it the cycle obtained from X by the reduction 
with respect to p (or 0). Then, p is an additive mapping of the group of 
rational S”-cycles over k into the group of rational G"-cycles over x of the 
same dimension. We shall define in Section 4 such a mapping p also for 
cycles on an abstract variety. 

PROPOSITION 20. Let k’ be an extension of k and 0’ a prolongation of 
oink’. Let X" be a rational 8"-cycle over k. If we define a cycle p(X) by 
the same procedure as above, with respect to 0’, then p(X) coincides with p(X). 

Proof. By linearity it is sufficient to prove our proposition in case 
where X is a prime rational cycle A over k. Let A == Sa,A,q be a repre- 
sentation of A as a linear combination of prime rational cycles A over k’. Let 

[nt = tjX;—t —0 (lSt=r)) 
be a generic linear variety over k’ and 
8 We shall denote by [V: K], the order of inseparability of the variety V over a 


field K. If A is a prime rational cycle over K with the component V then we denote 
it also by [A: K],. 
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be a generic linear variety over the residue field x’ of 0’. Let (x) be a 
point in 1 A and (€) a point in 2A %,1, where %,, is a component of A. 
By Lemma 2, and by the equation L-A = Sa,L- Ag, the complete set of 
conjugates of (x) over k(t, ti;) consists of the complete set of conjugates of 
(x) over k’ (ti, tij), each set being repeated a, times, where (2) is a 
point in 2M A,. By counting the number of (é) in a specialization of the 
complete set of conjugates of (x) over k(t, over ty) (Ti, Ti), 
we have p(A, = dou’ (Aa, M11) where p’ is the multiplicity defined 
with respect to 0’. By Theorem 7, a variety YU" in SG" is a component of p(A) 
if and only if it is a component of p’(A) ; so our proposition is proved. 


PROPOSITION 21. Let A" be a prime rational S"-cycle over k, and Ur a 
prime rational G"-cycle over x with a component in A. Let 


= (1StS7r)) 


be a linear variety in 8", such that all the elements dy which are not in o 
form a set of independent variables over k and that (e) is a set of independent 
variables over k(d). Let 


Qn-r (> — «= 0 (1 St=r)) 


be a linear variety in S", such that x(8) ts regular over x and that (e) ws a 
set of independent variables over x(8). Suppose that (8, 1s a specialization 
of (d,e) over o and that there are a point (x) nm LQ A and a point (€) in 
LNWA. Then (é) is a proper specialization of (x) over (d,e) > (8,«), 
of multiplicity p(A, - [«(8, €) : «(8 €) Ji. 


Proof. First we remark that A is prime rational over k(d) and that 2 
is prime rational over x(6). By Lemma 2, (x) is a generic point of A over 
k(d) and (€) is a generic point of 2 over x(8). Now it is obvious that (€) 
is a proper specialization of (x) over (d,e) (8,€), since (x) ——> (é) 
is isolated over 0. By our assumption for the set (d) and by Theorem 2 
of Section 2, (€) has a multiplicity » as a specialization of (x) over 
(d,¢) (8,€). Let 


= (> (1S157)) 
be a generic linear variety over k(d,e) and 


a generic linear variety over x(8,<). Then we have a point (y) in MN A 
and a point (7) in MNW. Obviously, (7) is also a proper specialization of 


of 
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(y) over (ti, t;) > (vy, 74); so that it has a multiplicity »,. We shall 
show p=. Let (y™,---,y™) be the complete set of conjugates of (y) 
over k(t) and (#,---,a2™) a specialization of (y™,---,y™) over 
(tij, t:) > (di, e:). Then, by Lemma 2 and the definition of intersection- 
multiplicity,®* (x™,- - -,z™) consists of the complete set of conjugates of (x) 
over k(d,e) and pseudo-points which may arise or may not arise. Let 
-,&™) be a specialization of - -,2™) over (d, (8 €) ; 
then we see that (€) occurs in (&,---,&™) exactly » times. Thus we 
have shown Let - -,™) be a specialization of (y™,- - -,y™) 
over (tj;, t;) (rij, 74) and (2,---,&™), a specialization of (™, - - + , 
over (rij, ——> (8, ). By definition of we have (€) in (@,- - -, &™) 
exactly w, times. If (é’) = (€), then we have 


By the isolatedness of (2) (€), we have + > (y), this shows that 
isin Since (y, ti, 74) and since (y™) e M, we see 
that (») is in tM W, so that (y™) is a conjugate of (ym) over x(r). Now 
by our definition of »(A, 2%), the complete set of conjugates of (7) occurs in 
exactly »(A, times. Then, by Lemma 2 and by the 
definition of intersection-multiplicity, we have W)[«(8, €) : €) 
=the number of (€) which occurs in (@,- --,&™). This completes our 
proof. 


THEOREM 8. Let A" be a rational S™-cycle over k and B* a rational 
S"-cycle over k. Then we have p(A XK B) =—p(A) X p(B). 


Proof. By linearity and by Proposition 20, it is sufficient to prove our 
theorem in case where A and B are varieties defined over &. Furthermore, 
we may assume that all the components of A and B are defined over x, because 
for every extension x’ of x, there exists, by Proposition 9 of Section 1, a 
prolongation o’ of o such that x’ is the residue field of 0’. By Proposition 18, 
a variety © in ©" GS” is a component of A xX B if and only if it is a 
product 2 < 8 where 2% is a component of A and % is a component of B. 
Hence it suffices to prove »(A XB) Let 
Mn = (> tyX;—t;=0 (1SiSr)) be a generic linear variety over k 
in 8" and N"* = (> 2;,X;—2—=—0 (1SiSs)) a generic linear variety 
over in 8". Correspondingly, let M"-" = 71, = 0 (1 SiSr)) 
be a generic linear variety over x in and = 
(17Ss)) a generic linear variety over x(r) in G". We have points (2), 


*’ See [WF] Chapter V, Section 1. 
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(y), (€) and (m) respectively in UN A, NOB, MN Wand RN B. Applying 
Proposition 21 to A X B, UM & B, M & N and M & Mt, we see that the multi- 
plicity of 7) as a specialization of (x, y) over (tij, 2ij, ti, 2%) ——> TH 
is equal to p(A X B, A XB). By Theorem 4 of Section 2 and by our 
definition of »(A, 2), this multiplicity is equal to - B). 

Now we consider the relation between our multiplicity (A, 2%) and the 
intersection-multiplicity. 

Let U” be a variety defined over a field K; let A* and B* be prime 
rational U-cycles over K. If there is a component C, of the bunch AN B, 
which is simple on U and has dimension r + s—n, then every conjugate of 
C, over K is also a simple component of A MB on U with the dimension 
r+ s—n. Consider the number 

where the sum is taken over all the A, and all the B, which are respectively 
components of A and B, and which contains C;. It is easy to see that this 
number is invariant when we replace C, with any conjugate of C, over K. 
We denote this number by i,(4-B,C;U) where C is a prime rational U- 
cycle over K with the component C;. We shall say that C is a prime com- 
ponent of AM B on U, over K, if U, A, B and C are in the above situation. 
We shall also use the notation j<(V-L,W) for an intersection of a prime 


rational cycle and a linear variety. 
THEOREM 9. Let V" be a variety defined over k in 8". Let 
= (1S18s)) 
be a linear variety in S" where cyeo0, c.e0; and let 
= 
be a linear variety in S" such that (ci, ci) (yy, yi). If there is a 
component %&8, of dimension r—s in VOL, then there exists a prime 
rational cycle W*-* over k with a component in VQ L such that B®, is a 


component of W. If we denote by the W, such cycles, then for every y, 
W, ts a prime component of VN L over k; and we have 


> L, W,) B) = Du(V, B BW), 


where X%8 is the prime rational cycle over x with the component %,, and the 
X, are all the prime components of p(V)° over « which contain B. 


® We understand by a prime component over K, of a rational cycle over K, a prime 
rational cycle over K with a component which appears in the reduced expression of 


that rational cycle. 


v 
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Proof. Let = (> tjX;—t;=—0 (1S1Ss)) be a generic linear 
variety over and = (1S1Sr—s)) a generic 
linear variety over k(t). Correspondingly, let Dt™* = (> ryX;—14—0 
(1SiSs)) bea generic linear variety over « and = (> 6X; —& =0 
(1ilr—s)) a generic linear variety over «(r). Then we have a point 
(cz) in VO MON and a point (y) in B,NN. By Lemma 2, (z) is a 
generic point of V over k(t, 2); and (y) is a generic point of %, 
over x(Gij). It is easy to see that (7) is a specialization of (7) over 
(tij, tis Zi) yi Moreover (y) is an isolated specialization 
of (x) over (ti;, ti) (yy, yi). For, if (2, t) > y) — > y), then 
is in V ML and has as a specialization over x. Since is a 
generic point of a component Y, of V M L, we have (7) ——> (7’). Hence 
(y) is a proper specialization of (2) over (t,z) > (y, £), and by Theorem 
2 of Section 2, has a multiplicity ». Now consider a series of specializations 
(t, 2) > (c,z) 2 (y, 2). By (1) of Proposition 14 of Section 2, there 
exists a set (y) such that (a,t,z) ~~ (y,c,z) (n,y,¢). Since 
(ISiss), we have (l1StSs); so that (y) is 
contained in VL. Let Wy be the locus of (y) over k, and W,’ the 
component of VM LZ which contains W,. Then we have W’ D %&, where W’ 
is the prime rational cycle over k, with the component W,’. Since 8, is a 
component of VM LZ, Y&, must be a component of W’; so that we have 
dim ¥, — dim W’ = dim W, = dim &,. From this follows that W, is a 
component of VM Z and that dim W, = dim &,. This proves the existence 
of a prime rational cycle W over & in our theorem. Let the W, be such 
cycles; then by the same argument as above we have dim W,=— dim &, 
=r-+s—vn; so that the W, are prime components of VM ZL over k. Let k’ 
be an extension of & and o’ a prolongation of o in k’ such that all the com- 
ponents of V 4 L are defined over k&’ and that all the components of V and 
V1 L are defined over the residue field «’ of 0’.°. We denote by p’(A, 2) the 
multiplicity with respect to 0’. Denote by the W,, the components of W, 
for every vy and by the &%,, the components of %, for every v. By Proposition 
20, we have 


[W:k]id Wr) BW) 


* The existences of such an extension k’ and a prolongation 9’ are assured by 
Proposition 9 in Section 1. 
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Similarly we have 


By these equations it suffices to prove the formula in our theorem in case 
where all the components of V ™ L are defined over & and where all the 
components of V and VM L are defined over x. Assume that we are in this 
situation. Let (y’) be a point in W, N, then (y’) is a generic point of 
W, over k; and we have (z, t,z) > (y’, c,z) > (n, y,¢). Conversely if 
we have (2, t,z) (y’,c,z) > y,¢), then (y’) is a generic point 
of some W, and is contained in W,™ N. This is already proved. Any such 
two points (y’) and (y’”) are conjugates of each other over k(z) if and only 
if the loci of them are the same. Now let (2 ,---,2) be the com- 
plete set of conjugates of (x) over k(t,z). We extend the specializations 
(t,z) (c,z) 2» (y, £) to specializations 


(2), ---,a@, tz) > (y™,---,y, ¢, 2) 9, y, £). 


If (7) = (), then (y™) is in W,M N for some W,. By the definition 

of 7(V-L,W,) ({ WF] Chapter V, Section 2), we have the complete set of 

conjugates of (y™) over k(z) in (y™,---+,y@), exactly 7(V-L, W,) 

times. Hence we have j(V - W,)u(W,, as the number p of (7) which 


occurs in (7 We consider another series of specializations 
(t, 2) 2 > (7, £) > (y,¢). Then a point (é) is a generic point of one 
of the %, and is contained in 9? M M if and only if 


(2, t, Zz) T; (n, Y> f). 
The loci of any such two points (é) and (é”) are the same if and only if 


they are conjugates of each other over x(r,). Hence we have as above, 
BW). This completes our proof. 


We denote by jx(V-2,%) the number Sp(V,B,)jx(B,- 8, W) in the 


above theorem. It is easily verified that the number jx(V- &, 3%) [W:«]; is 
equal to the multiplicity of as a specialization of (x) over (t,z) (y, 
where the notations are the same as in the above proof. We shall also denote 
by j(V-&, 1) this number jx(V- 2, BW) [W:«]; where YW, is a component 
of WY. Using this j, we have »(V,B)=—j(V-S",B) for every prime 
component of p(V). 

Before we deal with intersections in the general case, we extend the 
conception of the simple point. Let V" be a variety defined over & in 8", and 
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denote by a the ideal {F(X)|F(X) co[X], F(a) =0 for every (a) eV} 
in o[X]. We say that a point (#) in V is simple on V when there exists 
a set of polynomials F;(X) (1 n—r) ina such that rank ||0F;/0X;(«) | 
is equal to n—r. We call the linear variety (> 0F;/0X;(«) (X;— a;) =0 
(1SiSn—r)) in ©" the tangent linear variety to V at (a). Also we 
say that a variety YW contained in V is simple on V if some point on ¥ is 
simple on V. 

The following proposition is proved as in Theorem 5 of [WF] Chapter 
IV, Section 3. 


Proposition 22. Let V and W be varieties defined over k, respectwely 
in 8S" and S™. Let (a) be a point in V and (B) a point in W. Then the 
point (a) X (B) ts simple on V X W af and only tf (a) is simple on V and 
(B) is simple on W. 


Let 2 be a variety in V and suppose that 9% is simple on V. We shall 
use the term “uniformizing set of linear forms for V along 2%.” We under- 
stand, by this term, a set of r linear forms ®(X) = (1 S151) 
such that the linear variety (®(X) in is of dimension 
n—vr and is transversal to the tangent linear variety to V at some point of YW. 
This is an analogy of that for the ordinary case in [WF] Chapter IV, Section 6. 


THEOREM 10. Let V" be a variety in 8S" defined over k and (a) a point 
in V which is simple on V. Let = —yi=—0 (1SisSr)) be 
a linear variety in S" which is transversal to the tangent linear variety Z to 
V at (a). Suppose that (a) is rational over x and that (ya, yi)is in x. 
Then (a) is a component of VN; and we have 7(V-&,(a@))=1. In 
particular, this shows that (a) 1s contained in only one component & of V. 
Moreover (a) is a simple point on B; and & is the tangent linear variety to 


Bat (a). 


Proof. By Theorem 5 of Section 2, and by the same argument as in 
the proof of Proposition 7 of [WF] Chapter V, Section 1, it can be proved 
that 7(V- 2, Then if we denote by - -, all the components 
of V which contain («), we have 


h 
1—= Br)j (Br & (2)). 
p= 
Hence h must be equal to 1. The reinaining part of our theorem is obvious. 


Corottary. Let V be a variety defined over k and & a component of 
by the above theorem and the proof of it. From this follows [B:«];—1. 
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Proof. By our definition, there exists a point («) on ¥ which is simple 
on V. By Proposition 9 of Section 1, there exist an extension k’ of k and a 
prolongation o’ of o in & such that the residue field of o’ is x(a). Since 
»(V,%) is invariant when considered with respect to 0’, we have p(V,¥) = 1 
by the above theorem and the proof of it. From this follows [8:«],;,—1. 


THEOREM 11. Let U" be a variety defined over k; let At and B" be 
two prime rational U-cycles over k. Suppose that there exists a component 
C,"**-" of AN B which is simple on U. Then, there exists a prime rational 
cycle C over k with a component in AM B such that ©, ts a component of C. 
If we denote by the C, such cycles, then every C, ts a prime component of 
AN Bon U over k. Let the and the be those prime rational cycles 
over x which contain ©,, and of which components are components of A and B, 
respeciwely ; and let U1 be the component of U which contains ©, (by Theorem 
10, such U is uniquely determined), and © the prime rational cycle over x 
with the component ©,. If U ts defined over x, then, the MI, and the Bq are 
all contained in U1; and © ts a prime component of Mp Bq on WU over x, 
for every p and q; and we have the following formula: 


i.(A-B, ©) = Up) Be) ix (Up Bq, W). 
v Dg 


Proof. Let k’ be an extension of & and o’ a prolongation of o in k’ such 
that all the components of A, B and A” B are defined over k’, and that all 
the components of 4, B and A /O B are defined over the residue field x’ of 0’. 
We shall denote by p’(A, 2%) our multiplicity with respect to 0’. Suppose 
that there exists a component C, of AB such that Cy D ©, and denote 
by C the prime rational cycle over k with the component Cy. Then, similarly 
as in the proof of Theorem 9, we can prove that ©, is a component of C 
and that C is a prime component of 4B on U over k. If we define the 
C,, the %,, the B, and U as in our theorem, then it is obvious that the Y, 
and the %, are all contained in U1 and that € is a prime component of UM B, 
on ll over x. Denote the components of A, B, C,, %, and B, respectively by 
A,, Bg, Cy, Mp. and Bq. By Proposition 20 and by our definition of 
-B,C,;U), we have 


[A:k]7[B:k] %(A-B, Cr; U)p(C,, ©) 


1(Aq Bg, On; U)p’ (Cyn, €,) 
and 


[A: kJ] D(A, Up) (B, Bq) te (Up Be, €; U) 
(Aa, (Bg, Bav)t(Upu Bav, @,; 1). 
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By these equations, it is sufficient to prove our theorem in case where A, B, 
and the components of 4B are all defined over & and where all the 
components of 4, B and A B are defined over x. Assume that we are in 
this case. Let SY and G¥ be respectively the ambient spaces for U and WU. 
Let F(X) (1 SiSn) be a uniformizing set of linear forms for U along C. 
We may assume that for every i, F;(X) is the class of a linear form F(X) 
in o[X] modulo p. We denote by A?\-" and A?%-" respectively the linear 
variety (F;(X —X’) =0 (1SiSn)) in 8S" X SN and the linear variety 
—X’) =0 (1SisSn) in Let (y) be a generic point 
of © over x and Ag the locus of (y,y) over x. Then, Ag is a proper com- 
ponent of AN X B,) ; and by definition of Chapter VI, Section 
1), we have i(%,-B,, €;U) = j[ (Ap X - A, Ac]. By Theorem 9, there 
exists a component D of AN (A X B) such that DD Ac. (We may assume 
that the components of AM (A X B) are all defined over k.) If we denote 
by D,,- - -,.D, such components of AM (A X B), then by the same theorem, 
we have 


X B) Dy |p (Dy, Ac) 
= x B, x (Mp x Bq) A, Ag]. 


Let (c,c’) be a generic point of D over k. Put ki —k(c,c’). As it is well- 
known, we can extend the specialization ring [(c, c’) +> (y, y)] to a valua- 
tion ring 0, in Since dim; (c,c’) =dimx (y,y), 0, is Put 


— (F(X —C¢) —0 (1SiSn)), (1Sisn)). 


Then, since @ is transversal to the tangent linear variety to U at (y), we 
have, by Theorem 10, 7(U -&, (y)) =1. If we denote by (c™),- - -, (c&™) 
the component of UML such that (c) = (y) (with respect to a pro- 
longation of 0, in an extension of k,), we have, by Theorem 9 


1 (c) (y)) 


so we have m=—1 and 7(U-L,(c)) 1. As the point (c,c’) is in A, 
(c) and (c’) are both contained in L; the coordinates of (c) and (c’) are all 
in 0,; and (c) = (c) = (y). So we must have (c) = (c’); this shows 
that D is the diagonal Ag of a variety C which is the locus of (c) over k. It 
can be easily verified that C is a proper component of 4M Boon U. For 
every D,, we have a variety C, such that D, = Ac,. Conversely, if we have a 
component .C’ of A M B such that C’ D G, then it is easily proved that Aq is 


ow 


See Theorem 1 and the remark below that theorem. 
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a component of AM (A X B); so C’ coincides with one of the C,. For every 
v, the set of linear forms F;(X) (1 Sin) is a uniformizing set of linear 
forms for U along C, since C, D © and since the set F(X) (1 St1S7) is 
that for U along ©. So we have i(A-B,C,;U) =j[(A X B)-A, Ae, ]. By 
Theorem 8, we have X B, Up By) = Up) Bz). Therefore 
our theorem will be proved if we show that »(Ac,, Ac) = 4(C,, ©). But this 
is easily proved by means of Proposition 21."° 

Now, we shall prove the birational invariance of our multiplicity. Let 
U be a variety in S" & S” defined over k and U’ the projection of U on 8". 
Let (2) X (y) be a generic point of U over k and (a) a point in U’. We 
say that U is finite over (a) if (y) is finite over (x) ~~ (a). Also we say 
that the projection from U to U’ is regular at (a) if all the y; are contained 
in the specialization ring [(z) +> (a) ]. Let &’ be an extension of & and 0’ 
a prolongation of 9 in k’. Then by Proposition 6 of Section 1, U is finite over 
(«) if and only if U is finite over (a) with respect to o’. Similarly the 
projection from U to U’ is regular at (a) if and only if that projection is 
regular at («) with respect to 0’. Let (8) be a specialization of (a) over 
x; then the point (8) is a point in U’. It is easy to see that if U is finite 
over (8), U is also finite over («), and that if the projection from U to U’ 
is regular at (8), it is also regular at («). So we say that U is finite over 
a variety in U’ if U is finite over some point in that variety, and also we 
say that the projection from U to U’ is regular along a variety in U’ if that 


projection is regular at some point on that variety. 


THEOREM 12. Let U be a variety in S"X S™ defined over k, having 
the same dimension r as its projection U’ on 8". Suppose that there exists a 
component W’ of U’ such that U is finite over W. Then there exists a com- 
ponent of U whose projection on S" is W. If we denote by the MU, all such 
components of U, then we have 


= U,) W] 


Proof. Let = (> (1SiS1r)) be a generic linear 
variety in over k, and = 7X; (1 SiSr)) a generic 
linear variety in S" over x. Then we have a point (z) in U’N L and a 
point (é) in WN. There exists a point (y) in S™ such that (z,y) is a 
generic point of U over k. By our assumption, (y) is finite over (x) >> (€). 
Let () be a specialization of (y) over (x) +> (é). Then the locus U of 

Let M= (3 =0 be a generic linear variety in 


over k and M = (lSisxr+s—n)) a generic linear variety 
in S* over x. Apply Proposition 21 to Ac,, Ag, MX S*¥ and Mx S¥. 
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(€,7) over % is contained in U and has the projection on GS". If we denote 
by (m{”)) all the specializations of (4) over (x) >> (€), then, by Theorem 3 
of Section 2, we have 


p(U’, [ke (t, L,Y): k(t, x) |, 


where p, is the multiplicity of (é,')) as a specialization of (x,y) over 
(t)—*+(r). It is obvious that [U:U’] =[k(t,2,y):k(t,x)]. Applying 
Proposition 21 to U, U,, LK 8™ and 2 XK SG”, we have 


py = U,) [x (7, & (7) 


if we denote by U, the locus of (&,7'”)) over k. We have U,—U) if and 
only if (»‘”)) and (7) are conjugates of each other over x(é). Hence 
we have 


[U: W’) 


where the sum is extended over all the components U, of U having W’ as 
their projections on ©". This proves our theorem. 

The following theorem is a translation of Theorem 15 of [WF] Chapter 
IV, Section 7 to our case, and can be proved similarly. 


THEOREM 13. Let U be a vartety in 8S" K S8™ defined over k with the 
projection U’ on S". Let 3’ be a variety in U’ such that the projection from 
U to U’ is regular along 3’. Then there is one and only one variety 3 in U 
with the projection 3’ on S"; 3 ts simple on U if and only tf 3’ ts simple 
on U; and we have [8:3’] =1. 


Let T be a birational correspondence between two varieties V and W, 
defined over &. Let Sy be a variety in V such that the projection from T 
to V is regular along 3y. Then, by Theorem 13, there is one and only one 
variety 8 in T with the projection 8y on V. If the projection from 7’ to 
W is also regular along the projection 8w of 3 on W, then we say that T 
is biregular along By and along 3w, and that 3y and Bw are regularly 
corresponding varieties in V and in W by T. 


THEOREM 14. Let T be a birational correspondence between two varieties 
V and V’, defined over k. Let A" be a prime rational cycle over k, which is 
contained in V, and XM a prime component of p(A) over x. Suppose that T 
is biregular along a component of % and denote by A’ and W’ the cycles respec- 
tively corresponding to A and M by T. Then X’ is a prime component of p(A’) 
over x; and we have p(A, p(A’, W’). 
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This follows immediately from Theorem 12, Theorem 13 and from 


Proposition 20. 
Now we shall prove the converse of Theorem 10. 


THEOREM 15. Let V" be a variety in S" defined over k and (€) a point 
in V. Then (&) is simple on V if and only if (é) ts contained in only one 
component & of V, »p(V,B) =1 and (€) ts simple on B. Moreover, if that 
is so, and if (x) is a generic point of V over k, then the specialization ring 
[ (x) is integrally closed. 


Proof. We have only to prove the direct part. Let the ¢; and the s; 
be (r+1)n independent variables over k(x), let 
the 7;; and the oj; be (r + 1)n independent variables over x(€). Put y; = > tia; 
and D> for z= Dd s;7; and Denote by & the 
linear variety (S7jX¥j;—7—=—0 (1Sisr)). Since & is transversal to the 
tangent linear variety to B at (é), we have (BX, (€)) =1. By Proposition 
9 of Section 1, we can find an extension /, of k and a prolongation 0, of o 
in k, such that the residue field of 0, is k(é,7). We may assume that k(z, t) 
and k, are independent over &. With respect to 0;, our assumption gives 


(€)) =H (V, (€)) = 1, 


so that (€) is a proper specialization of (x) over (t, y) *> (7,7) of multi- 
plicity 1..° Since k(a,t) and k, are linearly disjoint over k, we see that (€) 
is a proper specialization of (x) over (t,y) ~~ (z7,) of multiplicity 1. 
By Proposition 16 of Section 2, ¢ is a proper specialization of z over 
(t, s, y) ~~ (r,¢,7), of multiplicity 1. By the same proposition. we have 
k(t, s,y,z) =k(t,s,r). Put k’ =k(t,s) and 0’ = [(t,s) (7,c)]. By 
Proposition 17 of Section 2, the specialization ring [(y, 2) a» (y,2)) is 
integrally closed, so it contains all the x; since (x) is finite over this speciali- 
zation ring by Proposition 16 of Section 2. Let Z be the locus of (2, y, z) 
over k’ and W the locus of (y, z) over k’. Then Z is a birational correspondence 
between V and W; and the above results shows that (€) and (yn, £) are regularly 
corresponding points by Z. By Proposition 17 of Section 2, (7, £) is simple 
on W; from this and Theorem 13, follows that (€) is simple on V. Moreover 
we have [(r) “> (é)] =[(y,2z) (y,0)]. By this and Proposition 7 
of Section 1, (€)] is integrally closed. 


CorotLary 1. Let V be a variety defined over k and 8 a component of 
V. Then & is simple on V if and only if p(V,8) = 1. 


Note that the linear variety (3 t,,X;—y; =0 (1 Si<r)) is generic over k 
and see the remark below the proof of Theorem 9. 


=> 
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This is an immediate consequence of the above theorem and the corollary 
of Theorem 10. 


Corotuary 2. Let U be a variety defined over k and U a component 
of U; let (x) and (€) be respectively a generic point of U over k and a generic 
pont of over x; and denote by the specialization ring [(x) *— (€)]. 
If U is simple on U, then the maximal ideal of RK 1s the ideal pK. 


Proof. Let the 4; (1 SiSr+1,1Sj Sn) be (r+ 1)n independent 
variables over k(x) and the 7 (1 SiSr+1,157 S72) be (r+ 1)n indepen- 
dent variables over «(é). By Proposition 9 of Section 1, we can find a finite 
algebraic extension k, of k and a prolongation 0, of o ink, such that U1 is defined 
over the residue field «x, of 0,. We may assume that the maximal ideal p, of 0, 
is the ideal po,.2°” Put 0’ =[(t)—>(r)], p’ =p,.0’, w= Dd bya; 
for 1SiSr+1 and =D for 1 Then as in the proof of 
Theorem 15, we have [ (2) (€)] =[(y) (n)]. Moreover, if we 
denote by V the locus of (y) over k(t), then (7) is a point in V and it is 
simple on V. Let F(Y) =O be an irreducible equation for (y) over k(t) 
and F,(Y) —0 an irreducible equation for (4) over x’. We may assume 
that F(Y) is a primitive polynomial in o’[Y] and that F)(Y) is the class 
of a ploynomial /,(Y) in o’[¥Y] modulo p’. We have F(Y) =F, (Y)F,(Y) 
where F',(Y) is a polynomial in «’[Y]. Since () is simple on V, we have 
dF /0Y ;(n) ~0 for some 7; so that we have F',(7) #0. Let z be a quantity 
in k(x) contained in the maximal ideal of [(x) — (é)]. Then we have 
an expression z= P(y)/Q(y) where P(Y) and Q(Y) are polynomials in 
o’[Y], P(n) =0 and Q(n) #0. Since —0 is an irreducible equation 
for (m) over x’, we have P(Y) —F,(Y)G(Y) where G(Y) is a polynomial 
in «’[Y]. Then we have P(Y)F,(Y) =F(Y)G(VY). Let F,(Y) and G(Y) 
be polynomials in o’[Y] such that F,(Y) and G(Y) are respectively the 
class of F,(Y) and the class of G(Y) modulo p’. Then we have 


P(Y)PFA(Y) =F(Y)G(Y) + 7H (Y), 


where H(Y) is a polynomial in o’[Y] and =z is a prime element of o. 
Substituting (y) for (Y), we have P(y)F,(y) =zH(y), so we have 
= H(y)/[Q(y)Fi(y)]. Since £0, 2/r is contained in 
[(y) “> (n)], so in [(x) “> (é)]. Then by Proposition 7 of Section 1, 
is contained in —2 > (€)]. This proves our corollary. 


10” This is assured since we can take k, and 9, in such a way that [k,: &] = [xK,: x] 
as in the proof of Proposition 9. 
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4. Reduction of abstract varieties. Let [V.;Fa;Tga] be an abstract 
variety in Weil’s sense, defined over k; let, for each a, 3, be a bunch in Vy, 
which is normally algebraic over «x and which contains F,. We call the 
system pga] a p-variety defined over k having [Va;Fa;T pal 
as its underlying abstract variety if the following condition is satisfied. 

Whenever, for any « and B, P, is a point in Va—%a and Pg a point in 
Ve— ip, such that (Py, Pg) is in Tq, then Pg and Pg are regularly corre- 
sponding points by 


We can easily prove the following facts. 
i) Let [Va;Fa;%a;T pa] be a p-variety defined over k and 
3 Fa, Bur] 
a subvariety of the abstract variety |Va; Fa; Tga]. Then the system 
3 Fa, Vay; Fa, Vay 3 Bur] 
defines a p-variety which will be called a subvartety of the p-variety 
[Va; Fas da; Ta]. 


ii) Let [Vas and [W); Sy] be two p-varieties 
defined over k and [V_ Wy; Hany; the product-variety of the abstract 
varieties [Va; Fa; and Put 


$a = (Ba x Wy) U (Va x @,). 


Then the system [Va X Wy; Hav; Sar; Usu.cr] defines a p-variety which will 
be called the product-variety of [Va; Fa; Ga; Tpa| and [Wy; Gy; Gy; 


iii) The projective space of any dimension defines a p-variety with the 
empty %; so that every projective variety defines a uniquely determined 
p-variety with the empty §c. 


Let [V] =[Va;Fa3%a;T ge] be a p-variety defined over k. Let the 
M, be corresponding generic points of the Va over k by the Tga and 
be any specialization of over o. Similarly as 
in [WF] p. 168, by a full set of representatives attached to [V], we under- 
stand the set (Pq,,° Pa,) of all the which is finite and not in Also 
we say that [V] is p-complete if no full set of representatives attached to [V | 
is empty. The following facts are easily proved; i) the underlying abstract 
variety of a p-complete p-variety is complete; ii) every subvariety of a p- 
complete p-variety is p-complete; iii) the product of p-complete p-varieties is 
p-complete; iv) every projective variety defines a p-complete p-variety. 
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Let [V] be the same as above, and let [38] = [W,; G3 Sy] be an 
abstract variety defined over an extension field x’ of x. We say that [2] 
is a variety in [V] if the following conditions are satisfied: i) there exists a 
full set of representatives Pa,) attached to [V] such that, for 
every A, YW) is the locus of Pa, over x’; ii) G = WN Fa; iii) Gua is the 
variety in Ta,c, with the projections YW) on V,, and W, on Va,. We call BW 
the representative of [%8] in Vay. We can easily prove that for any variety 
%, in V, which is not contained in a there is one and only one variety [38] 
in [V] such that Y&, is a representative of [YW] in Vo. By a point in 
[V] we understand a zero-dimensional variety in [V]. It is obvious that 
all the representatives of a point in [V] forms a full set of representatives 
attached to [V] and conversely. Let [P] be a point in [V] and [$B] a point 
in [V]. We say that [8] is a specialization of [P] over o (on [V]) if [P] 
and [93] have in some representative V, of [V], representatives P, and Bq 
such that $8, is a specialization of Pa over 0. We say that a variety [8] 
in [V] is simple on [V] if a representative YW, of [YW] is simple on Vg. 
We call a finite set of varieties in [V] a bunch in [V]; we may identify a 
bunch with the point-set in [V] attached to that bunch. Also, we say that 
a variety [Ys] is a component of a bunch in [V] if [8] is maximal in 
that bunch. These definitions are analogies of the definitions in [WF] 
Chapter VII. 

Now our theory of the reduction with respect to p can be extended to 
abstract varieties on which p-varieties are defined. 

Let [|V] be a p-variety defined over k. Let [A]" be a prime rational 
[V]-cyele over k (which means a prime rational cycle on the underlying 
abstract variety of [V]). We denote by [A] the set of all the points in [V] 
which are specializations of some points in [A], over 0. Now we may con- 
sider the notation [V] in this sense. It is easy to see that the set [A] 
defines a bunch in [V]. If [A] is not empty, then, by Proposition 19 of 
Section 3, every component of [4] is of dimension r. Let [%], be a com- 
ponent of [1]. By our definition of [A], there exists a representative V, 
in which [A] and [9], have representatives A, and %,,.1° By Theorem 14, 
of Section 3, the multiplicity »(Aq,%1a) is independent of the choice of 
representation Vg, Aa, Mie for [V], [A] and [%],. We shall denote it by 
w([A], [%],). Now the results in Section 3 are all translated to the corre- 
sponding results on abstract varieties. We shall state them in the following 
theorems for varieties with a property which we shall call p-simplicity. We 


*° We shall use the term “ representative” also for a prime rational cycle. 


D 
| 
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shall say that a p-variety [V] is p-simple if there exists only one component 
[BV] in [V] and if »([V], [B]) —1; and we shall call this [B] the abstract 
variety obtained from [V] by the reduction with respect to p. 


TueEorEM 16. Let [V] be a p-simple p-variety defined over k, then the 
abstract variety [B] obtained from [V] by the reduction with respect to p 
is defined over x; and a point on [%] is simple on [B] tf and only if tt ts 


simple on [V]. 


Proof. As for the first assertion, it is sufficient to prove that every 
representative of [%] is defined over x. Let Vq be a representative of [V] 
and %, a representative of [8] in Va. By Corollary 1 of Theorem 15 of 
Section 3 and by corollary of Theorem 10 of Section 3, we have [B,:«]i—1. 
This shows [x’:«];—= 1 if we denote by x’ the smallest field of definition for 
%, which contains x. Since the bunch %, in V¢ is normally algebraic over x, 
every conjugate of B, over x is not contained in %,; so that, by our assump- 
tion, there is no conjugate of B, over « other than &%, itself; so we have 
[x’:x],—=1. Hence we have x’—x. The remaining part of the theorem 
follows immediately from Theorem 15 of Section 3. 


Proposition 23. If [U] and [V] are p-simple p-varieties defined over 
k, then the product-variety [U] K [V]| is also p-simple. 


This is easily proved since the result corresponding to Proposition 5 of 
[WF] Chapter VII, Section 3 also holds in our case. 

Let [V] be a p-simple variety defined over & and [%] the abstract 
variety obtained from [V] by the reduction with respect to p. Then every 
“variety in [V]” is a subvariety of [8]. Thus we are able to define the 
reduction of [V]|-cycles. Let [A]|" be a prime rational [V]-cycle over & and 
[9 ],” a prime rational [¥]-cycle over « with a component [%],, which is a 
component of [A]. We denote by »([A], [%],) the number 


«Ji, 
and define the [¥]-cycle p([A]) as follows: 
p([A]) ~ »(LA], 


where the sum is taken over all the prime rational [¥]-cycles [1], over x 

with the components which are components of [4]. Even if [A] is not empty 

the cycle p([A]) vanishes when every component of [A] is not simple on [8]. 

Let [X] be a rational [V]-cycle over k; we have an expression [X] = Sa[A]) 
x 


where, for every A,[A], is a prime rational [V]-cycle over k. We put 
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p([X]) = & m([A4]n) and call it the cycle obtained from [X] by the 


reduction with respect to p. It is obvious that p is a linear mapping of 
the group of rational [V]-cycles over & into the group of rational [%]-cycles 
over x. Similarly as in the affine space, p({[X]) is invariant under the 
extension of the basic field & and the prolongation of 9. It should be men- 
tioned that the mapping p is defined with reference to the ambient variety [V]. 
But we shall use the same notation p for mappings of cycles on different 
ambient varieties, since there will be no confusion. 


TuHeoreM 17. Let [V] be a p-simple p-variety defined over k. Let 
[X]" and [Y]* be positive rational |V|-cycles over k such that the inter- 
section-products [X]-[¥Y] and p({X])-p({[¥]) are both defined. Then 
we have p([X]-[¥1) 


Proof. By linearity it is sufficient to prove our theorem in case where 
[X] and [Y] are prime rational [V]-cycles [A]" and [B]* over k, respec- 
tively. Moreover we may assume that [A] and [B] are both varieties defined 
over k. For, we may take a suitable extension of k and a prolongation of o 
instead of & and 0, since p is invariant under such a change of the basic 
field and ring. We may also assume that every component of [A] /M [B] 
is defined over k. Now denote by [¥] the abstract variety obtained from 
[V] by reduction. Let [C] be a proper component of [A] [B] on [V] 
and [€] a component of [C]. If [©] is simple on [%], it is a component 
of p([A])-p([B]). To see this let [€]’ be a component of [A] N [B] 
containing [€]; then [€]’ is simple on [¥]. By our assumption that 
p([A])-p({B]) is defined on [¥], we have dim [€]’ =r-+s—n where n 
is the dimension of [V] and of [%]; so that we have dim [€]’ = dim [C] 
=dim[C€]. Hence [€] is a component of p([A])-p([B]). Conversely, 
let [€] be a component of p([A])-p([B]). Then it is a component of 
[A] AM [B] of dimension r-+ s—vn and is simple on [¥]. By Theorem 16, 
[€] is also simple on [V]; then, by Theorem 11 of Section 3, there exists 
a component [C] of [A] N [B] such that [C€] is a component of [C]. Hence 
we see that [©] is a component of p([A]-[B]). Thus we have proved that 
a variety on [¥] is a component of p([A]-[B]) if and only if it is a 
component of p({[A])-p([B]). Now our theorem is an immediate conse- 
quence of the formula in Theorem 11 of Section 3. 


TuHEorEM 18. Let [U] and [V] be p-simpie p-varieties defined over k. 
If [X] ts a rational [U]-cycle over k and [Y] is a rational [V]-cycle over 
k, then we have p({X] X [¥Y]) =p([X]) X e(L"]). 


K 
y 
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This follows immediately from Theorem 8 of Section 3 and from our 


definition of p. 


TueEorEM 19. Let [U] and [V] be p-simple p-varieties defined over k; 
and let [U1] and [¥] be respectively the abstract varieties obtained from [U | 
and [V]| by the reduction with respect to p. Suppose that [V] is p-complete 
and that [B] has no multiple point. If [X] is a rational [U] X [V ]-cycle 
over k, then we have = pron{e([X])}.- 


Proof. By linearity, it is enough to prove our theorem in case where 
[X] is a prime rational cycle [A]. Moreover, as in the proof of Theorem 17, 
we may assume that [A] is a variety defined over k. Let [A]’ be the 
projection of [A] on [U], and [P] X [Q] a generic point of [A] over k. 
Our theorem is obvious when dim [A ]’ < dim [A]; so we assume that [A]’ 
has the same dimension r as [A] and put [[A]:[A]’] —d. Let [%]’ be a 
component of p([A]’) and [P] a generic point of [%]’ over x. Since [V] 
is p-complete, there exists a point [Q] on [¥] which is a specialization of 
[Q] over [P] —— [P]. If we denote by [9] the locus of [P] & [Q] over x, 
then [%] is a component of p([A]) with the projection [%]’ on [1]. Thus 
every component of p{prrv;([A])} is a component of pryyj{p([A])}. It is 
easy to see that the converse is also true. Now we may assume that the 
components of p([A]) and p([A]’) are all defined over x. Our theorem is 
proved when we show that, for every component [%]’ of p([A]’), 


d-p([A]’, = [M]o) [[W]o: 


where the sum is taken over every component [%]o of p([A]) with the 
projection [M]’ on [UJ]. Let U, U, A’, W’, P, P be representations of [U], 
[W], [A]’ [2]’, [P] and [P], respectively; and let SY and S% be respec- 
tively the ambient spaces for U and for Ul. We may assume that [U] =U 
and [UJ=—U. Let = (> 4;X;—t=—0 (1SiS1r)) be a generic 
linear variety in over k and = (1SisSr)) a 
generic linear variety in © over x. We may assume that the point P is in 
L and that P isin 2. Denote by (P;,- - -, Ps) the complete set of conjugates 
of P over k(t) and denote by ([Q]:,---,[@Q]a) the complete set of con- 
jugates of [Q] over k(P); then we have the set of 8d points P, X [Q]x 
(1SA58,1Sv=4) as the complete set of conjugates of P X [Q] over 
k(t), where ([Q],1,° [QJ]aa) is the transform of by 
some automorphism over k(t) of k(t). Let (P, X [Q]ny) be a specialization 
of (Py X [Q]xv) over (t) (7). By our assumption that [V] is p- 
complete, [Q],, is a point of [B] for every (A,v). If Py is a conjugate of P 
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over x(r), then P, K [Q@],, is a generic point of one of the [M]o, say [W]., 
over x. If [1], has a representative in U & V, then every generic point of 
[9]. over x has a representative in U X V,. Hence we may consider that 
we are in the affine space; so that by Proposition 21 of Section 3,11 the number 
of (A,v) such that P, X [Q]y, is a generic point of [9%], over & is equal to 
e({A], [].)[«(Px & 7): On the other hand, the number of 
P, X [Q@],» such that P, is a conjugate of P over «(7) is equal to 


d-p({AJ’, [M]’) [«(P, 7) 


Hence we have 
d-p([A]’, [M]’) [x (P, 7): «(r)] 
~ [A], [W]o) [ [N]o: [x(P, T) x(r) 


This completes our proof. 


Proposition 24. Let [V] be a p-simple p-variety defined over k and 
[BW] the abstract variety obtained from [V] by the reduction with respect 
to p. Suppose that [V] is p-complete and [B] has no multiple point. Then 
for every rational [V]|-cycle [X]| over k, of dimension 0, we have 


deg([X]) deg {p([X])}. 


Proof. As in the proof of Theorem 17, we may assume that every 
component of [X | is rational over k. Since every rational point over k has a 
uniquely determined specialization over 0, our proposition is an immediate 
consequence of our definition of p. 


Proposition 25. Let [L]|" be the projective space defined over k and 
[X] a rational [L|-cycle over k. Consider the abstract variety obtained from 
[LZ] by the reduction as the projective space [Q]" defined over x. Then we 
have deg([X]) = deg {p([X])}. 


This follows immediately from Theorem 17 and Proposition 24. 

Let [V] be a p-simple p-variety defined over k and [¥] the abstract 
variety obtained from [V] by the reduction with respect to p. We denote 
by F the field of algebraic functions on [V] defined over & and by © the 
field of algebraic functions on [%] defined over x. Let [P] be a generic 
point of [V] over k and [P] a generic point of [¥] over x. Let ¢ be an 
element of F which is defined by z—¢([P]). By our assumption and by 
Theorem 15 of Section 3, the specialization ring [[P] -— [P]] is integrally 


11 Apply that proposition to [A], [%],, LX S™ and 2X S™, where S™ and S™ denote 


the ambient spaces for V, and V_, respectively. 
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closed, so that by Proposition 5 of Section 1, it is a discrete valuation ring. 
Hence z has a uniquely determined specialization £ over [P] ~~ [P]; and 
¢ is a generalized quantity in x([P]). Denote by ¢ the generalized function 
on [%] defined by £=¢([P]) over x. Thus we obtain a mapping ¢>¢ 
from F to ®; it is easy to see that this mapping does not depend on the 
choice of [P] and [P]. Therefore, we may call the field ® the field obtained 
from F by the reduction with respect to p; of course, the field ® depends 


upon the variety [V] which is a “ model” of F. 


THEOREM 20. Let [V] be a p-simple p-variety defined over k and [¥] 
the abstract variety obtained from [V| by the reduction with respect to p. 
Let be a function on [V] defined over k such that $ is a function on [%] 
other than the constant 0. Then p((¢)) = (¢). 

Proof. Let [D] be the projective straight line defined over k and [D] 
be the projective straight line defined over x. We may consider [D] as the 
abstract variety obtained from [D] by reduction. Let I'g be the graph of ¢ 
and Tj the graph of ¢; then Tj is a component of Ty. By Theorem 19, 


we have 
Prrgi {e (Te) } = e{privi (To) } =p(LVI) = [8%]. 


By this equation we have p(Ty) =Tg + [X] K [D], where [X] is a [¥]- 
divisor. Now by the definition of (¢)o, Theorem 17, Theorem 18, and 


Theorem 19, we have 

e(($)o) =ef{privi (To [V]o)} = prigi { + [¥] X [D])- ([B] X (0))} 
= prrgi {T° [B]o + [X] (0)} = ($)o + 

Similarly, we have p((¢)«) = ($)* + [¥]; so we have p((¢)) = (4). 


THEorREM 21. Let A" be a prime rational 8"-divisor over k and (2) a 
generic point of A over k. Let F(X) =0 be an irreducible equation for (x) 
over k and suppose that F(X) is a primitive polynomial in o[X]. Let 
F(X) =I G(X)“ be an expression of F(X) as a product of irreducible 

a 


polynomials in x[X]. Then, we have p(A) => pea where, for each a, Aa 
a 


is the prime rational G"-divisor over «x which has a generic point (é) over 
x such that G,(é™) = 0. 

Proof. Let P = (t) and P= (r) be respectively a generic point of S” 
over & and a generic point of S”" over x. Let ¢ be the function on 8", 
defined over k by F(t) —¢(P). Then the function ¢ on ©" is defined 
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over x by F(r) =¢(P). By our assumption on F(X), the function ¢ is 
not the constant 0; so that by Theorem 8 of [WF] Chapter VIII, Section 3 
and by Theorem 20, we have p(A) —p((¢)) =(¢). Let y be the func- 
tion on ©" defined over «x by Ga(r) =Wa(P), for each « Then we have 
@ = II Yu"; so we have by Theorem 6 and Theorem 8 of [WF] Chapter VIII, 


=D =D This proves our theorem. 


5. Specialization-theory of cycles. When we consider the reduction 
of cycles with respect to p as the specialization of cycles, our theory in 
Section 4 is concerned only with the specialization of the cycles which are 
rational over the basic field. In this section, we shall define a more general 
concept of the specialization of cycles on abstract varieties. 

Let [V].,---°,[V]n be p-simple p-varieties defined over & and 


- be the abstract varieties obtained from [V].,---,[V]n by 
the reduction with respect to p, respectively. Let [X]i,---,[X]n be 
respectively cycles on [V]1,---,[V]n; and let [¥]1,---,[%€]n be respec- 
tively cycles on [%],,---,[@B]n. We say that ([X],,---,[#]n) is a 
specialization of ({X]1,- --,[X]n) over o if there exist an extension k’ of 
k and a prolongation o’ of o in #’ such that [X].,- - -, [|X], are all rational 
over hk’ and [X]i,---,[%]n are respectively the cycles obtained from 
[X]:.---,[X]n by the reduction with respect to o’. We shall denote by 


PROPOSITION 26. Let (x) be a set of n quantities in K and (é€) a 
specialization of (x) over o. Then there exists a prolongation o’ of o in k(z) 


such that (€) is a specialization of (x) over o’. 


Proof. By Proposition 9 of Section 1, there exist an extension k, of k 
and a prolongation o, of o in k, such that the residue field x, of 0, is «(é). 
Let (b) be a set of quantities in 0, such that (b) > (é). We may 
assume that k, —k(b). Let r be the dimension of (x) over k. Let the ¢;; 
and the ¢; for 1 Sj =n be r(n+1) independent variables over 
k,; and let the 7; and the 7; for1 Sn ber(n +1) independent 
variables over x, Put (ti, tj) and 02 = [ (t, ]; then 
0. is a prolongation of 0, in kz. Denote by L"-" the linear variety 


(> =0 (1S157)) 
in S” where z is a prime element in o and by 2" the linear variety 


(Sty(X;—§) 


a 
a a 
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in ©"; denote by A” the prime rational cycle in 8" with the generic point 
(x) over k. Now we consider the reduction with respect to 0.. Then we 
have L =. The point (é) is contained in A M 2; moreover, since (7) is a 
set of independent variables over x,, it can be easily proved that (€) is a 
component of 4N 2. By Theorem 9 of Section 2, there exists a point (y) 
in AN LZ such that (€) is a specialization of (y) over 02. We extend the 
specialization ring [(y) > (é)] to a valuation ring o, in kz =k.(y); this 
valuation ring 0; is also discrete as (y) is algebraic over k. Since L is a generic 
linear variety over k, we have (x) <*> (y). We extend this generic speciali- 
zation to a generic specialization (x, a, s) <> (y, b, t). Put and 
denote by o, the prolongation of o in /, which corresponds to the prolongation 
0; in k, by the specialization (2, a, s) (y,b,t). Put o =k(r) 0,4; 
then o’ is a discrete valuation ring in k(x) and it defines a prolongation of o 
in k(x) such that (2) >> (€); so our proposition is proved. 

By this proposition, our definition of the specialization of cycles does 
not conflict with the definition of the specialization of points. But it should 
be remarked that singular points or a pseudo-point are considered as the 


cycle 0. 

Proposition 27. Let [U],,---,[U]n, be p-simple 
p-varieties defined over k; and let be 
respectively cycles on [U],.---,[U]n, Every speciali- 
zation of ({[X]1,---,[X]n) over o can be ertended to a specialization of 


>>, -, [¥].) over o. 

Proof. Let ({¥]1,- -,[%]n) be a specialization of ([X],,° [X]n) 
over 0. Then, by our definition, there exist an extension k’ of k and a 
prolongation o’ of o in k’ such that all the [X]; are rational over k’ and that 
p ((X]i) = [¥]i for 1 [isn where p’ denotes the reduction-mapping with 
respect to 0’. Let k” be an extension of k&’ such that [VY ],,---,[Y¥]m are 
all rational over k” and 0” a prolongation of o’ ink”. Put [9]i =p” 
for 1=i=™m where p” denotes the reduction-mapping with respect to 0”. 
Since p”([X]i) =p’([X]i), we have 


This proves our proposition. 
Now we can easily prove that the specialization of cycles defined above 


preserves the operations on cycles. 


THEOREM 22. Let [V] be a p-simple p-variety defined over k, [X] and 
[Y] two [V]-cycles of the same dimension and ([X], [9]) a specialization 
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of ([X], [¥]) over 0. Then [X] + [Y] ts a uniquely determined speciah- 
zation of [X] + [Y] over ((X], [Y]) ([4], [9]). 

THEOREM 23. Let [V] be a p-simple p-variety defined over k, [X]" and 
[Y]* two positive [V]-cycles and ([X],[Y]) a specialization of ((X], [Y]) 
over o. If [X]-[¥] and [X]-[Y] are both defined, then [X]-[Y] is a 
uniquely determined specialization of [X]-[Y] over 


({X], ([%], [9]). 


TuHEorEM 24. Let [U] and [V] be two p-simple p-varieties defined 
over k, [X] X [Y¥] a [U] X [V]-cycle and ([X],[Y]) a@ specialization of 
({(X], [¥]) over o. Then, [X] X [Y] is a uniquely determined specialization 
of [X] X [¥] over ([X], [¥]) ((2], (91). 


THeroreM 25. Let [U] and [V] be two p-simple p-varieties defined 
over k and denote by [U1] and [¥] the varieties obtained from [U] and [V] 
by the reduction with respect to p, respectively. Suppose that [V] is p- 
complete and that [¥] has no multiple point. Let [X] be a [U] X [V]-cycle 
and [X] a specialization of [X] over 0. Then priyi([X]) is a uniquely 
determined specialization of priv;([X]) over [X]———> 

We shall only prove Theorem 23 since the others are proved in the 
same way. 

Proof of Theorem 23. Let ({%],[9],[8]) be a specialization of 
([X], [VY], [X4]-[¥]) over o. By our definition, there exist an extension k’ 
of k and a prolongation o’ of o in k&’ such that [X], [Y] are rational over k’ 
and p'([X]) = [2], = [¥]) — [8], where p’ denotes 
the reduction-mapping defined with respect to 0’. Since [X]- [9] is defined 
by our assumption, we have by Theorem 18 of Section 4, p’([X]-[Y!) 
= [X]-[%]. This proves our theorem. 

In case where k ~o0, we have a specialization-theory of cycles over a 
field. In this case, we have [U] —[U] (or [UW] —[U]* where o is an 
isomorphism of &) for an ambient variety [U]. 

We have to prove that the specialization of cycles thus defined is transi- 
tive since this is not so obvious. 

PROPOSITION 28. Let [V] be a p-simple p-variety defined over k, [X]’ 
a V-cycle and [X] a specialization of [X]’ over o. 

i) If [X]’ is a specialization of a [V]-cycle [X] over k, then [X] is 
a specialization of [X] over o. 

ii) Every specialization of |X] over x is also a specialization of [X]’ 
over 0. 
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Proof. Suppose that [X]+— [X]’/—*> [X]. Then, by our definition, 
there exist an extension k, of k and a discrete valuation ring 0, in &, which 
contains & such that [X] is rational over &, and pi([X]) = [X]’ where p, is 
the reduction-mapping with respect to 0, ; and there exist an extension k, of k 
and a prolongation o, of o in kz such that [X]’ is rational over &, and 
p2([X]’) = [%] where pz is the reduction-mapping with respect to 02. By 
Proposition 9 of Section 1, there exist an extension k, of k, and a prolongation 
0; of 0, in kz such that the residue field k, of 0, contains #2. Let o4 be a 
prolongation of 0, in Then we have ps({[X]) = [X]’, es([X]’) = 
where p; and p, are the reduction-mappings with respect to o; and 04, 
respectively. Let #t be the inverse image of o, by the natural homomorphism 
of 0, onto ky. Then 8 is a (non-discrete) valuation ring with the quotient 
field k,;; we may consider the residue field of 0, as the residue field of &. 
Denote by the [A], all the components of [X]. We may assume that the 
[A], are all defined over k;. We fix our attention to one component [A], 
and one of its representative A),. Let 8” be the ambient space for A)a, 
(x) a generic point of Ay, over k; and the for 1 1SjSn rn 
independent variables over & where r is the dimension of Ajg. Put y; = > tija; 
for 1i=r. Then we have an irreducible equation Fy\.(¥Y,7) —0 for 
(yi, tis) over kz. For each [A], and for each representative A, of [A]), 
we obtain such an equation. We may assume that the polynomials PF, are 
all primitive polynomials in R[Y,7]. Denote by c, all the coefficients of 
the Fg. Let (y) be the uniquely determined specialization of (c) over 8. 
Then obviously we have (c) ~~ (y). By Proposition 26, there exists a 
prolongation o’ of o in k(c) such that (c) oN (y). By Proposition 16 of 
Section 2 and by our definition of the reduction, we can easily prove that [X | 
is rational over k(c) and p’([X]) = [X] where 9’ is the reduction-mapping 
with respect to 0’. This proves the assertion i). The second assertion can 
be proved similarly. 


6. Reduction with respect to infinitely many p. Let K be a field with 
a set of infinitely many discrete valuations {w,}. We denote by 0, p, and x 
the valuation ring, the valuation ideal and the residue field of w), for every A; 
denote by o that set of valuations. In this section, we shall use these notations 
always in this sense. We assume that the set o satisfies the following condition : 


(1) element of K other than zero is a py-unit for almost all ™ 
the py. 


11 We shall use the term “ almost all” in the sense of “all but a finite number of.” 
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In the following we shall use the notations o;,02,- - - for subsets of o which 
contain almost all the py. 

Let V be a variety defined over K. We denote by V® the bunch 
obtained from V by the reduction with respect to p,, for every A. Similarly, 
we use the notations p(X), [V]® and p,([X]) in the sense of the reduction 
with respect to p). 


Proposition 29. Let U be a variety in 8S" X S8™ defined over K with 
the projection V on 8”. If [U:V] =~=1, then the projection from U to V 
is regular along every component of V™ for almost all the py. 


Proof. Let (#,y) be a generic point of U over K; then we have 
expressions (x) where F(X) and F;(X) are polynomials in 
K[X]. By condition (I), F(X) and the F;(X) are all contained in o,|X] 
for almost all the p,. Let the #; (1 SiSr,1S7=7) be rn independent 
variables over K(x) and put 4; == > ta; for 1 Sisr. Let the 7; and the 
be r(n+1) independent variables over for 
every A. Put K’ =K(ti, tj), = [ (ti ry™)]; then, by 
Proposition 3 of Section 1, for every A, 0)’ is a discrete valuation ring with 
the quotient field K’. It is easy to see that the set o’ of all the valuations 
with the valuation rings 0)’ also satisfies the condition (I). Since K’(z) 
is finite algebraic over K’, the set o” of all the valuations which are pro- 
longations on K’(x) of valuations in o’ also satisfies the condition (1); in 
particular, F(z) is a unit for almost all valuations in o”. Let &) be 
a component of V™ and &) the linear variety (> 7ijX;—74% = 
(l1Sisr)). Then we have a point (£) in BMX. The valuation 
obtained from the specialization (2) . (é™) is clearly in o”, so that 
FY (€) —0 only for a finite number of the p,, where #) is the class of 
F modulo p,. This proves our proposition. 


Lemma 3. Let F(X) be an absolutely irreducible polynomial in K(X]. 
Suppose that F(X) ts in 0,[X] for every », and denote by F™(X) the 
class of F(X) modulo py. Then F™ (X) is absolutely irreducible for almost 
all the py. 


Proof. We may assume that the degree of F(X) is greater than 1 and 
that # (X) has the same degree as F(X) for every A. Let the M, ” be all 
the monomials in X whose degrees are less than or equal to r. Let d be the 
degree of F'; and let r and s be a pair of positive integers such that d =r- s. 
Let G(X) and = ygMg"*) be two polynomials such 
that (2, yg) is a set of independent variables over K, and put 


H(X) =D2z,M, = G,(X)G2(X). 
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We consider (x) and (y) as homogeneous coordinates of generic points of 
the projective spaces [LZ] and [L]*) over K, respectively. Also we consider 
(z) as homogeneous coordinates of a generic point of some projective variety 
[V] over K. It is easy to see that (z) has actually a locus over K. By 
considering the “generic polynomials” over x,, in the same way as above, 
we have points (€™), (y™) and (£®) with loci [R],® and 
over x, for every A. It is easy to see that (€) is a 
specialization of (x) X (y) X (2) over 0,; so that [¥], is contained in 
[V],. Now a polynomial }c,M,‘ in K[X] of degree d has a factor of 
degree r in an extension of K if and only if (c) is a point of [V]; and a 
similar fact holds for a polynomial in «,[X] and the variety [W],. In 
fact, the converse part is obvious; so we have only to prove the direct part. 
If (c) is a point in [V], then (c) is a specialization of (z) over K. 
This specialization can be extended to a specialization (a) X (b) X (c) of 
(x) X (y) X (z) where (a) X (6) is a point in [2] x [2]. By the 
equation (> = we can easily verify (if neces- 
sary, we consider affine representatives) (S =h ¥ 
where h is a quantity. Thus we have proved the above fact. Let a be the 
ideal in K[Z] determined by the set (z). Put F(X) = Sc,M,™ ; then by 
our assumption that F is absolutely irreducible, (c) is not a point in [V]; so 
that there exists a homogeneous polynomial P(7Z) in a such that P(c)~0. By 
our condition (1), the coefficients of P(Z) and P(c) are all p)-units for every 
p, in some o, Co. Put F(X) = for every p, in o,. If 
has a factor of degree r, then (é€™)) is a specialization of (£) over x; so 
that it is a specialization of (z) over 0,. Then from P(z) —0 follows 
—0; this is contradiction if pyeo,. Now if P™(X) is 
reducible, the degree r of one of the factors must satisfy 1 = r= [d/2]; 
so our lemma is proved. 


ProposiTIon 30. Let V" be a variety in S"* defined over K. Then V 


is py-simple for almost all the py. 


Proof. By Proposition 2 of [WF] Chapter IV, Section 1, V is defined 
by an absolutely irreducible equation F(X) —0 with coefficients in K. By 
our condition (I), the coefficients of F(X) are all p,-units for every p, in some 
o, Co. Denote by F(X) the class of F(X) modulo p, for every p, in ai. 
Then by Lemma 3, F) is absolutely irreducible for every p, in some a, C oj. 
By Theorem 21 of Section 4, V is p)-simple for every p, in o,; this proves 
our proposition. 
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TuEoREM 26. Let [V] be an abstract variety defined over K; let [V]y 
be a py-variety with the underlying abstract variety [V], for every A. Suppose 
that [V], is not empty for almost all the py. Then [V]) 1s py-simple for 
almost all the py.?” 


Therefore, in this case, for almost all the p,, we can obtain the abstract 
variety [B], from [V], by the reduction with respect to p,; and [¥]) is 


defined over xy. 


Proof. We shall first prove our theorem in case where [V] is a variety 
V" in the affine space S". Let (x) be a generic point of V over K. Let 
the (0 =n) be (r+ 1)n independent variables over K (x) ; 
and put K’ = K(t) and y= Sta; for0 SisSr. Then by Proposition 16 
of Section 2, we have K’(x) = K’(y). Let W be the locus of (y) over K’ 
in S"*? and TJ the birational correspondence between V and W with the 
corresponding generic points (x) and (y) over K’. Let the 7; (0 Sir, 
1Sjsn) be (r+1)n independent variables over «, and put 0) 
= [(t) 2+ (7™)]. Then by Proposition 3 of Section 1, for every A, 
o)’ is a discrete valuation ring with the quotient field K’. It is easy to see 
that the set o’ of all the valuations whose valuation rings are 0)’ also satis- 
fies (1). By Proposition 30, W is )’-simple for every in some C 
Denote by o, the subset of o corresponding to the subset o,’ of o’. Let (€) 
be a generic point of a component &), of V™ over & (7), for every py 
ino, Put for 0OSisr; then (é™,7™) is a speciali- 
zation of (7, y) over 0)’; and by Proposition 16 of Section 2, (x) is finite 
over (y) Let be the variety obtained from W by the reduc- 
tion with respect to p)’, for every py’ in o,’. Since 74% = > 7j%&™, the 
dimension of (4) over x,(7™)) is r; so that (7) is a generic point of 
YW) over (r™). By Theorem 15 of Section 3, [ (y) ] is integrally 
closed, so contains all the a; since (a) is finite over (y) Sie» (7™). This 
shows that (é™) and (7) are biregularly corresponding points by T. 
Then by Theorem 14 of Section 3, we have p(V,B)1) =p(W, Wy) —1. 
Moreover if &. is another component of V® then B). also biregularly 
corresponds to 8), so it must coincide with B),;. Thus our theorem is proved 
for an affine variety. Now we shall prove our theorem for an abstract variety 
[V] = [Va: Fa; Tea] on which a py-variety [V], = [Va3 Sa”; Tea] is 


*2 This theorem may be considered as a generalization of a theorem of Bertini for 
pencils. (See O. Zariski, “ Pencils on an algebraic variety and a new proof of a theorem 
of Bertini,” Transactions of the American Mathematical Society, vol. 50 (1941), pp. 
48-70.) 
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defined for every 4. As our theorem is proved for affine varieties, the varieties 
V,, and 7a are all p,-simple for every p, in some o; C «. Denote by Ba 
the variety obtained from V, by the reduction with respect to p,, for every 2 
and every p, in o;. By Proposition 29, for every « and f, Tg, is regular 
along &,) and B,g™ for every p, in some oz C o;. Then by Theorem 13 
of Section 3, there exists a component Zg_") of Tea having the projection 
B,. Since Tga is py-simple if pyeo:, Tee is the only component of 
Tp. if p,eo2; so that, by the same reason, the projection of Za) on 
Ve™ is equal to Bg. This shows that B, and Bg are biregularly 
corresponding varieties by 7g, for every p~, in oz. From this follows that, 
for every p, in 02, [V], has only one component [¥],. Furthermore, by our 
definition we have =p (Va, Ba) 1, if [BW], has a repre- 
sentative in V,. This proves our theorem. 
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COHERENCE INVARIANT MAPPINGS ON KRONECKER 
PRODUCTS.* 


By Henry G. Jacos, JR. 


1. Introduction. The main objective in this paper is a generalization 
of a theorem on matrices proved by L. K. Hua [2]. By means of the concept 
of the rank of a matrix Hua has formulated the notion of coherence between 
pairs of matrices and defined the class of one-to-one coherence invariant 
mappings on the group n xX m matrices. His theorem gives a complete 
characterization of this class for the case of matrices with entries in a field. 
The extension of Hua’s results is suggested by the relationship between linear 
transformations of a finite dimensional space and matrices. Since in the 
finite dimensional setting the group of linear transformations is a special case 
of the broader notion of Kronecker products it appears natural to attempt 
to phrase a generalization in terms of Kronecker products of arbitrary dimen- 
sional spaces over division rings. This is accomplished by stating new 
definitions of rank and coherence for Kronecker products which reduce in 
the special case to the older forms. The generalized results are given in 
Theorem 5.1 of Section 5, and the last section is devoted to applications of 
this theorem. 


2. The Kronecker product. As mentioned in the introduction, the 
system which serves as a foundation for this investigation is that of the 
Kronecker product of two vector spaces. We shall assume that X and 9) are 
arbitrary left and right vector spaces respectively over the division ring A. 


DEFINITION 2.1. X®@QY is called the Kronecker product of the left 
vector space X and the right vector space 9) if and only ‘f, 


(i) X@Y is a commutative group (composition denoted by +). 


(ii) there exists a mapping (t,y) ~x@y of the product set X XY 
into X@Y which, for all x, 91, y2eY, «eA satisfies 


* Received September 30, 1953; revised November 6, 1954. 
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(a) (t+ 2%) 

(b) yx) yr. 

(c) 

(iii) Every element of X is of the form yi, yie Y. 


(iv) (a) Jf e@:,@2,- +, em ts a finite set of linearly independent vectors 
in X, then the relation e; y; = 0 holds for only if all =0. 


(b) If fis fo,+ + +5 fn is any finite set of linearly independent vectors 
in 9), then the relation >", x; f; = 0 holds for x; only if all the xs = 0. 


Properties (iv) (a) and (b) are called the independence conditions and it can 
be shown that any two groups which possess properties (i)-(iv) are isomorphic. 
A realization of this group is obtained by letting X’ be a left vector space 
dual to X relative a bilinear form (2’, v),veX’,xeX [4]. For eX and 
ye) we define x @ y to be the linear transformation 2’ —> (2’,x)y of X’ into 
Then the set | is the Kronecker product 
of X and 


3. Rank and coherence. 


DEFINITION 3.1. Let X and 9) be right and left vector spaces respec- 
tively over the division ring A. Let X @Y denote the Kronecker product of 
these spaces. An element T= > 2,@y; ts of rank n if n is the minimum 
number of terms of the form x® y in which T can be expressed. 


DEFINITION 3.2. Two elements T and R of X@Y are said to be 


coherent if T —R has rank one. 


In the above realization of the Kronecker product as linear trans- 
formations, it is evident that rank as defined coincides with the more familiar 
notion for transformations. Now if we denote the rank of an element 7 by 
r(T) we have as an obvious fact, that if T and R are elements of X @ 9), 
r(T +R) +r(R). 


DEFINITION 3.3. If (21, *,%n) 1s a set of vectors in X, the space 
generated by these will be denoted by [21,%2,° + +,%,]. A similar notation 
will be used for subspaces generated by elements of 9). 


LeMMA 3.1. element TeX is of rank n if and only if 
T =>", 27;8 4; where the sets and (9:1, Y2,° *;Yn) are 
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linearly independent. Furthermore, if T is of rank n and T=3%.%48 y% 
= 2", @ y;*, then 


and 


Proof. The necessity of the first statement is obvious. To prove 
the sufficiency assume that T= 3", where and 
*; Yn) each form linearly independents sets. Suppose that r(7’) <n 
and T = — 7; @ yj, k <n, where * 
are linearly independent sets. Then S"*,7,;®@y,—0. From the set 
Ynsx) Select the maximal linearly independent subset which com- 
prises the first n elements. We have then (41, Y2,° Yny Ynsiy’ Ynss)> 
and y= y;'y;, t= hence 


n+8 


LUO H+ (3 =0 or ( ay;') |] @ yj = 0. 


é=n+8t1 4=n+8+1 


By the assumed independence of Yo,° * *5 Yn; Ynss), Condition 
(iv)(a), mentioned earlier, implies that 2; + for 7 1, 2, 
-,n+s. Since k <n, the independence of the set (7, %2,:--,@n) is 


contradicted. 


Assume next that T is of rank n and T= 3", >" A 
For simplicity write and for 
Then T= D>", =— Dn which implies 
Suppose that [415 Yn] [y*, Yn* and (415 Yoo" 5 

Ynss) 0 < Sn is a maximal linearly independent set selected from 
the y’s. Following the same argument used in the preceding part of the proof 
we may show that the independence of the set (2), %2,- - +, %n) is contradicted. 


The last lemma states that the sets (a1, and (41, Yn) 
which appear in a minimal representation of an element T’, where r(7’) =n, 
will serve as basis for the spaces generated by any other two sets used in a 
minimal representation of 7. The subspace will be called 
the right space associated with T and the subspace [4, ¥2,° * -, Yn] will be 
called the left space associated with T. A useful corollary of Lemma 3. 2 is 


the following 


CoronLary 3.1. r(X —Y) =n, for X and YeX@Y, if and only if 
there exists a chain of n—1 elements X,, - -,Xn+1 1m such that 
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1=—r(X,—X) =r(¥ = 1 <i <n, and there ts no 


shorter chain with this property. 


We shall now begin a study of one-to-one mappings of one Kronecker 
product onto another which are coherence invariant, i.e. @ mapping is 
coher ince invariant if whenever two elements are coherent their images are 
coherent. We shall also require that the inverses of these mappings be 
coherence invariant. To establish the existence of such a mapping we shall 
describe two distinct types. Let X; and 9)i, 11, 2, be right and left vector 
spaces respectively over the division ring A; Suppose that P and Q are 
semi-linear transformations of X, into X, and 9), into Y). respectively with 
the same associated isomorphism of A, onto A». It is then true that the 
mapping yi > of X,@Y, into X,@Y., which we shall 
denote by P ®Q, is single-valued.* In the case where P and Q are one-to-one 
and onto P ® Q is also one-to-one and coherence invariant, furthermore, the 
inverse P-'@@Q-" possesses these properties. A second type of coherence 
invariant mapping different from the first is obtained in the following manner. 
Suppose that A,’ is an anti-isomorphic image of A,, then the spaces X; and 
9), may be regarded as left and right vector spaces respectively over A,’, and, 
as such, have associated with them the Kronecker product 9,0%. It can 
be easily shown that the mapping }27;®y,>7>y:0% is a natural iso- 
morphism of X, onto 0 which we shall denote by Now if Q 
and P are one-to-one semi-linear transformations of 9), onto X, and %, 
onto 9). with the same isomorphisms of A,’ onto A, the resultant mapping 
is both one-to-one and coherence invar- 
iant of X,®Y), onto X, @ Y., and the same is true of the inverse. 


We observe that the mappings of the two classes already described always 
carry the zero element of X,® 9, onto the zero of X,®QY.. Therefore, it 
should be remarked that a slightly more general coherence invariant mapping 
is obtained by the addition of a constant element in the image space. For 
example, consider the mapping T—~T[P®Q]+R, where Ff is a fixed 
element of X,® 9». Clearly this mapping has essentially the same properties 
as P®Q. 

At this point the question which naturally arises is whether or not the 
two classes described above comprise the totality of one-to-one coherence 
invariant mappings which have coherence invariant inverses and take zero 


*This can be shown by an argument similar to that for the direct product of 


linear transformations [4]. 
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onto zero. The answer, which is given in Theorem 5.1, is in the affirmative 
when the dimensionalities of the vector spaces involved are greater than or 
equal to two and the division rings have more than two elements. 


4. The fundamental theorem of affine geometry. Essential to the 
proof of the last statement of Section 3 is a well known theorem in affine 
geometry which we shall call the “ fundamental theorem of affine geometry.” 
The theorem will be stated for right vector spaces only, although similar 
results obtain for left vector spaces. The finite dimensional case over a field 
with three or more elements has been treated by Hua [2]. 


DEFINITION 4.1. If X is a right vector space over a division ring A 
and the set of points {= aeA] is called the 
line through x, and 2. 


TuHeoremM 4.1. Let X, and X. be right vector spaces over A, and A, 
respectively, with dimensionality greater than or equal to two. If A, contains 
more than two elements, then every one-to-one mapping P of X, onto X, which 
carries lines onto lines and zero onto zero is a semi-linear transformation. 


A comparison of Theorem 4.1 with the “fundamental theorem of pro- 
jective geometry ” [1] will reveal that the minimum dimension in this case 
is one lower, however, an additional condition must be imposed on the division 
ring. The following example will show that this restriction cannot be removed. 
Let X be a three dimensional vector space over ®, the field of two elements. 
Denote by (2, %2,2%3) a basis for X. It is clear that X contains a total of 
eight elements which enumerated are 0, 21, Yo, Lg, + Le, + + 3, and 
@;-+4- %2-++- x;. Consider the mapping P on X which maps 0 onto 0, 2, + 2 
onto x, + x3, 2; + #; onto x, + x, and acts as the identity on the remaining 
elements. Since any line in X contains just two elements (in norticular 4 
line determined by two points contains only these points) it is quickly seen 
that P is one-to-one on X and carries lines onto lines. However, P is obviously 
not additive. 


5. The main theorem. The notion of coherent sets, which is the funda- 
mental tool in the analysis of coherence invariant mappings, will be introduced 


now. 


DEFINITION 5.1. (i) A set © contained in the Kronecker product 
X @Y is said to be a coherent set if every pair of elements of © ts coherent. 
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(ii) @ maximal coherent set is a coherent set which 1s not properly 
contained in any other coherent set. Maximal coherent sets may frequently 
be referred to as simply maximal sets. 

(iii) a maximal set containing the 0 element (hence, in addition, only 
elements of rank one) will be called a maximal set of rank one. 


DEFINITION 5.2. We shall denote by 3 the group of mappings of X @ Y 
of the form T>Tr=T+R, R a fixed element of X@Y. Two sets of 
X@Y are said to be equivalent under & if one is the image of the other 


under some element of %. 


These mappings are analogous to translations in a vector space and are 
certainly one-to-one and coherence invariant. The same is true of the inverse, 
hence they leave invariant maximal sets and intersections of maximal sets. 


Noration. (i) If ceX and yeY we shall denote by c@Y and X By 
the sets [x@y| yeQ] and [cx@y| re X] respectively. 


(ii) Since T—+T® denotes the natural isomorphism of X,® onto 
Y,0%, f then T—DSy0% The resultant mapping 
T—>T'>>dyiQ@x,P, described earlier, will be denoted by T— (T*)". 


THEOREM 5.1. Let T—T7? be a one-to-one coherence invariant mapping 
of X,@Y, onto X,.@Y. which carries 0 onto 0 and possesses a coherence 
invariant inverse. Then either 

(1) yiQ, where P and Q are semi-linear transformations 
of X, onto X, and Y, onto Y. respectively with the same associated isomor- 
phisms of A, onto As, or 

(2) Te=(T)"=> yQ where P and Q are semi-linear trans- 
formations of X, onto Y). and Y), onto X_ with the same associated isomorphisms 
of A’, onto A», regarding X, and 9), as left and right spaces over A’,. 


We shall first establish the theorem for elements of rank one by examining 
the effect of « on maximal sets of rank one. Two lemmas are required for 


this part of the proof. 


LemMA 5.1. In the Kronecker product X®Q mazimal sets of rank 
one are either of the form x@ XY or X @y where x and y are non-zero elements 


of X and Y) respectively. 


Proof. It follows from Lemma 3.1 that if Y is coherent to both 0 and 
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X =2z®y +0, an element of rank one, then either Y =2@v or Y¥—u®@y. 
Thus if © is a maximal set of rank one containing X, every element of © 
is of one of these two types. Since © is maximal, and dimension of X and 
9) = 2, it contains either a u®y where wu and @ are linearly independent or 
z®v where v and y are linearly independent. If both belong, then © is no 
longer a coherent set. 


Lemma 5.2. There are exactly two maximal sets containing a given 
pair of coherent elements. If the coherent elements X=—2,@y and 
X, = y are contained in the maximal sets ©, and G2, then 


So = 2,(1—A) Oy|AcA]. 


Proof. Let X, and X-, be any pair of coherent elements. Choose from 
the mapping T —X,; then X¥, an element of rank one, and 
X,—>0. Now «@Q and X@y are the only maximal sets containing 0 and 
«®y, hence the sets ©, and G2, equivalent to r®Y and X @ y under this 
mapping, are the only maximal sets containing XY, and Xz. To prove the 
second statement suppose XY, —2,@y and X,—2.@ y and apply the same 
mapping again. Then ©, is equivalent to the set A]. 


Proof of the Theorem. From the assumptions about the mapping 
T — T*, it is immediate that maximal sets of rank one and intersections of 
maximal sets are left invariant. As a consequence of this, if x, and w, are 
linearly independent elements of X,, and (2,@9,)° and (w,@9Y,)°% are 
images of Y), and w, Y), respectively, then either (7, = 2, 
and (w, = w. Y. where x2, are linearly independent, or (2, © 9),)* 
and (4, =X, @ where ys, are linearly independent in 
Furthermore, if (7, @ 9,)° = 2. @ Yo, then (X, =X. y, must 
occur. Now it will be more convenient to restrict the remaining discussion 
to the case in which (2, @ 9),)° = 2, ® Yo, however, it should be understood 
that the following arguments apply equally well to the other possible situation. 

Since o is one-to-one we may write (x, @ y,)% @ y,8, where y,8 
is a one-to-one mapping of 9), onto ¥).. In fact, B possesses the additional 
property of carrying lines onto lines, which is seen by considering the 
line [Ay, + (1—A)a, | AeA,] and recognizing, by Lemma 5.2, the set 
[7, @ Ay, + (1—A)z, | A€A,] as the intersection of the maximal sets con- 
taining the coherent pair z, @ y, and z,@z,. The latter set, it follows, must 
map onto [z,@ yy,8 + (1—y)z,8 | ye A.] which is the intersection of the 
maximal sets containing the images 7, @ y,8 and z,@z,*. Thus by Theorem 
4.1 we may assert that for each 2, eX, the mapping y, > y,° is a one-to-one 
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semi-linear transformation of 9), onto 9)... Furthermore, from the coherence 
invariance of o and the linearity of these induced mappings it can be seen 
that any two differ only by a scalar multiple. Similarly for each y, e 9), there 
corresponds a one-to-one semi-linear transformation of X, onto X>, and these 
also differ by scalars. Consequently, we may select a single mapping from each 
set, denote them by P, and Q,, and write (1, = @ y(%, 91) 
for all elements of rank one, where y(2;, y1) appears to be dependent on z, and 
y,;. Actually y(2,, y,) is independent, and to show this we need only observe 
that the mappings y; > y(%, y:)4:Q, for 2, fixed, and 7; ->2,Piy(%, y:), for 
y, fixed, are also semi-linear. Thus if P is the semi-linear transformation 
—> y:) and =Q,, we have =27,P @y,Q. Clearly P 
and Q will have the same isomorphisms. 

With the theorem established for elements of rank one we proceed with 
the final step. To simplfy this step we introduce the composite mapping 
T — T°[P* @ Q-] and denote it by x. z is one-to-one and coherence invariant 
on X, ® Y),, leaving the elements of rank one pointwise fixed. We shall prove 
that it is the identity on all of X,®9Y,. Suppose that 7 is of rank n. By 
Lemma 3.1, if T= 5", 7, @ yi, the sets (11, +, and (41, Yo,* * * Yu) 
are each linearly independent. It is immediate by Corollary 3.1 that 
r(T) =r(T™), hence we may write T™7 = >", 2;* @y;*, where the x*’s and 
y*’s also form linearly independent sets. We observe next that T 2; ® yi, 
is of rank n—1, therefore by Corollary 3.1 yi)" 
= is of rank n—1. Thus © yu, for 
1=isn, and we have at once that - -,a,*] and ye [y.*, yo*, 
+, We may now write = >", v;, where is a 
linearly independent set in 9)). 

Consider the element T — x, © (y; + + AnYn) which is of rank 
n—1 for all = 2, 3,---,n. Then T™ — 2, (y; + ++ + AnYn) 
is of rank n —1, which implies v; — = + ++ + AnYn for 
all A; Let A; = 0, j = 2,---,n, then —y, = By letting 
Aj = 0,7 the last two equations give = kA 1. Applying a 
similar argument to T—2j®@ + Aye +: +++ Anyn) we 
obtain 


n n 
Y= DEK, and = kA], 
4=1 4=1 


where the primes refer to the exclusion of the summation index 1—j. From 
these relations we have, for example, if j = 2,3,-- -,n, 
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n n 
= 91 + = Ovi + Eur. 
4=1 


i=2 


Since the v;’s are linearly independent, by letting 7 run from 2 to n we see 
= 0, i= 2,3,---,n, hence By the same argument it can be 
shown that v; = y;,1 = 1, 2,---,n. Consequently, —T for all Te X,@Y, 
and T7=T(P@®Q) =>", uP yQ. 


6. Applications. We turn our attention next to a situation in which 
we are given the dual pairs of vectors spaces (X’,X) and ()’,¥)) over the 
division ring A, with associated nondegenerate bilinear forms (a’,x) a’ €X’, 
aeXand (y’,y), ye Y’,yeY. We shall consider the additive group £(%’, 9’) 
of linear transformations of X’ into 9)’ which are continuous in the X-topology 
of X’ and Y)-topology of 9)’. It can be shown that these are just the linear 
transformations which possess adjoint mappings of 9) into [4]. Moreover, 
the set %}(X’, 2’) of linear transformations of the form 


a’ —> (2’, (z’, Le) Yo" + (2’, Tn) Yn » vex, Yi 


is a subset of 2(%’, Y’) which coincides with the set of all continuous linear 
transformations of finite rank. A transformation of this type will be denoted 
by } 7%; yi’. We have already seen that %(X’, 9’) is the Kronecker product 
X @ Y’. 

It should be mentioned that 2(X’, Yj’) is a topological group in the finite 
topology, and %(X’, 9’) is a dense subgroup of the full group of linear trans- 
formations of X’ into ¥)’. In addition 2(X’, Y’) may be considered as a left 
or right module over 2(X’, X’) or 2(Y’, Y’) respectively, where V(X’, X’) is 
the ring of linear transformations in X’ with adjoints, and 2(9’, 9’) is 
similarly defined for 9)’. The subring %(%’,X’) is a simple two sided ideal 
of 2(%’, X’) comprised of the union of minimal right ideals. Each minimal 
right ideal is generated by a idempotent transformation of rank one, hence 
the minimal ideals are composed of transformations of rank one and every 
transformation of rank one belongs to a minimal right ideal. Since Q(X’, 9)’) 
is a left module over 2(X’, X’) we have the multiplication rule 


(2 x (rx. @ ) (ay @ y2’, 


where X KX = F(X’, X’) and eX OY = F(X’, Y’). 
Now consider the left module over R such that §(X’, <A S Q(X’, 
X’) SRS Q(X’, and RY SM. By the density property we have 
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Lemma 6.1. If R, Se R and RA =—SA for all AeA, then R=S. If 
A,BeX and RA = RB for all Re Rt, then A—B. 


Our purpose in this section is to investigate a one-to-one mapping o of 
the module %, over 9, onto the module YM, over R., (WM, and Ri, 1+—1, 2, as 
described above) which satisfies the condition that (R,A,)% = R,YA,% where 
R, > R,’ is a one-to-one mapping of ft, onto 9. In the process of charac- 
terizing this type of mapping we shall show that the associated mapping 
R, > R,’ is multiplicative, hence additive by a theorem of C. E. Rickart [5]. 
Moreover, an extension of Rickart’s methods will be used to prove the addi- 
tivity of o. It will be assumed that the vector spaces and division rings 
involved satisfy the conditions imposed in Section 5. 


LemMA 6.2. Let A,—>A,° be a one-to-one mapping of XM, onto WM, such 
that (R,A,)° = R,VA,° where R, > R,” is a one-to-one mapping of Kt, onto R.. 
Then the mapping o is additive and y is an isomorphism. 


Proof. Since (R,A,)° = it follows that = 
for all A, e%,, hence by Lemma 6.1 (R,S,)¥ = R,Y8,7. Thus y is multi- 
plicative which implies y is additive and, in fact, an isomorphism. Now since 
any element of rank one is contained in a minimal right ideal and minimal 
right ideals are mapped onto minimal right ideals under isomorphisms, we see 
that the additivity of y implies the coherence invariance of y. Furthermore, 
y? is coherence invariant by the same argument, consequently %(X,’, 91’) is 
mapped onto 92”). 

Next suppose A, and B,e%(%,’,¥.’) and have disjoint right spaces 
associated with minimal representations; i.e, A,— >", and 


B, = where (2, +, Ln, *,Um) form a linearly inde- 
pendent set. Let k =1,2,- then by the assumption that 
(X,’, comprise a dual pair of vector spaces there exist 2,’, Unim’; 


such that = 8,;. If R, ==>", X and 8, =>""",,, 2; X 
it is apparent that #,A, A,, R,B, = 0, = B, and =0. Thus by 
the additivity of y and the equation (#, + 8,)(A:1 + B,) =A,+ Bi, we 
have (A, B,)? B,’. Furthermore, an induction argument may 
be used to show that = y;)%, whenever the 2;’s are linearly 
independent. Consider next the case in which A; — 7, @ 7’ and By — 27, ®v’. 
Since X, has dimension greater than or equal to two there exists z,* e X, such 
that z, and z,* are linearly independent. If C,—2,*®y, then A, + B, 
=2,@(y +’) and A, + 0, = (2,+2,*) @y, thus from the preceding 
remarks it follows that 
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((A, + Bi) = (A, + + OY 
((Ar + + = (A, + + By = + Cy + BY. 


Therefore (A, + B,)? = A,’ + B,’. 

We are now prepared to deal with the case in which A, and B, are arbi- 
trary elements of 3(%,’, 9.’). Assume that the set (41, ++, Uns1 * * 
is not linearly independent and select from it the maximal linearly independent 
set * Unit), Where <m. Then we may write 


B, = wi + Stn wf and 
A, + By = + wi) + wf. 


From these equations it is easily shown that o is additive on %(1’, 9’). 

Finally, to show o is additive on all of %,, it is sufficient, in view of Lemma 
6.1, to observe that for A, and B, in %,, + + 
for all Ry (X1’, X1’). 


THEOREM 6.1. Let A,—>A,° be as defined in Lemma 6.1. Then 
=T,*A,Q, and where T,* and Q, are one-to-one 
semi-linear transformations of X2’ onto X,’ and Y),’ onto Y).’ respectively. 


Proof. In the proof of Lemma 6.2 we showed y is coherence invariant. 
We must also show the same is true of ¢. Suppose Z,;—2,@y,’. There exists 
F, =2, X such that = 1, hence F,L, = L, and (L,)* = F,7L,°. 
But Ff’, is of rank one, consequently F',7L,° is of rank one. Since o is also 
additive it must be coherent invariant. o 1 is coherence invariant for the 
same reasons. 

We may now conclude by Theorem 5.1 that for all 


either (1) Fi¥= DS X or (2) = X 27, and for all 
L, 9x’) either (3) or (4) LY To 
start with we shall assume that forms (1) and (3) hold simultaneously. Later 
we show that this is the only possible combination. 

Suppose that 2, X and L,—2,@y,’.. Then 


=2,(a',2:) @y’, hence (F,L,)° = (2, (21, %1))P @ 
By assumption 

= = (2,7, X (uP @ y’Q) 


4 
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and thus = z,P), where is the isomorphism asso- 
ciated with P. Since P and T are one-to-one and differ for each 7, eX, by a 
scalar multiple, we have that 7,P —72,T,a, « fixed in A,. Moreover, if 
dX is the isomorphism associated with T,, then y\—ay’a1, yeA,. Thus 
= (2,/T,’, 2,T,)a, from which follows (2,’,7,)* = 
Since 7, and T,’ have inverses, the last relation states 


In other words, 7’, has as adjoint 7',* consequently if = «y:Q, 
then (F,L,)% = T,* (F,L,)Q1, Fi’ = F,T,*", and L,° = T,*L,Q, for all 
[, and F,. Again Lemma 6.1 can be used to prove that o takes this form 
for all A,e%f,. Moreover, since it is evident that y is, in fact, a special 
case of o when we identify %, with 3, it is also clear that y has the same 


form on all of R,. 

Finally we may dispose of the other combinations by considering only 
the combination (1) and (4) and remarking that a similar argument can be 
used for the others. Suppose then that F, and LZ, are defined as before 
Therefore, (@1’, = y:’Q) for all yi’ v1 © 1, 
Clearly if y, is fixed and 2, allowed to vary, this situation is impossible. This 
completes the proof. 

By means of Theorem 6. 1 we may readily obtain the isomorphism theorem 
for primitive rings with minimal ideals [3]. This result can be stated as 


follows. 


THEOREM 6.2. Let (X1’,X,) and (X.’,X.) be dual pairs of vector spaces 
over A, and A, respectwely. Let i, 11, 2, be primitice rings with minimal 
ideals such that Xi) Wi V(X’, If Ar — Ai? is an isomorphism 
of M, onto M., then Ay? = T,*A,T,*"', where T,* ts a one-to-one semi-linear 


transformation of X2’ onto X,’. 
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A CHARACTERIZATION OF A CLASS OF RINGS.* 


By R. L. San Sovucie. 


1. Introduction. Skornyakov [4] has shown that a right alternative 
division ring of characteristic not two is alternative, while the author has 
proved [2] that a right alternative division ring of characteristic two 1s 
alternative if and only if tt satisfies the identity 
(1.1) w(ry-x) = (wr-y)e. 

Moreover, R. H. Bruck has actually constructed examples of right alternative 
division rings which are not alternative. This construction is detailed in an 
appendix to [2], but may be summarized as follows. 

Let F be any field of characteristic two for which there exists an auto- 
morphism @ of order 2 and an element f, in F such that fox =f, and fy 
not a square in F. Let 6 be the additive endomorphism of F defined by 
fo—fa+tff, all f in F. Then if R is the set of all couples (f,g), with 


f,g in F, if equality and addition in F# are defined componentwise and multi- 


plication is defined by 


(1. 2) (f,9) (h, &) = (fh + 9° fk + gh), 


R is a right alternative division ring of characteristic two which is not 
alternative. A field F which suffices is F = B(t), where B is any field of 
characteristic two and ¢ is transcendental over B. Then, for any f(t) in B(t), 
a defined by f(¢t)a—f(t+ 1) and f, —?¢*+¢ can be used to construct the 
required endomorphism 6. (The elaborate choice of 6 is explained in [2], 
and does not concern us here.) 

In view of the above, we make the following definition. If B is a not 
alternative, right alternative division ring of characteristic two, if B is two- 
dimensional over some field F (so that B can be written as the set of all 
couples (f,g) with f, g in F) and if multiplication in B is given by (1.2), 
where @ is some additive endomorphism of F’, not necessarily, however, the 
particular kind mentioned above, then we shall call B a Bruck ring. Since 
the rings whose construction was outlined above fall into this class, the class 
is not empty. Moreover, Bruck rings have the following surprising properties: 


* Received November 8, 1954. 
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1. The identity (w, x, yz) + (w, y, xz) = (w, x, z)y + (w, y, z)x holds in 
any Bruck ring B, although it can be obtained by linearization from 
(1.1), which cannot hold in B. 

2. The identity (wz,y,z)=w(z,y,2) + (w,y,2)2+ (w,2, (y,2%)) is 
satisfied by any choice of w, x, y,z in any B, and this identity played 
an important role in proving that other right alternative rings were 
alternative. (See [1], [2], [3], and [4].) 

3. The left nucleus K, of any B, commutes with B, and squares and 
commutators are all in K. 


In view of these properties, we concern ourselves in this paper with the 
following problem: what characterizes the Bruck rings in the class of all not 
alternative, right alternative division rings of characteristic two? The answer 
turns out to be simple. Property 2 and a part of property 3 (above) together 
provide necessary and sufficient conditions for a not alternative right alterna- 
tive division ring to be a Bruck ring. 

All of our results appear to be new, for (to our knowledge) there is no 
literature concerning right alternative rings that does not either prove or 
assume (1.1). But some of our methods are similar to those used in [2]. 
We intentionally omit the verification of properties 1, 2, and 3 for Bruck 
rings. Nothing is involved except tedious computation using (1.2) and this 
does not seem worth recording here. 


2. Preliminary results. Throughout the paper, R will always denote a 
right alternative ring of characteristic two. 


Lemma 1. The following identities hold in R: 
(2.1) (wa, y, 2) + (w, xy, z) + (w, x, yz) = y, + (w, 2, y)z 
(2. 2) (ay, 2) = 2) + (a, 2)y + (2,9) 
(2. 3) y), 2) + 2), y) + ((y, 2), 2) = 0. 

These identities are well-known. (See [5], page 125.) 


Definition 1. fF will be said to have property A if RF is not alternative 
and if 
(2. 4) (wa, z) z) (w, (w, (y, z)) 
holds identically in R. 


We now derive some consequences of the definition. 
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LemMA 2. Let R have property A. Then the following identities 
hold in R: 


(2. 5) (w, x, yz) + (w, y, = (w, 2, 2)y + y, 
(2.7 (w, = (w, + (w, ©, yx) 
(2. 8) yx + (w, Yy, = (W, + (w, y, 

Proof. (2.5) is obtained by direct substitution of (2.4) into (2.1) and 
collecting terms. (2.6) then follows from (2.5) by expansion of the left 
member of (2.6). (2.7) then comes from (2.5) via the substitution 7 —> y, 
yoru, zz. Now (w,y, yx?) = (w,y, yx + (w, yr, using (2.5) 
and also (w, yx, = (w, y, + (w,y, using (2.7). This proves 
(2.8) and the lemma. 


The following definition is standard. 


Definition 2. Let 


K =[keR|(k,R,R) =0], let M—[meR|(R,R,m) 


and let C= [ceM|(c,R) =0]. Then we cali K the left nucleus of R, M 
the right nucleus of R, and C the centre of R. Observe that C is in K 
by (2.2). 


Lemma 3. Let R have property A and have no proper divisors of zero. 
Then 


Proof. Clearly we need only prove MCC. Select re R, x¢M. Then, 
for any meM, (R,x,m) —0 and (2,m)eM, using (2.4). But also 
=0 so that However, (xm,x) —2z(m,zx) and the 
latter implies 2 e M, a contradiction, unless (m,7) = 0. Hence 0 = (xm, m’) 
= 2(m,m’) and thus (M,R) —0. This proves the lemma. 


Definition 3. If R is a ring with property A and if FR is such that all 
commutators are in the left nucleus, then we shall say that R also has the 
commutator property. For convenience, we shall write that R has property 
ACP. 


LemMaA 4. Let R have property ACP and no proper divisors of zero. 
Then (i) (K, K) =0, (ii) (z*, R) =0, (iii) we K, (iv) ((2,y), =0, 
(v) (R, (y,2)) == 0, (vi) (RB, y?) 


Proof. Select xe R, xf K, and k,k’e K. Then 
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(ck, k’) =a(k,k’) + (a, 


and thus x(k,k’)eK. But the latter implies that ze K, a contradiction, 
unless (k,k’) 0. This proves (i). Since 


(2. 9) (xy, = + (2, 
we have 

( (x, = (x(y, ©), = y) (2, 9) 
and also 

( (2, 2, y), 2, ¥) = ((y, 2)z, == (2, y) y) 
so that 
(2. 10) ((@,y), y)) = 0. 


We conclude from (2. 10) and (2. 9) that 0 = (2(, y), (x, y)) = (a, (x, y))(a, y) 
and this implies that (x, (z,y))=0. Hence y) = y) + (a, =90 
and (2*,R) 0. (ii) and (2.2) prove (iii), while (iv) follows from (ii) 
by replacing x by x+y. Replacing z by z* in (2.6) then yields (v), and 
(vi) comes from the observation that = (u, x’, y?). 


Henceforth we shall assume that F is a division ring with property ACP. 
This added assumption enables us to prove a lemma which is crucial to our 
theory. It is perhaps worth noting that the identity of the lemma has 
heretofore been proved using (1.1). 


Lemma 5. The following identity holds in R: 
(2.11) ((w, y) = (w, y) (a, 
Proof. We begin by observing that 
(w, YX?) == (w, y, = (w, y?) + (w, y)y. 
Hence (2.8) becomes 


(2. 12) (w, y, 2) - yx + (w, y, = y?). 
Then 
((w, 7, y), 2, y) = (w, 7, y) + (vw, 2, 
using (2.12), so that 


(2.13) ((w, 2, y) = (w, y) (2, y) + 


* But we should point out that previous proofs did not need the division ring 
hypothesis. 
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We now complete the proof by showing that (w, z?, y?) =0, and begin by 
noting that (2.9) implies 


(2. 14) ((z, Y), y) = (x, y) (2, y), 
while (2.13) yields 
(2. 15) ((x, 2, y) = 2, y) (x,y) + (2, 2, y’). 


Therefore (2.14) and (2.15) together yield 
2. 16) (z, x”, y?) =0. 
The substitution z—>2-+ y, y—z in (2.16) yields the linearized identity 
(2. 17) (y, 2°, 2°) — (2, 9°, 2) 
and setting yk in (2.17) gives 
(2. 18) (x, k?, 2?) = 0. 


Now consider gq = (w,2’,y’). If either z or y is in K, g=0 by (2.18). 
Hence we can assume without loss of generality that x¢K and then we 
define z by «zw, for the particular x and w chosen in the associator q. 
This gives 

(2. 19) = (22, = 7(z, y”). 


But geK by Lemma 4(vi), and (z,2°,y?) is in K also. Hence (2.19) 
implies that z is in K, a contradiction, unless (z, z*, y?) =0. But then q=—0, 
(2.13) becomes (2.11) and the lemma is proved. 


3. The characterization. Since we are assuming that # is not alterna- 
tive, we known that R contains at least two elements a and Jb such that 
d=(a,b)~0. If (R,a,b) =0, then d’=—(a,ab)—adf0. If also 
(R, a, ab) = 0, then, since d, d’ are in M, a is in M and d=0 by Lemma 3, 
a contradiction. Hence a, b may be chosen so that (a,b) —d 0 and 
(R, a,b) ~0. With a, b so chosen and fixed once for all, define the mapping 
x (of R into R) by 


(3. 1) = (2, a,b), all x in R. 
Then we may write (2.4) as 
(3. 2) (wr)r (w,2,d). 

THEOREM 1. Let 


N=[neR| nr=(n,a,b)=0], S=[seR| sx =(s, a,b) =sd]. 
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Then R=N+S8S, SONN=0, NS=S, N4O0SS, and 8S? —N. 


Proof. (i) Sineede K CN,NS0. Also, S contains Rx by Lemma 5 
so that S0. Now, for any we R, define g by gd =m and observe that 
while Hence qr—qd and 
Set y—=x—gq and obtain qr=—0 so ye N, and R=N-+S. 
Clearly SN N = 0. 

(ii) Note that (ns)r—n-sd-+ (n,s,d) =ns:dso NSCS. If z is 
the solution of nz =—s, n0, then n’+ 8’, n(n’ +8’) =s and nn’e 8. 


Thus nn’ -d = (n,n’,d) so n’ =0, and NS=—S8. 

(iii) Finally, (ss’)z = sd-s’ + s-s'd + (s,8’,d) =s- ds’ +s-s'd=0 
by Lemma 4(iv) so that S* C VY. The trick which worked in (ii) may be 
used again to get S* = N. 


Lemma 6. With definitions as in Theorem 1, (i) ns-d=s-dn, (ii) 
(dn, s) =0, (iii)? (N, B,d) 


Proof. Since (n,s)r=0, we have ns: d= (sn)4=sd-n-+ (s,d,n) 
and this gives (i). Now dn-seS and s-dneS by (i) so that (s,dn) eS. 
But (s,dn)eK CN so (s,dn) =0. For (ili) we observe that (n, 2, d) 
= so (n,v,d) in S. But also (n, x, d) = (ad, n) + (a, n)d 
and thus (n,v,d)eK CN. Hence (n,z,d) =0 and this is (iii). 


THEOREM 2. Let N and S be defined as in Theorem 1. Then (i) N?=WN, 
(ii) (N, S) =0, (iii) SN 8S, (iv) N = K, (v) (K, = 0 and K is a field. 


Proof. Lemma 6(iii) implies that (nn’)z = 0 and hence V? C N. The 
usual maneuver gives V7 N. Now we observe that any n’eN can be 
written n’ = dn for some n in N. Then, for any s in S, (n’,s) = (dn,s) =0 
by Lemma 6(ii). Thus (N,S) =0 and SN=S. 

Using (ii), 0= (nn’,s) =(s,n,n’) so (S,N,N)=—0. Therefore 
== (sn, n’,n”) =s(n,n’,n”) and thus (N,N,N)=0, N,N) =0. 
Now, as in the proof of Lemma 3, (R, n,n’) =0 implies (n,n’) eM. But 
also (R, n, nn’) =0 so (n, nn’) e M. Hence, if (n, n’) 40, ne M, (n, n’) = 0 
by Lemma 3. This contradiction proves (V,NV) =—0, (N,R) =0. Thus 
N CK by (2.2) and this proves VN = K. We need only remark that K is a 
commutative associative division ring to complete the proof. 

We collect our results in 


2 We are indebted to the referee for the remark, and the proof, that (N,R,d) = 0, 
thus simplifying our original version of this part of the lemma. 
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TueoreM 3. Let R be a not alternative right alternative division ring 
of characteristic two with the properties that 
(we, = w(x, z) (w, (w, (y, z)) 


and (x, y) ¢ K, the left nucleus of R, for all w, x, y,2 of R. ThenR=K-+ Ks, 
K a field, commutative with all of R, and se R, s¢K. Moreover, multiplica- 


tion in R is given by 


+ (i; + keys) =k,k, + ko + + + kok;)8, 


where 6 is an additive endomorphism of K. 


Proof. The proof is immediate in view of the foregoing and the observa- 
tion that 4,6 = s-sk, is an additive sndomorphism of IK’. 


4. Remarks. It would be interesting to know if all not alternative right 
alternative division rings have property ACP of definition 3. And it would 
be of interest to determine whether there exist any finite Bruck rings. It is 
clear, of course, that none can be constructed by the method outlined in the 
introduction, for no finite field can have characteristic two and also a non- 


square element. 
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